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Rapid cross over transition: 

• Deconfined matter: Quark Gluon Plasma
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Resummations can extend the validity of perturbative methods to 
much lower temperatures!
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T~ √αs T~ αs T

At T~0.2 GeV 

Is it a system without long lived excitations? 
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T~ √αs T~ αs T

At T~0.2 GeV 

Is it a system without quasiparticles? 
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Figure 2.8 Transverse momentum dependence of the elliptic flow v
2

(p
T

) for
di↵erent centrality bins. Measurements made by the ALICE Collaboration
at the LHC (colored points) are compared with parametrized data from the
STAR Collaboration at RHIC (grey shaded bands). We see v

2

increasing as
one goes from nearly head-on collisions to semi-peripheral collisions. Figure
taken from Ref. [5].

measured at
p

s = 200 GeV by the STAR collaboration at RHIC out to
beyond 4 GeV in pT . On a qualitative level, this indicates that the quark-
gluon plasma produced at the LHC is comparably strongly coupled, with
comparably small ⌘/s, to that produced and studied at RHIC.

Heavy ion collisions at both RHIC and the LHC feature large azimuthal
asymmetries. To appreciate the size of the measured elliptic flow signal, we
read from (2.6) that the ratio of dN/d3p in whatever azimuthal direction it
is largest to dN/d3p ninety degrees in azimuth away is (1 + 2v2)/(1 � 2v2),
which is a factor of 2 for v2 = 1/6. Thus, a v2 of the order of magnitude
seen in semi-peripheral collisions at RHIC and LHC for pT ⇠ 2 GeV, as
illustrated in Fig. 2.8, corresponds to collisions that are azimuthally asym-
metric by more than a factor of 2. In addition to being large, this flow
signal displays a characteristic centrality dependence, as we discuss now.
The azimuthal asymmetry v2 of the final state single inclusive hadron spec-
trum is maximal in semi-peripheral collisions. v2 is less for more central
collisions. Therefore, the measured elliptic flow v2 traces the event-averaged
spatial eccentricity of the initial condition at least qualitatively: the initial
event-averaged geometric asymmetry is less for more central collisions since
the almond-shaped collision region becomes closer to circular as the impact
parameter is reduced.

ALICE
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3.1 The QCD equation of state from the lattice 73

Figure 3.1 Results from a lattice calculation of QCD thermodynamics with
physical quark masses (N

f

= 3, with appropriate light and strange masses).
Upper panel: Temperature dependence of the pressure in units of T 4. Lower
panel: The trace anomaly ("�3P ) in units of T 4. Data are for lattices with
the same temporal extent, meaning the same temperature, but with varying
numbers of points in the Euclidean time direction N

⌧

. The continuum limit
corresponds to taking N

⌧

! 1. Figures taken from Ref. [179].

the quark-gluon plasma becomes more and more conformal. Remarkably,
after a proper re-scaling of the number of degrees of freedom and Tc, all
the features described above remain the same when the number of colors of

Borsanyi et al. 2010

2

at lower temperatures. We assume that the baryon num-
ber density and di↵usion are zero at all space-time points
and our metric convention is gµ⌫ = diag(1,�1� 1� 1).

The time-evolution equations satisfied by ⇧ and ⇡µ⌫

are relaxation-type equations derived from kinetic theory
[34, 35]. These are solved numerically within the music
hydrodynamics simulation [36–38]. Explicitly, we solve

⌧⇧⇧̇+⇧ = �⇣✓ � �⇧⇧⇧✓ + �⇧⇡⇡
µ⌫�µ⌫ , (1)

⌧⇡⇡̇
hµ⌫i + ⇡µ⌫ = 2⌘�µ⌫ � �⇡⇡⇡

µ⌫✓ + '7⇡
hµ
↵ ⇡ ⌫i↵

�⌧⇡⇡⇡
hµ
↵ � ⌫i↵ + �⇡⇧⇧�µ⌫ . (2)

The above equations include all the nonlinear terms that
couple bulk viscous pressure and shear-stress tensor and
have recently been shown to be in good agreement with
solutions of the 0+1 Anderson-Witting equation in the
massive limit [39] and of the 1+1 Anderson-Witting equa-
tion in the massless limit [40, 41]. For the sake of simplic-
ity, the transport coe�cients ⌧⇧, �⇧⇧, �⇧⇡, ⌧⇡, ⌘, �⇡⇡, '7,
⌧⇡⇡, and �⇡⇧ are fixed using formulas derived from the
Boltzmann equation near the conformal limit [35]. The
shear viscosity coe�cient is assumed to be proportional
to the entropy density, i.e., ⌘ / s. The bulk viscosity co-
e�cient employed is the same one introduced in Ref. [24],
which corresponds to a parametrization of calculations
from Ref. [42] for the QGP phase and Ref. [43] for the
hadronic phase. These two calculations are matched at
Tc = 180 MeV and the value of ⇣/s at this tempera-
ture is ⇣/s(Tc) ⇡ 0.3. This parametrization is plotted
in Fig. 1 as the blue solid curve. The results shown in
this letter have a small sensitivity on the value of ⇣/s
near the matching temperature, which can be doubled
without leading to major modifications in our results.
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FIG. 1: (Color online) The bulk viscosity over entropy density
parametrization used in our simulations as a function of T/Tc.

At an isothermal hypersurface specified by the switch-
ing temperature Tswitch, the simulation switches from
a fluid-dynamical description to a transport description

[44], modeled using the UrQMD simulation. The mo-
mentum distribution of hadrons at each hypersurface el-
ement is calculated via the usual Cooper-Frye formalism
[45]. The multiplicity of each hadron species is sampled
assuming that every fluid element is a grand-canonical
ensemble while the momentum of each hadron is obtained
by sampling the momentum distribution using the rejec-
tion method. We note that the Cooper-Frye formalism
requires as an input the nonequilibrium momentum dis-
tribution of each hadron inside the fluid elements. For
the correction related to bulk viscous pressure, we employ
the distribution derived from the Boltzmann equation us-
ing the relaxation time approximation, as described in
Ref. [46]. For the shear-stress tensor nonequilibrium cor-
rection, we employ the usual ansatz obtained from the
14-moment approximation [23, 47]. The details of how
UrQMD is matched to MUSIC will be presented in an
upcoming paper.
We emphasize that the nonequilibrium corrections to

the momentum distribution of hadrons at the moment
of switching are still not completely understood from a
theoretical point of view and represent a source of un-
certainty in simulations of heavy ion collisions. However,
the di↵erential observables carry most of these uncertain-
ties since they are more sensitive to the details of how
the momentum of hadrons is distributed when convert-
ing from a hydrodynamic to a transport description. For
this reason, we fix all the free parameters of our model
using pT –integrated observables.
3. Results and Discussion. In our simulations, the

value of the shear viscosity coe�cient is adjusted to pro-
vide a good agreement with the integrated flow harmonic
coe�cients, vn, up to n = 4. For the simulations that in-
clude both bulk and shear viscosity, this procedure led
to the value ⌘/s = 0.095. For the simulations which in-
clude only the shear viscosity, our baseline calculation
is carried out with ⌘/s = 0.16. The larger value of ⌘/s
compensates the reduction of momentum anisotropy due
to the e↵ect of the bulk viscosity.
The pion and kaon multiplicity, vn, and, to a lesser

extent, their average pT , are only mildly sensitive to
the choice of switching temperature between the hydro-
dynamic and UrQMD phases. Proton observables, on
the other hand, do depend significantly on the choice of
Tswitch. The switching temperature used in the following
calculations is fixed such that a good description of the
proton multiplicity and average pT is achieved for the
simulation with both shear and bulk viscosities. This
value is Tswitch = 145 MeV.
In Figs. 2 (a), (b), and (c), we show the multiplic-

ity, average transverse momentum of pions, kaons, and
protons, and the integrated flow harmonics of charged
hadrons, as a function of centrality class. The vn{2} co-
e�cients are calculated following the cumulant method
[48] using the same pT cuts employed by the ALICE col-
laboration [49]. The multiplicity and average transverse

Karsch, Kharzeev 
and Tuchin  2008

⇒

๏ Bulk viscosity effects become important to accurately 
describe heavy ion data

๏ Most out-off-equilibrium analyses focus on conformal theories

๏ However, QCD is non-conformal, specially close to the transition

Ryu et al. 2015
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FIG. 2: (Color online) Multiplicity (a), average transverse momentum (b), and flow harmonic coe�cients (c) as a function
of centrality. The bands around the dashed lines show the e↵ect of Tswitch on the observables. The points correspond to
measurements by the ALICE collaboration [49, 50], with bars denoting the experimental uncertainty.

momentum are calculated without a lower pT cut [50].
All resonances and hadrons included in UrQMD are con-
sidered in our analyses and we neglect all weak decays.
The solid curves correspond to the simulations that in-
clude bulk and shear viscosities, while the dashed lines
correspond to the calculations with only the shear vis-
cosity. The band around the dashed curves shows how
the results are modified when Tswitch is varied from 135
MeV to 165 MeV. For hpT i and vn, the upper section of
the band corresponds to the calculations with the lowest
Tswitch while for multiplicity it corresponds to ones with
the highest Tswitch. The points correspond to measure-
ments by the ALICE collaboration [49, 50].

As expected, the simulations without bulk viscosity are
still able to well describe the centrality dependence of
the flow harmonic coe�cients v2,3,4{2}. However, these
calculations overestimate the hpT i of pions, kaons, and
protons by almost 30%. This happens because the IP-
Glasma model gives rise to an initial state with large
gradients of pressure and the subsequent fluid-dynamic
expansion accordingly produces a significant radial flow.
Therefore, in order to describe the data the transverse
momentum of produced particles must be considerably
reduced.

Including hadronic re-scatterings by itself does not re-
duce the hpT i, modifying mostly the intermediate pT re-
gion of the pion spectra [51, 52]. Moreover, we can see
from the bands around the dashed lines in Fig. 2 that
increasing the switching temperature will not help fixing
the multiplicity of pions, and is not enough to reproduce
the correct values of hpT i. Finally, reducing ⌘/s alone
not only is unable to su�ciently suppress the hpT i, but
also ends up destroying the good description of the flow
harmonic coe�cients.

Including bulk viscosity leads to a suppression of hpT i
and can improve our description of the data. This is be-

cause the bulk viscous pressure acts as a resistance to
the expansion or compression of the fluid. In heavy ion
collisions, the expansion rate is mostly large and posi-
tive, leading to a bulk viscous pressure that reduces the
e↵ective pressure of the system and, consequently, slows
down the acceleration of the fluid.

As shown in Fig. 2, the calculations with bulk viscous
pressure are indeed able to provide a good description of
all the pT –integrated observables. The calculated average
transverse momentum of pions, kaons, and protons are
within the error bars of the ALICE measurements [50] for
most of the centrality classes considered. The pion and
proton multiplicities measured by ALICE [50] are well de-
scribed by the model, which however systematically over-
predicts the multiplicity of kaons by ⇠ 10%. Finally, we
see that the inclusion of bulk viscosity does not spoil the
description of the flow harmonic coe�cients v2,3,4{2} as
a function of centrality. We note that the bulk viscosity
reduces v2,3,4{2} by more than 10% but this e↵ect is com-
pensated by decreasing the shear viscosity over entropy
density ratio from ⌘/s = 0.16 to ⌘/s = 0.095, leading to
a very similar quality of description. Within this study,
the inclusion of bulk viscosity can therefore reduce the
value of shear viscosity extracted from data by almost
50%.

We now study pT –di↵erential observables within the
best fit configuration including shear and bulk viscosi-
ties. Figure 3 shows the pT –spectra of pions, kaons, and
protons and v2,3,4{2}(pT ) of charged hadrons for the 0–
5% and 30–40% centrality classes. The solid lines cor-
respond to the calculations with bulk and shear viscos-
ity discussed above while the dashed lines correspond to
the same calculations without the e↵ect of hadronic re-
scatterings. Note that the pT –spectra display reason-
able agreement with the data which is in line with the
good description of the multiplicity and hpT i of pions,

  14

Extraction of h/s(T) and z/s(T)   poster by Bernhard 

Model: Trento initial state + Hydro (bulk&shear) + UrQMD

shear not well constrained with just LHC data

finite bulk viscosity is favored

Very similar values of transport coefficients to those found by 

the McGill group ( PRL 115, 132301 (2015) )

Very good description of Multiplicity, mean-pT, and VnJ. Bernhard, J.S. Moreland, S. Bass, J. Liu, U. Heinz arXiv:1605.03954
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๏ It was predicted in 2001 (Policastro, Son, Starients)

=      =0.08
4π 
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η 

... but for a large class of non-abelian gauge theories at 
infinite coupling via holography

๏ It is incompatible with quasiparticles

Boltzmann equation ⇒

๏ It is the smallest value ever measured in any substance.
The Quark Gluon Plasma is the most perfect fluid!
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Gauge/String Duality, Hot QCD and Heavy Ion Collisions

Jorge Casalderrey-Solana, Hong Liu, 
David Mateos, Krishna Rajagopal 

and Urs Achim Wiedemann

Heavy ion collision experiments recreating the quark–gluon plasma that !lled the 

microseconds-old universe have established that it is a nearly perfect liquid that 

"ows with such minimal dissipation that it cannot be seen as made of particles. 

String theory provides a powerful toolbox for studying matter with such properties.  

This book provides a comprehensive introduction to gauge/string duality and 

its applications to the study of the thermal and transport properties of quark–gluon 

plasma, the dynamics of how it forms, the hydrodynamics of how it "ows, and its 

response to probes including jets and quarkonium mesons. 

Calculations are discussed in the context of data from RHIC and LHC and results 

from !nite temperature lattice QCD. The book is an ideal reference for students and 

researchers in string theory, quantum !eld theory, quantum many-body physics, 

heavy ion physics, and lattice QCD. 

Jorge Casalderrey-Solana is a Ramón y Cajal Researcher at the Universitat de 

Barcelona. His research focuses on the properties of QCD matter produced in ultra-

relativistic heavy ion collisions.

Hong Liu is an Associate Professor of Physics at MIT. His research interests include 

quantum gravity and exotic quantum matter.

David Mateos is a Professor at the Universitat de Barcelona, where he leads a group 

working on the connection between string theory and quantum chromodynamics.

Krishna Rajagopal is a Professor of Physics at MIT. His research focuses on QCD at 

high temperature or density, where new understanding can come from unexpected 

directions.

Urs Achim Wiedemann is a Senior Theoretical Physicist at CERN, researching the 

theory and phenomenology of ultra-relativistic heavy ion collisions.

Cover illustration: an artist’s impression of the hot 

matter produced by a heavy ion collision falling into the 

black hole that provides its dual description. Created 

by Mathias Zwygart and inspired by an image, courtesy 

of the ALICE Collaboration and CERN.
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We numerically simulate gravitational shock wave collisions in a holographic model dual to a
non-conformal four-dimensional gauge theory. We find two novel e↵ects associated to the non-zero
bulk viscosity of the resulting plasma. First, the hydrodynamization time increases. Second, if the
bulk viscosity is large enough then the plasma becomes well described by hydrodynamics before
the equilibrium equation of state becomes applicable. We discuss implications for the quark-gluon
plasma created in heavy ion collision experiments.

1. Introduction. The gauge/string duality, also known
as holography, has provided interesting insights into the
far-from-equilibrium properties of hot, strongly-coupled,
non-Abelian plasmas that are potentially relevant for the
quark-gluon plasma (QGP) created in heavy ion colli-
sion experiments (see e.g. [1] for a review). Most no-
tably, holographic models have shown that “hydrody-
namization”, the process by which the plasma comes to
be well described by hydrodynamics, can occur before
“isotropization”, the process by which all pressures be-
come approximately equal in the local rest frame.

All far-from-equilibrium holographic studies of hydro-
dynamization to date (see e.g. [2–7]) have been performed
in conformal field theories (CFTs) [8]. To make closer
contact with the QGP, it is important to understand non-
conformal theories. One crucial di↵erence between the
two cases is that in non-conformal theories the equation
of state, namely the relation between the energy density
and the average pressure, is not fixed by symmetry, and
hence it needs not be obeyed out of equilibrium. The re-
laxation process therefore involves an additional channel,
namely the evolution of the energy density and the av-
erage pressure towards asymptotic values related by the
equation of state. We will refer to this process as “equi-
libration”. One purpose of this Letter is to show that
hydrodynamization can occur before equilibration.

We will consider gravitational shock wave collisions in
a five-dimensional bottom-up model [15] consisting of
gravity coupled to a scalar field with a non-trivial po-
tential. At zero temperature, the dual four-dimensional
gauge theory exhibits a Renormalization Group (RG)
flow from an ultraviolet (UV) fixed point to an infrared
(IR) fixed point. The source ⇤ for the relevant opera-
tor that triggers the flows is responsible for the breaking
of conformal invariance. The dual gravity solution de-
scribes a domain-wall geometry that interpolates between
two AdS spaces. We emphasize that these features are
not designed to mimic detailed properties of Quantum

Chromodynamics (QCD) but to provide an example of a
non-conformal theory with a simple gravity dual.
In this Letter we focus on a concise comparison be-

tween hydrodynamization and equilibration. Further de-
tails will be given in [21].
2. The model. The action for our Einstein-plus-scalar
models is
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4Institut de Ciències de l’Espai (CSIC-IEEC), Campus UAB,
Carrer de Can Magrans s/n, 08193 Cerdanyola del Vallès, Spain

We numerically simulate gravitational shock wave collisions in a holographic model dual to a
non-conformal four-dimensional gauge theory. We find two novel e↵ects associated to the non-zero
bulk viscosity of the resulting plasma. First, the hydrodynamization time increases. Second, if the
bulk viscosity is large enough then the plasma becomes well described by hydrodynamics before
the equilibrium equation of state becomes applicable. We discuss implications for the quark-gluon
plasma created in heavy ion collision experiments.

1. Introduction. The gauge/string duality, also known
as holography, has provided interesting insights into the
far-from-equilibrium properties of hot, strongly-coupled,
non-Abelian plasmas that are potentially relevant for the
quark-gluon plasma (QGP) created in heavy ion colli-
sion experiments (see e.g. [1] for a review). Most no-
tably, holographic models have shown that “hydrody-
namization”, the process by which the plasma comes to
be well described by hydrodynamics, can occur before
“isotropization”, the process by which all pressures be-
come approximately equal in the local rest frame.

All far-from-equilibrium holographic studies of hydro-
dynamization to date (see e.g. [2–7]) have been performed
in conformal field theories (CFTs) [8]. To make closer
contact with the QGP, it is important to understand non-
conformal theories. One crucial di↵erence between the
two cases is that in non-conformal theories the equation
of state, namely the relation between the energy density
and the average pressure, is not fixed by symmetry, and
hence it needs not be obeyed out of equilibrium. The re-
laxation process therefore involves an additional channel,
namely the evolution of the energy density and the av-
erage pressure towards asymptotic values related by the
equation of state. We will refer to this process as “equi-
libration”. One purpose of this Letter is to show that
hydrodynamization can occur before equilibration.

We will consider gravitational shock wave collisions in
a five-dimensional bottom-up model [15] consisting of
gravity coupled to a scalar field with a non-trivial po-
tential. At zero temperature, the dual four-dimensional
gauge theory exhibits a Renormalization Group (RG)
flow from an ultraviolet (UV) fixed point to an infrared
(IR) fixed point. The source ⇤ for the relevant opera-
tor that triggers the flows is responsible for the breaking
of conformal invariance. The dual gravity solution de-
scribes a domain-wall geometry that interpolates between
two AdS spaces. We emphasize that these features are
not designed to mimic detailed properties of Quantum

Chromodynamics (QCD) but to provide an example of a
non-conformal theory with a simple gravity dual.
In this Letter we focus on a concise comparison be-

tween hydrodynamization and equilibration. Further de-
tails will be given in [21].
2. The model. The action for our Einstein-plus-scalar
models is
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The decrease of the number of degrees of freedom along
the flow is reflected in the fact that L
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< L. The scalar
field is dual to a scalar operator in the gauge theory, O,
with dimension � = 3 at the UV fixed point. The full
flow describing the vacuum of the theory is given by
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๏ Einstein gravity + Scalar

๏ Phenomenological (family of) potential(s)

parameter

๏ Dual field theory: “mimics” a deformation of N=4 SYM with 
a dimension 3 operator

“mass”
๏ Rich thermodynamic and transport properties

Attems, JCS, Mateos, Papadimitriou, Santos,Sopuerta, Triana, Zilhao, 16
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๏ Non conformal (bottom-up) holographic model: Einstein + Scalar

1 
=      

4π s 
η 

• Universality:

Attems, JCS, Mateos, Papadimitriou, Santos,Sopuerta, Triana, Zilhao, 16
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Figure 3. Temperature dependence of the VEV of the scalar operator hOiT for several values of
�M . hOiR = 2

5

hOiT /L3.

The thermal expectation value hOiT may be determined from the normalisable mode of the scalar field
in the thermal background via eq. (2.14). Since at T = 0 the scalar VEV vanishes (see eq. (2.19)) this
relation implies that ✏ = 3p, as expected from the fact that the IR theory is conformal. At T > 0, however,
hOiT 6= 0, as shown in Fig. 3, and the expectation value of the trace of the stress tensor does not vanish.
Note that, unlike at low temperatures, at which hOiT depends on �M , at high temperatures hOiT becomes
independent of �M . This is easy to understand from the gravitational computation. At high temperatures
the value of the scalar field at the horizon is small and, therefore, the physics is sensitive only to the small-
field behaviour of the scalar potential, which is independent of �M . In this limit, the plots in Fig. 3 show
that the VEV scales as hOiT ⇠ ⇤T

2.
Despite the fact that the trace of the stress tensor at high temperature does not vanish, the theory

does behave as a conformal theory. From the gauge theory viewpoint this may be understood from the
relative magnitude of the trace of the stress tensor compared to the energy density or the pressure: while
at large T the latter quantities scale as T

4, the trace only grows as T

2. In Fig. 4 we show the temperature
dependence of the ratio of the stress tensor to the enthalpy,

I =

✏� 3p

✏+ p

, (3.18)

which in the thermal-QCD literature is sometimes referred to as the interaction measure. As anticipated,
both at low and high temperatures this ratio vanishes, indicating that the theory becomes effectively
conformal in these limits. At intermediate temperatures, the value of I is non-zero and depends on �M .
As inferred from the behaviour of the entropy, the larger �M the larger the deviations from conformality in
the thermodynamic properties of the theory. Because of this behaviour we may use I as a measure of the
non-conformality of the theory.

Another way to quantify the non-conformal behaviour of the thermodynamics of the dual theory is
the value of the speed of sound. Using thermodynamic identities, the square of the speed of sound may be
determined from the inverse of the logarithmic derivative of the entropy,

1

c

2

s

=

d log s

d log T

. (3.19)

In Fig. 5 we show the temperature behaviour of the deviation of cs from its conformal value, cs = 1/

p
3, for

different values of �M . The qualitative behaviour of this quantity is very similar to that of I. Both at high
and low temperatures, the speed of sound approaches its conformal value. At intermediate temperatures
we have c

2

s < 1/3 and the deviation from the conformal value grows with �M .
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FIG. 1. Equilibrium pressure as a function of energy density
for �M = 10.

where z± = t ± z. The Ward identity for the trace of the
stress tensor reads

�Tµ

µ

� = −⇤ �O� , (5)

and we adopt a renormalization scheme such that�T
µ⌫

� = �O� = 0 in the vacuum. Henceforth we will omit
the expectation value signs and work with the rescaled
quantities

(E , P
L

, P
T

,V) = 

2
5

2L

3 (−T t

t

, T z

z

, T x⊥
x⊥ ,O) . (6)

In these variables the Ward identity takes the form

E − 3P̄ = ⇤V , (7)

where

P̄ = 1

3

(P
L

+ 2P
T

) (8)

is the average pressure. Out of equilibrium the average
pressure is not determined by the energy density because
the scalar expectation value V fluctuates independently.
In contrast, in equilibrium V is determined by the energy
density and the Ward identity becomes the equation of
state

P
eq

(E) = 1

3

[E −⇤V
eq

(E)] . (9)

In this Letter we focus on �
M

= 10. The equilibrium
pressure for this case is shown in Fig. 1. As expected,
both at high and low energies the physics becomes ap-
proximately conformal and P

eq

asymptotes to E�3. The
bulk viscosity-to-entropy ratio as a function of temper-
ature is shown in Fig. 2(top). In this case approximate
conformal invariance implies that ⇣�s → 0 at high and
low temperatures. In between, ⇣�s attains a maximum
at T = 0.22⇤, reflecting the fact that the theory is maxi-
mally non-conformal around the scale set by the source.

/s
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FIG. 2. (Top panel) Bulk viscosity over entropy den-
sity as a function of temperature. (Bottom panel) Hydro-
dynamization and equilibration times as a function of the
hydrodynamization temperature for collisions of 1�2 -shocks.
The vertical grid lines lie at T �⇤ = {0.15,0.19,0.31,0.38}
and mark, respectively, the lowest value of Thyd�⇤ that we
have simulated, the maximum of thydThyd, the point with
the largest ratio of teq�thyd, and the intersection between
the two curves. The bulk viscosity at these temperatures
is ⇣�s = {0.025,0.028,0.023,0.017}. The top horizontal line
indicates the result in a CFT, thydThyd = 0.56 [22].

3. Collisions. Remarkably, a gravitational wave propa-
gating in the background (4) can be constructed simply
by adding a term of the form f(u)h(z±)dz2± to the metric
(4a), with

h(z±) = µ3

w
√
2⇡

e−z2±�2!2

, (10)

f(u) = 4 e2A(u) � u

0

dũ

ũ
e−4A(ũ) . (11)

The dual stress tensor of a single shock hasE = P
L

= h(z±) and P
T

= 0. The scalar expectation value
remains V = 0. The energy per unit transverse area of
the shock is dE�d2x⊥ = µ3. Unlike in the conformal case,
in which the physics only depends on the dimensionless
“thickness” µ! [3], in the present case the physics de-
pends also on the initial transverse energy density in units
of the source, µ�⇤. We simulate collisions of 1�2 -shocks
and 1�4 -shocks in the terminology of [3] (µ! = 0.30 and

๏ Non-thermodynamic one point function

๏ Non-trivial T-dependence ⇒ non-trivial e.o.s
equilibrium

ward identity
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Focus on non-hydro mode: homogeneous excitations
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๏ How do small off-equilibrium excitations of the plasma relax?

Focus on non-hydro mode: homogeneous excitations

bulk

๏ Relaxation controlled by retarded greens functions
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(Local) Stress 
tensor becomes 
diagonal

(Local) Stress 
tensor becomes 
isotropic

(Local) Stress 
tensor satisfies 
equation of state
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is faster?
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๏ Holography: relaxation of fluctuations ⇔ relaxation of black brane
Discrete set of (complex) characteristic frequencies 
(quasi-normal modes)

๏ Quasi-normal modes depend on the channel
๏ The ordering of different relaxation processes is not unique.
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What happens at 
non-linear level?
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From Initial to Final State in Holography

๏ Can we describes all these stages in a single framework?
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From Initial to Final State in Holography

๏ Can we describes all these stages in a single framework?
• Holography says: yes! (up to the last one)
• As long as we are happy with an oversimplified “nucleus”

5

Strongly coupled dynamics and holographic duality

• Equivalence between certain QFTs and theories of of gravity
in one higher dimension.

• Weak/strong equivalence:

– Strongly coupled QFT = classical gravity.

– All QFT dynamics — from far-from-eq dynamics to

hydrodynamics — encoded in numerical relativity problem.

• Holography = spherical cow.

– Extra symmetries.
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Energy density

Evolution of the energy density (�M = 5)

Maximilian Attems, UB Non-conformal holographic planar shock collisions 19/32

Attems, JCS, Mateos, Santos,Sopuerta, Triana, Zilhao, 16

Chesler & Yaffe 2011
JCS, Heller, Mateos, van der Schee, 2013

Same techniques as for conformal collisions

See D. Mateos talk
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๏ Stress tensor components
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๏ Stress tensor components
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Figure 4. Time evolution of the vev and its equilibrium value. (left panel) 1/4 shock with conf8

parameters (right panel) 1/2 shock with conf7 parameters
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4.2 Pressures

Omitting the expection value, we work with the stress tensor components

(E , PL, PT ,V) = 25
2L3

��T t
t , T

z
z , T

xi
xi
,O�

, (4.6)

In figures 4 the relaxation of the scalar operator for thinner and thicker shocks is shown in
comparison.

The average pressure is given by

¯P =

1

3

(PL + 2PT ) (4.7)

and the equilibrium pressure by [MA: pressure plots + scatter plots]

Peq (E) = 1

3

[E � ⇤Veq( E )] (4.8)

The stress tensor expression for the hydro extraction has both the shear viscosity ⌘ and
bulk viscosity ⇣ terms [MT: add hydro equations we solve - Kovtun/Wilke PhD
thesis]

Tµ⌫
= (✏+ p)uµu⌫ + pgµ⌫ + ⌘⇧µ⌫

+ ⇣⇧(gµ⌫ + uµu⌫) (4.9)

– 14 –

๏ Condensate (non-conformal)
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๏ Does hydrodynamics describe the evolution?

Are constitutive hydro-relations satisfied?

3

µ! = 0.12, respectively) for several di↵erent values of
µ�⇤. We then extract the boundary stress tensor and we
focus on its value at mid-rapidity, z = 0, as a function of
time [23]. We choose t = 0 as the time at which the two
shocks would have exactly overlapped in the absence of
interactions [3].

We define the hydrodynamization time, t
hyd

, as the
time beyond which both pressures are correctly predicted
by the constitutive relations of first-order viscous hydro-
dynamics,

P hyd

L

= P
eq

+ P
⌘

+ P
⇣

, (12a)

P hyd

T

= P
eq

− 1

2

P
⌘

+ P
⇣

, (12b)

with a 10% accuracy, so that �P
L,T

− P hyd

L,T

� �P̄ < 0.1. In

(12) we have denoted by P
⌘

and P
⇣

the shear and the
bulk contributions to the hydrodynamic pressures, re-
spectively, which are proportional to the corresponding
viscosities. The di↵erent coe�cients in front of P

⌘

in
these two equations reflect the tracelessness of the shear
tensor. We define the equilibration time, t

eq

, as the time
beyond which the average pressure coincides with the
equilibrium pressure with a 10% accuracy, meaning that�P̄ − P

eq

� �P̄ < 0.1.
We expect on physical grounds that increasing the ini-

tial energy in the shocks increases the energy deposited
in, and hence the hydrodynamization temperature of,
the resulting plasma. We have confirmed that, indeed,
T
hyd

�⇤ increases monotonically with µ�⇤. On the grav-
ity side this means that, for su�ciently large (small) µ�⇤,
the horizon forms in the UV (IR) region of the solution,
where the geometry is approximately AdS. As a conse-
quence, in these two limits the plasma formation and sub-
sequent relaxation proceed approximately as in a CFT.
In contrast, for µ ∼ ⇤ the relaxation of the plasma takes
place in the most non-conformal region where the bulk
viscosity e↵ects are largest. In this intermediate region
we see several e↵ects that are absent in a CFT.

First, hydrodynamization times are longer than in a
CFT. This is illustrated by the red curve in Fig. 2(bot-
tom) whose maximum, indicated by the first vertical line
from the left, is 2.5 times larger than the conformal re-
sult, which is indicated by the horizontal line [22]. As
expected, at high T

hyd

�⇤ we see that t
hyd

T
hyd

asymptot-
ically approaches its conformal value (we have checked
that at T

hyd

�⇤ = 4.8 the di↵erence is 0.5%). We expect
the same to be true at low T

hyd

�⇤ [24].
Second, the equation of state is not obeyed out of equi-

librium. This is illustrated in Fig. 3(bottom) for a colli-
sion of 1�4 -shocks with µ�⇤ = 0.94, for which the hydro-
dynamization temperature is T

hyd

�⇤ = 0.24. We see that
the equilibrium and the average pressures are not within
10% of one another until a time t

eq

= 9.6�⇤ = 2.4�T
hyd

.
This is further illustrated in Fig. 2(bottom), which shows
the dependence of the equilibration time on the hydrody-
namization temperature for 1�2 -collisions. We see that
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FIG. 3. Longitudinal, transverse and average pressures, their
hydrodynamic approximations, and the equilibrium pressure
extracted from the equation of state, all in units of ⇤4, for a
collision of 1�4 -shocks with µ�⇤ = 0.94. The hydrodynamiza-
tion temperature is Thyd�⇤ = 0.24. Because the transverse
pressure hydrodynamizes much faster than the longitudinal
one, PT and P hyd

T are virtually on top of one another for
the times shown. Hydrodynamization and equilibration take
place at thyd⇤ = 4.2 and teq⇤ = 9.6, respectively, as indicated
by the vertical lines. At thyd the di↵erence between P̄ and
Peq is 18%, whereas the di↵erence between P̄ and P̄hyd is 2%.
At teq the di↵erence between PL and P hyd

L is 3%. The PT �PL

ratio is 4. at thyd and 1.9 at teq.

for su�ciently large µ�⇤ the equilibration time becomes
negative, meaning that the average and the equilibrium
pressures di↵er by less than 10% even before the shocks
collide. The reason is simply that in these cases the en-
ergy density in the Gaussian tails in front of the shocks,
which start to overlap at negative times, becomes much
higher than ⇤. At these energy densities the physics
becomes approximately conformal and the equation of
state becomes approximately valid as a consequence of
this symmetry. An analogous argument implies that
t
eq

should also become negative for collisions with suf-
ficiently small µ�⇤ [24].

Third, hydrodynamization can take place before equili-
bration. Indeed, we see in Fig. 2(bottom) that t

hyd

< t
eq

for collisions for which the hydrodynamization temper-
ature is between the first and the fourth vertical line.
Comparing with Fig. 2(top) we see that at these two tem-
peratures the viscosity-to-entropy ratios are ⇣�s = 0.025

Hydrodynamization criterium
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µ! = 0.12, respectively) for several di↵erent values of
µ�⇤. We then extract the boundary stress tensor and we
focus on its value at mid-rapidity, z = 0, as a function of
time [23]. We choose t = 0 as the time at which the two
shocks would have exactly overlapped in the absence of
interactions [3].

We define the hydrodynamization time, t
hyd

, as the
time beyond which both pressures are correctly predicted
by the constitutive relations of first-order viscous hydro-
dynamics,
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and P
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the shear and the
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spectively, which are proportional to the corresponding
viscosities. The di↵erent coe�cients in front of P
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in
these two equations reflect the tracelessness of the shear
tensor. We define the equilibration time, t
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, as the time
beyond which the average pressure coincides with the
equilibrium pressure with a 10% accuracy, meaning that�P̄ − P
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� �P̄ < 0.1.
We expect on physical grounds that increasing the ini-

tial energy in the shocks increases the energy deposited
in, and hence the hydrodynamization temperature of,
the resulting plasma. We have confirmed that, indeed,
T
hyd

�⇤ increases monotonically with µ�⇤. On the grav-
ity side this means that, for su�ciently large (small) µ�⇤,
the horizon forms in the UV (IR) region of the solution,
where the geometry is approximately AdS. As a conse-
quence, in these two limits the plasma formation and sub-
sequent relaxation proceed approximately as in a CFT.
In contrast, for µ ∼ ⇤ the relaxation of the plasma takes
place in the most non-conformal region where the bulk
viscosity e↵ects are largest. In this intermediate region
we see several e↵ects that are absent in a CFT.

First, hydrodynamization times are longer than in a
CFT. This is illustrated by the red curve in Fig. 2(bot-
tom) whose maximum, indicated by the first vertical line
from the left, is 2.5 times larger than the conformal re-
sult, which is indicated by the horizontal line [22]. As
expected, at high T

hyd

�⇤ we see that t
hyd

T
hyd

asymptot-
ically approaches its conformal value (we have checked
that at T

hyd

�⇤ = 4.8 the di↵erence is 0.5%). We expect
the same to be true at low T

hyd

�⇤ [24].
Second, the equation of state is not obeyed out of equi-

librium. This is illustrated in Fig. 3(bottom) for a colli-
sion of 1�4 -shocks with µ�⇤ = 0.94, for which the hydro-
dynamization temperature is T

hyd

�⇤ = 0.24. We see that
the equilibrium and the average pressures are not within
10% of one another until a time t

eq

= 9.6�⇤ = 2.4�T
hyd

.
This is further illustrated in Fig. 2(bottom), which shows
the dependence of the equilibration time on the hydrody-
namization temperature for 1�2 -collisions. We see that
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FIG. 3. Longitudinal, transverse and average pressures, their
hydrodynamic approximations, and the equilibrium pressure
extracted from the equation of state, all in units of ⇤4, for a
collision of 1�4 -shocks with µ�⇤ = 0.94. The hydrodynamiza-
tion temperature is Thyd�⇤ = 0.24. Because the transverse
pressure hydrodynamizes much faster than the longitudinal
one, PT and P hyd

T are virtually on top of one another for
the times shown. Hydrodynamization and equilibration take
place at thyd⇤ = 4.2 and teq⇤ = 9.6, respectively, as indicated
by the vertical lines. At thyd the di↵erence between P̄ and
Peq is 18%, whereas the di↵erence between P̄ and P̄hyd is 2%.
At teq the di↵erence between PL and P hyd

L is 3%. The PT �PL

ratio is 4. at thyd and 1.9 at teq.

for su�ciently large µ�⇤ the equilibration time becomes
negative, meaning that the average and the equilibrium
pressures di↵er by less than 10% even before the shocks
collide. The reason is simply that in these cases the en-
ergy density in the Gaussian tails in front of the shocks,
which start to overlap at negative times, becomes much
higher than ⇤. At these energy densities the physics
becomes approximately conformal and the equation of
state becomes approximately valid as a consequence of
this symmetry. An analogous argument implies that
t
eq

should also become negative for collisions with suf-
ficiently small µ�⇤ [24].

Third, hydrodynamization can take place before equili-
bration. Indeed, we see in Fig. 2(bottom) that t

hyd

< t
eq

for collisions for which the hydrodynamization temper-
ature is between the first and the fourth vertical line.
Comparing with Fig. 2(top) we see that at these two tem-
peratures the viscosity-to-entropy ratios are ⇣�s = 0.025

3

µ! = 0.12, respectively) for several di↵erent values of
µ�⇤. We then extract the boundary stress tensor and we
focus on its value at mid-rapidity, z = 0, as a function of
time [23]. We choose t = 0 as the time at which the two
shocks would have exactly overlapped in the absence of
interactions [3].

We define the hydrodynamization time, t
hyd

, as the
time beyond which both pressures are correctly predicted
by the constitutive relations of first-order viscous hydro-
dynamics,

P hyd
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= P
eq

+ P
⌘

+ P
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, (12a)
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T

= P
eq
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P
⌘
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, (12b)

with a 10% accuracy, so that �P
L,T

− P hyd

L,T

� �P̄ < 0.1. In

(12) we have denoted by P
⌘

and P
⇣

the shear and the
bulk contributions to the hydrodynamic pressures, re-
spectively, which are proportional to the corresponding
viscosities. The di↵erent coe�cients in front of P

⌘

in
these two equations reflect the tracelessness of the shear
tensor. We define the equilibration time, t

eq

, as the time
beyond which the average pressure coincides with the
equilibrium pressure with a 10% accuracy, meaning that�P̄ − P

eq

� �P̄ < 0.1.
We expect on physical grounds that increasing the ini-

tial energy in the shocks increases the energy deposited
in, and hence the hydrodynamization temperature of,
the resulting plasma. We have confirmed that, indeed,
T
hyd

�⇤ increases monotonically with µ�⇤. On the grav-
ity side this means that, for su�ciently large (small) µ�⇤,
the horizon forms in the UV (IR) region of the solution,
where the geometry is approximately AdS. As a conse-
quence, in these two limits the plasma formation and sub-
sequent relaxation proceed approximately as in a CFT.
In contrast, for µ ∼ ⇤ the relaxation of the plasma takes
place in the most non-conformal region where the bulk
viscosity e↵ects are largest. In this intermediate region
we see several e↵ects that are absent in a CFT.

First, hydrodynamization times are longer than in a
CFT. This is illustrated by the red curve in Fig. 2(bot-
tom) whose maximum, indicated by the first vertical line
from the left, is 2.5 times larger than the conformal re-
sult, which is indicated by the horizontal line [22]. As
expected, at high T

hyd

�⇤ we see that t
hyd

T
hyd

asymptot-
ically approaches its conformal value (we have checked
that at T

hyd

�⇤ = 4.8 the di↵erence is 0.5%). We expect
the same to be true at low T

hyd

�⇤ [24].
Second, the equation of state is not obeyed out of equi-

librium. This is illustrated in Fig. 3(bottom) for a colli-
sion of 1�4 -shocks with µ�⇤ = 0.94, for which the hydro-
dynamization temperature is T

hyd

�⇤ = 0.24. We see that
the equilibrium and the average pressures are not within
10% of one another until a time t

eq

= 9.6�⇤ = 2.4�T
hyd

.
This is further illustrated in Fig. 2(bottom), which shows
the dependence of the equilibration time on the hydrody-
namization temperature for 1�2 -collisions. We see that
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FIG. 3. Longitudinal, transverse and average pressures, their
hydrodynamic approximations, and the equilibrium pressure
extracted from the equation of state, all in units of ⇤4, for a
collision of 1�4 -shocks with µ�⇤ = 0.94. The hydrodynamiza-
tion temperature is Thyd�⇤ = 0.24. Because the transverse
pressure hydrodynamizes much faster than the longitudinal
one, PT and P hyd

T are virtually on top of one another for
the times shown. Hydrodynamization and equilibration take
place at thyd⇤ = 4.2 and teq⇤ = 9.6, respectively, as indicated
by the vertical lines. At thyd the di↵erence between P̄ and
Peq is 18%, whereas the di↵erence between P̄ and P̄hyd is 2%.
At teq the di↵erence between PL and P hyd

L is 3%. The PT �PL

ratio is 4. at thyd and 1.9 at teq.

for su�ciently large µ�⇤ the equilibration time becomes
negative, meaning that the average and the equilibrium
pressures di↵er by less than 10% even before the shocks
collide. The reason is simply that in these cases the en-
ergy density in the Gaussian tails in front of the shocks,
which start to overlap at negative times, becomes much
higher than ⇤. At these energy densities the physics
becomes approximately conformal and the equation of
state becomes approximately valid as a consequence of
this symmetry. An analogous argument implies that
t
eq

should also become negative for collisions with suf-
ficiently small µ�⇤ [24].

Third, hydrodynamization can take place before equili-
bration. Indeed, we see in Fig. 2(bottom) that t

hyd

< t
eq

for collisions for which the hydrodynamization temper-
ature is between the first and the fourth vertical line.
Comparing with Fig. 2(top) we see that at these two tem-
peratures the viscosity-to-entropy ratios are ⇣�s = 0.025

η ∂u
ζ ∂u

Fast hydrodynamization!
(hydro with large gradients)

Chesler & Yaffe, Wu & Romatschke, Heller, Janik & Witaszczyk, Heller, Mateos, van der Schee, Trancanelli

Kurkela and Zhu 15, Keegan, Kurkela, Mazeliausksa and Teaney 16
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FIG. 1. Equilibrium pressure as a function of energy density
for �M = 10.

where z± = t ± z. The Ward identity for the trace of the
stress tensor reads

�Tµ

µ

� = −⇤ �O� , (5)

and we adopt a renormalization scheme such that�T
µ⌫

� = �O� = 0 in the vacuum. Henceforth we will omit
the expectation value signs and work with the rescaled
quantities

(E , P
L

, P
T

,V) = 

2
5

2L

3 (−T t

t

, T z

z

, T x⊥
x⊥ ,O) . (6)

In these variables the Ward identity takes the form

E − 3P̄ = ⇤V , (7)

where

P̄ = 1

3

(P
L

+ 2P
T

) (8)

is the average pressure. Out of equilibrium the average
pressure is not determined by the energy density because
the scalar expectation value V fluctuates independently.
In contrast, in equilibrium V is determined by the energy
density and the Ward identity becomes the equation of
state

P
eq

(E) = 1

3

[E −⇤V
eq

(E)] . (9)

In this Letter we focus on �
M

= 10. The equilibrium
pressure for this case is shown in Fig. 1. As expected,
both at high and low energies the physics becomes ap-
proximately conformal and P

eq

asymptotes to E�3. The
bulk viscosity-to-entropy ratio as a function of temper-
ature is shown in Fig. 2(top). In this case approximate
conformal invariance implies that ⇣�s → 0 at high and
low temperatures. In between, ⇣�s attains a maximum
at T = 0.22⇤, reflecting the fact that the theory is maxi-
mally non-conformal around the scale set by the source.
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FIG. 2. (Top panel) Bulk viscosity over entropy den-
sity as a function of temperature. (Bottom panel) Hydro-
dynamization and equilibration times as a function of the
hydrodynamization temperature for collisions of 1�2 -shocks.
The vertical grid lines lie at T �⇤ = {0.15,0.19,0.31,0.38}
and mark, respectively, the lowest value of Thyd�⇤ that we
have simulated, the maximum of thydThyd, the point with
the largest ratio of teq�thyd, and the intersection between
the two curves. The bulk viscosity at these temperatures
is ⇣�s = {0.025,0.028,0.023,0.017}. The top horizontal line
indicates the result in a CFT, thydThyd = 0.56 [22].

3. Collisions. Remarkably, a gravitational wave propa-
gating in the background (4) can be constructed simply
by adding a term of the form f(u)h(z±)dz2± to the metric
(4a), with

h(z±) = µ3

w
√
2⇡

e−z2±�2!2

, (10)

f(u) = 4 e2A(u) � u

0

dũ

ũ
e−4A(ũ) . (11)

The dual stress tensor of a single shock hasE = P
L

= h(z±) and P
T

= 0. The scalar expectation value
remains V = 0. The energy per unit transverse area of
the shock is dE�d2x⊥ = µ3. Unlike in the conformal case,
in which the physics only depends on the dimensionless
“thickness” µ! [3], in the present case the physics de-
pends also on the initial transverse energy density in units
of the source, µ�⇤. We simulate collisions of 1�2 -shocks
and 1�4 -shocks in the terminology of [3] (µ! = 0.30 and

equilibrium

off-equilibriumward identity

๏ Non-trivial VeV dynamics influence the stress tensor

“equilibration”

๏ The average pressure is a proxy of how well de e.o.s is satisfied
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µ! = 0.12, respectively) for several di↵erent values of
µ�⇤. We then extract the boundary stress tensor and we
focus on its value at mid-rapidity, z = 0, as a function of
time [23]. We choose t = 0 as the time at which the two
shocks would have exactly overlapped in the absence of
interactions [3].

We define the hydrodynamization time, t
hyd

, as the
time beyond which both pressures are correctly predicted
by the constitutive relations of first-order viscous hydro-
dynamics,
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, as the time
beyond which the average pressure coincides with the
equilibrium pressure with a 10% accuracy, meaning that�P̄ − P
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We expect on physical grounds that increasing the ini-

tial energy in the shocks increases the energy deposited
in, and hence the hydrodynamization temperature of,
the resulting plasma. We have confirmed that, indeed,
T
hyd

�⇤ increases monotonically with µ�⇤. On the grav-
ity side this means that, for su�ciently large (small) µ�⇤,
the horizon forms in the UV (IR) region of the solution,
where the geometry is approximately AdS. As a conse-
quence, in these two limits the plasma formation and sub-
sequent relaxation proceed approximately as in a CFT.
In contrast, for µ ∼ ⇤ the relaxation of the plasma takes
place in the most non-conformal region where the bulk
viscosity e↵ects are largest. In this intermediate region
we see several e↵ects that are absent in a CFT.

First, hydrodynamization times are longer than in a
CFT. This is illustrated by the red curve in Fig. 2(bot-
tom) whose maximum, indicated by the first vertical line
from the left, is 2.5 times larger than the conformal re-
sult, which is indicated by the horizontal line [22]. As
expected, at high T

hyd

�⇤ we see that t
hyd

T
hyd

asymptot-
ically approaches its conformal value (we have checked
that at T

hyd

�⇤ = 4.8 the di↵erence is 0.5%). We expect
the same to be true at low T

hyd

�⇤ [24].
Second, the equation of state is not obeyed out of equi-

librium. This is illustrated in Fig. 3(bottom) for a colli-
sion of 1�4 -shocks with µ�⇤ = 0.94, for which the hydro-
dynamization temperature is T

hyd

�⇤ = 0.24. We see that
the equilibrium and the average pressures are not within
10% of one another until a time t

eq

= 9.6�⇤ = 2.4�T
hyd

.
This is further illustrated in Fig. 2(bottom), which shows
the dependence of the equilibration time on the hydrody-
namization temperature for 1�2 -collisions. We see that
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FIG. 3. Longitudinal, transverse and average pressures, their
hydrodynamic approximations, and the equilibrium pressure
extracted from the equation of state, all in units of ⇤4, for a
collision of 1�4 -shocks with µ�⇤ = 0.94. The hydrodynamiza-
tion temperature is Thyd�⇤ = 0.24. Because the transverse
pressure hydrodynamizes much faster than the longitudinal
one, PT and P hyd

T are virtually on top of one another for
the times shown. Hydrodynamization and equilibration take
place at thyd⇤ = 4.2 and teq⇤ = 9.6, respectively, as indicated
by the vertical lines. At thyd the di↵erence between P̄ and
Peq is 18%, whereas the di↵erence between P̄ and P̄hyd is 2%.
At teq the di↵erence between PL and P hyd

L is 3%. The PT �PL

ratio is 4. at thyd and 1.9 at teq.

for su�ciently large µ�⇤ the equilibration time becomes
negative, meaning that the average and the equilibrium
pressures di↵er by less than 10% even before the shocks
collide. The reason is simply that in these cases the en-
ergy density in the Gaussian tails in front of the shocks,
which start to overlap at negative times, becomes much
higher than ⇤. At these energy densities the physics
becomes approximately conformal and the equation of
state becomes approximately valid as a consequence of
this symmetry. An analogous argument implies that
t
eq

should also become negative for collisions with suf-
ficiently small µ�⇤ [24].

Third, hydrodynamization can take place before equili-
bration. Indeed, we see in Fig. 2(bottom) that t

hyd

< t
eq

for collisions for which the hydrodynamization temper-
ature is between the first and the fourth vertical line.
Comparing with Fig. 2(top) we see that at these two tem-
peratures the viscosity-to-entropy ratios are ⇣�s = 0.025

๏ Large bulk corrections responsible for 
deviations from equilibrium!
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3

µ ! = 0 . 1 2 , r e s p e c t i v e ly ) f o r s e v e r a ld i �e r e n t v a lu e s o f
µ �Λ . W e t he n e x t r a c t t he b o u n d a r y s t r e s s t e n s o r a n d w e
f o c u s o n i t s v a lu e a t m i d - r a p i d i t y , z = 0 , a s a f u n c t i o n o f
t i m e [ 2 3 ]. W e c ho o s e t = 0 a s t he t i m e a t w hi c ht he t w o
s ho c k s w o u ld ha v e e x a c t ly o v e r la p p e d i n t he a b s e n c e o f
i n t e r a c t i o n s [ 3 ].

W e d e fi n e t he hy d r o d y n a m i z a t i o n t i m e , t
hyd

, a s t he
t i m e b e y o n d w hi c hb o t hp r e s s u r e s a r e c o r r e c t ly p r e d i c t e d
b y t he c o n s t i t u t i v e r e la t i o n s o f fi r s t - o r d e r v i s c o u s hy d r o -
d y n a m i c s ,

P hyd

L

= P
eq

+ P
⌘

+ P
⇣

, ( 1 2 a )

P hyd

T

= P
eq

− 1

2

P
⌘

+ P
⇣

, ( 1 2 b )

w i t ha 1 0 %a c c u r a c y , s o t ha t �P
L,T

− P hyd

L,T

��

¯P < 0 . 1 . I n

( 1 2 ) w e ha v e d e n o t e d b y P
⌘

a n d P
⇣

t he s he a r a n d t he
b u lk c o n t r i b u t i o n s t o t he hy d r o d y n a m i c p r e s s u r e s , r e -
s p e c t i v e ly , w hi c ha r e p r o p o r t i o n a lt o t he c o r r e s p o n d i n g
v i s c o s i t i e s . T he d i �e r e n t c o e � c i e n t s i n f r o n t o f P

⌘

i n
t he s e t w o e q u a t i o n s r e fl e c t t he t r a c e le s s n e s s o f t he s he a r
t e n s o r . W e d e fi n e t he e q u i li b r a t i o n t i m e , t

eq

, a s t he t i m e
b e y o n d w hi c ht he a v e r a g e p r e s s u r e c o i n c i d e s w i t ht he
e q u i li b r i u m p r e s s u r e w i t ha 1 0 %a c c u r a c y , m e a n i n g t ha t
�̄P − P

eq

�

�

¯P < 0 . 1 .
W e e x p e c t o n p hy s i c a lg r o u n d s t ha t i n c r e a s i n g t he i n i -

t i a le n e r g y i n t he s ho c k s i n c r e a s e s t he e n e r g y d e p o s i t e d
i n , a n d he n c e t he hy d r o d y n a m i z a t i o n t e m p e r a t u r e o f ,
t he r e s u lt i n g p la s m a . W e ha v e c o n fi r m e d t ha t , i n d e e d ,
T
hyd

�Λ i n c r e a s e s m o n o t o n i c a lly w i t hµ �Λ . O n t he g r a v -
i t y s i d e t hi s m e a n s t ha t , f o r s u � c i e n t ly la r g e (s m a ll) µ �Λ ,
t he ho r i z o n f o r m s i n t he U V (I R ) r e g i o n o f t he s o lu t i o n ,
w he r e t he g e o m e t r y i s a p p r o x i m a t e ly A d S . A s a c o n s e -
q u e n c e , i n t he s e t w o li m i t s t he p la s m a f o r m a t i o n a n d s u b -
s e q u e n t r e la x a t i o n p r o c e e d a p p r o x i m a t e ly a s i n a C F T .
I n c o n t r a s t , f o r µ �Λ t he r e la x a t i o n o f t he p la s m a t a k e s
p la c e i n t he m o s t n o n - c o n f o r m a lr e g i o n w he r e t he b u lk
v i s c o s i t y e �e c t s a r e la r g e s t . I n t hi s i n t e r m e d i a t e r e g i o n
w e s e e s e v e r a le �e c t s t ha t a r e a b s e n t i n a C F T .

F i r s t , hy d r o d y n a m i z a t i o n t i m e s a r e lo n g e r t ha n i n a
C F T . T hi s i s i llu s t r a t e d b y t he r e d c u r v e i n F i g . 2 ( b o t -
t o m ) w ho s e m a x i m u m , i n d i c a t e d b y t he fi r s t v e r t i c a lli n e
f r o m t he le f t , i s 2 . 5 t i m e s la r g e r t ha n t he c o n f o r m a lr e -
s u lt , w hi c hi s i n d i c a t e d b y t he ho r i z o n t a lli n e [ 2 2 ]. A s
e x p e c t e d , a t hi g hT

hyd

�Λ w e s e e t ha t t
hyd

T
hyd

a s y m p t o t -
i c a lly a p p r o a c he s i t s c o n f o r m a lv a lu e (w e ha v e c he c k e d
t ha t a t T

hyd

�Λ = 4 . 8 t he d i �e r e n c e i s 0 . 5 %) . W e e x p e c t
t he s a m e t o b e t r u e a t lo w T

hyd

�Λ [ 2 4 ].
S e c o n d , t he e q u a t i o n o f s t a t e i s n o t o b e y e d o u t o f e q u i -

li b r i u m . T hi s i s i llu s t r a t e d i n F i g . 3 ( b o t t o m ) f o r a c o lli -
s i o n o f 1 �4 - s ho c k s w i t hµ �Λ = 0 . 9 4 , f o r w hi c ht he hy d r o -
d y n a m i z a t i o n t e m p e r a t u r e i s T

hyd

�Λ = 0 . 2 4 . W e s e e t ha t
t he e q u i li b r i u m a n d t he a v e r a g e p r e s s u r e s a r e n o t w i t hi n
1 0 %o f o n e a n o t he r u n t i la t i m e t

eq

= 9 . 6 �Λ = 2 . 4 �T
hyd

.
T hi s i s f u r t he r i llu s t r a t e d i n F i g . 2 ( b o t t o m ) , w hi c hs ho w s
t he d e p e n d e n c e o f t he e q u i li b r a t i o n t i m e o n t he hy d r o d y -
n a m i z a t i o n t e m p e r a t u r e f o r 1 �2 - c o lli s i o n s . W e s e e t ha t

PL

PL,hyd

PT

PT ,hyd

0.

0.01

0.02

P

Peq

Phyd

2 4 6 8 10
0.

0.01

0.02

T

FIG. 3. Longitudinal, t ransverseand averagepressures, their
hydrodynamic approximat ions, and the equilibrium pressure
ext racted from the equat ion of state, all in units of ⇤ 4, for a
collision of 1� 4-shocks with µ � ⇤ = 0.94. The hydrodynamiza-
t ion temperature is Thyd � ⇤ = 0.24. Because the t ransverse
pressure hydrodynamizes much faster than the longitudinal
one, PT and P hyd

T are virtually on top of one another for
the t imes shown. Hydrodynamizat ion and equilibrat ion take
place at thyd ⇤ = 4.2 and teq ⇤ = 9.6, respect ively, as indicated
by the vert ical lines. At thyd the di ↵ erence between �P and
Peq is 18%, whereas the di ↵ erence between �P and �Phyd is 2%.
At teq the di ↵ erence between PL and P hyd

L is 3%. The PT � PL

rat io is 4. at thyd and 1.9 at teq.

f o r s u � c i e n t ly la r g e µ �Λ t he e q u i li b r a t i o n t i m e b e c o m e s
n e g a t i v e , m e a n i n g t ha t t he a v e r a g e a n d t he e q u i li b r i u m
p r e s s u r e s d i �e r b y le s s t ha n 1 0 %e v e n b e f o r e t he s ho c k s
c o lli d e . T he r e a s o n i s s i m p ly t ha t i n t he s e c a s e s t he e n -
e r g y d e n s i t y i n t he G a u s s i a n t a i ls i n f r o n t o f t he s ho c k s ,
w hi c hs t a r t t o o v e r la p a t n e g a t i v e t i m e s , b e c o m e s m u c h
hi g he r t ha n Λ . A t t he s e e n e r g y d e n s i t i e s t he p hy s i c s
b e c o m e s a p p r o x i m a t e ly c o n f o r m a la n d t he e q u a t i o n o f
s t a t e b e c o m e s a p p r o x i m a t e ly v a li d a s a c o n s e q u e n c e o f
t hi s s y m m e t r y . A n a n a lo g o u s a r g u m e n t i m p li e s t ha t
t
eq

s ho u ld a ls o b e c o m e n e g a t i v e f o r c o lli s i o n s w i t hs u f -
fi c i e n t ly s m a llµ �Λ [ 2 4 ].

T hi r d , hy d r o d y n a m i z a t i o n c a n t a k e p la c e b e f o r e e q u i li -
b r a t i o n . I n d e e d , w e s e e i n F i g . 2 ( b o t t o m ) t ha t t

hyd

< t
eq

f o r c o lli s i o n s f o r w hi c ht he hy d r o d y n a m i z a t i o n t e m p e r -
a t u r e i s b e t w e e n t he fi r s t a n d t he f o u r t hv e r t i c a lli n e .
C o m p a r i n g w i t hF i g . 2 (t o p ) w e s e e t ha t a t t he s e t w o t e m -
p e r a t u r e s t he v i s c o s i t y - t o - e n t r o p y r a t i o s a r e ⇣ �s = 0 . 0 2 5
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4.3 Hydrodynamization

In contrast to conformal transport criteria with a trivial stress tensor, the hydrodynamiza-
tion criteria needs to take into account the non trivial equation of state dependences between
local energy densities and pressures. Equally important is to ensure that the system is hy-
drodynamized at a time only when both the longitudinal and the transverse pressure fullfill
the hydrodynamization criteria. We demand the difference between the hydro extraction
and the evolved pressure to be less than 10%:

�

�

�

PL,T � P hyd
L,T

�

�

�

/ ¯P < 0.1 (4.10)

Concerning the slow down of the non-conformal hydrodynamization times compared to tts
conformal value this is the most effective for evolution that stay the longest in the most
non-conformal region. Hence the peak of the non-conformal hydrodynamization times is at
lower temperatures than the maximal non-conformality T both seen in figures 6 and 7.

4.4 Bulk viscosity

0 2 4 6 8

0.20

0.25

0.30

0.35

t

zêh
h=1, fM=10, f0=1.

Figure 6. Time evolution bulk over shear viscosity for �M = 10. [MA: plot several different

runs]

4.5 Equilibration

For non-conformal shockwaves only at times where the criteria 4.11 applies the ideal equa-
tion of state is applicable. We define the equilibration time teq the time of the collision once
this critieria is fullfilled.

�

�
¯P � Peq

�

� / ¯P < 0.1 . (4.11)

For runs where the criteria is full-filled at any time of the evolution after the collision time
⇤t = 0, which we define as the initial shockwave superposition, the extracted equilibration
time is set to zero.

In figure 7 we plot the equilibration times teq for different non-conformal theories. We
show three more cases for when the equilibration time happens after the hydrodynamization
time. For �M = 20 this ordering happens over the largest hydrodynamization temperature
Thyd. For �M = 3 the crossing happens barely and both �M = {1, 2} show no crossing.

– 15 –

ζ/s=0.015

ζ/s=0.025
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FIG. 1. Equilibrium pressure as a function of energy density
for �M = 10.

where z± = t ± z. The Ward identity for the trace of the
stress tensor reads

�Tµ

µ

� = −⇤ �O� , (5)

and we adopt a renormalization scheme such that�T
µ⌫

� = �O� = 0 in the vacuum. Henceforth we will omit
the expectation value signs and work with the rescaled
quantities

(E , P
L

, P
T

,V) = 

2
5

2L

3 (−T t

t

, T z

z

, T x⊥
x⊥ ,O) . (6)

In these variables the Ward identity takes the form

E − 3P̄ = ⇤V , (7)

where

P̄ = 1

3

(P
L

+ 2P
T

) (8)

is the average pressure. Out of equilibrium the average
pressure is not determined by the energy density because
the scalar expectation value V fluctuates independently.
In contrast, in equilibrium V is determined by the energy
density and the Ward identity becomes the equation of
state

P
eq

(E) = 1

3

[E −⇤V
eq

(E)] . (9)

In this Letter we focus on �
M

= 10. The equilibrium
pressure for this case is shown in Fig. 1. As expected,
both at high and low energies the physics becomes ap-
proximately conformal and P

eq

asymptotes to E�3. The
bulk viscosity-to-entropy ratio as a function of temper-
ature is shown in Fig. 2(top). In this case approximate
conformal invariance implies that ⇣�s → 0 at high and
low temperatures. In between, ⇣�s attains a maximum
at T = 0.22⇤, reflecting the fact that the theory is maxi-
mally non-conformal around the scale set by the source.

/s

0.01

0.02

0.03
T/

thyd Thyd

teq Thyd

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.
0.5

1.
1.5

2.
2.5

Thyd/

FIG. 2. (Top panel) Bulk viscosity over entropy den-
sity as a function of temperature. (Bottom panel) Hydro-
dynamization and equilibration times as a function of the
hydrodynamization temperature for collisions of 1�2 -shocks.
The vertical grid lines lie at T �⇤ = {0.15,0.19,0.31,0.38}
and mark, respectively, the lowest value of Thyd�⇤ that we
have simulated, the maximum of thydThyd, the point with
the largest ratio of teq�thyd, and the intersection between
the two curves. The bulk viscosity at these temperatures
is ⇣�s = {0.025,0.028,0.023,0.017}. The top horizontal line
indicates the result in a CFT, thydThyd = 0.56 [22].

3. Collisions. Remarkably, a gravitational wave propa-
gating in the background (4) can be constructed simply
by adding a term of the form f(u)h(z±)dz2± to the metric
(4a), with

h(z±) = µ3

w
√
2⇡

e−z2±�2!2

, (10)

f(u) = 4 e2A(u) � u

0

dũ

ũ
e−4A(ũ) . (11)

The dual stress tensor of a single shock hasE = P
L

= h(z±) and P
T

= 0. The scalar expectation value
remains V = 0. The energy per unit transverse area of
the shock is dE�d2x⊥ = µ3. Unlike in the conformal case,
in which the physics only depends on the dimensionless
“thickness” µ! [3], in the present case the physics de-
pends also on the initial transverse energy density in units
of the source, µ�⇤. We simulate collisions of 1�2 -shocks
and 1�4 -shocks in the terminology of [3] (µ! = 0.30 and

๏ Non-conformal theories take longer to hydrodynamise

๏ For ζ/s>0.025 hydrodynamisation occurs first.
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where z± = t ± z. The Ward identity for the trace of the
stress tensor reads

�Tµ

µ

� = −⇤ �O� , (5)

and we adopt a renormalization scheme such that�T
µ⌫

� = �O� = 0 in the vacuum. Henceforth we will omit
the expectation value signs and work with the rescaled
quantities

(E , P
L

, P
T

,V) = 
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2L

3 (−T t
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, T z
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, T x⊥
x⊥ ,O) . (6)

In these variables the Ward identity takes the form

E − 3P̄ = ⇤V , (7)

where

P̄ = 1

3

(P
L

+ 2P
T

) (8)

is the average pressure. Out of equilibrium the average
pressure is not determined by the energy density because
the scalar expectation value V fluctuates independently.
In contrast, in equilibrium V is determined by the energy
density and the Ward identity becomes the equation of
state

P
eq

(E) = 1

3

[E −⇤V
eq

(E)] . (9)

In this Letter we focus on �
M

= 10. The equilibrium
pressure for this case is shown in Fig. 1. As expected,
both at high and low energies the physics becomes ap-
proximately conformal and P

eq

asymptotes to E�3. The
bulk viscosity-to-entropy ratio as a function of temper-
ature is shown in Fig. 2(top). In this case approximate
conformal invariance implies that ⇣�s → 0 at high and
low temperatures. In between, ⇣�s attains a maximum
at T = 0.22⇤, reflecting the fact that the theory is maxi-
mally non-conformal around the scale set by the source.
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FIG. 2. (Top panel) Bulk viscosity over entropy den-
sity as a function of temperature. (Bottom panel) Hydro-
dynamization and equilibration times as a function of the
hydrodynamization temperature for collisions of 1�2 -shocks.
The vertical grid lines lie at T �⇤ = {0.15,0.19,0.31,0.38}
and mark, respectively, the lowest value of Thyd�⇤ that we
have simulated, the maximum of thydThyd, the point with
the largest ratio of teq�thyd, and the intersection between
the two curves. The bulk viscosity at these temperatures
is ⇣�s = {0.025,0.028,0.023,0.017}. The top horizontal line
indicates the result in a CFT, thydThyd = 0.56 [22].

3. Collisions. Remarkably, a gravitational wave propa-
gating in the background (4) can be constructed simply
by adding a term of the form f(u)h(z±)dz2± to the metric
(4a), with

h(z±) = µ3

w
√
2⇡

e−z2±�2!2

, (10)

f(u) = 4 e2A(u) � u

0

dũ

ũ
e−4A(ũ) . (11)

The dual stress tensor of a single shock hasE = P
L

= h(z±) and P
T

= 0. The scalar expectation value
remains V = 0. The energy per unit transverse area of
the shock is dE�d2x⊥ = µ3. Unlike in the conformal case,
in which the physics only depends on the dimensionless
“thickness” µ! [3], in the present case the physics de-
pends also on the initial transverse energy density in units
of the source, µ�⇤. We simulate collisions of 1�2 -shocks
and 1�4 -shocks in the terminology of [3] (µ! = 0.30 and

๏ Non-conformal theories take longer to hydrodynamise

๏ For ζ/s>0.025 hydrodynamisation occurs first.
(similar to the estimated bulk viscosity about 1.3-1.4 Tc)

2

at lower temperatures. We assume that the baryon num-
ber density and di↵usion are zero at all space-time points
and our metric convention is gµ⌫ = diag(1,�1� 1� 1).

The time-evolution equations satisfied by ⇧ and ⇡µ⌫

are relaxation-type equations derived from kinetic theory
[34, 35]. These are solved numerically within the music
hydrodynamics simulation [36–38]. Explicitly, we solve

⌧⇧⇧̇+⇧ = �⇣✓ � �⇧⇧⇧✓ + �⇧⇡⇡
µ⌫�µ⌫ , (1)

⌧⇡⇡̇
hµ⌫i + ⇡µ⌫ = 2⌘�µ⌫ � �⇡⇡⇡

µ⌫✓ + '7⇡
hµ
↵ ⇡ ⌫i↵

�⌧⇡⇡⇡
hµ
↵ � ⌫i↵ + �⇡⇧⇧�µ⌫ . (2)

The above equations include all the nonlinear terms that
couple bulk viscous pressure and shear-stress tensor and
have recently been shown to be in good agreement with
solutions of the 0+1 Anderson-Witting equation in the
massive limit [39] and of the 1+1 Anderson-Witting equa-
tion in the massless limit [40, 41]. For the sake of simplic-
ity, the transport coe�cients ⌧⇧, �⇧⇧, �⇧⇡, ⌧⇡, ⌘, �⇡⇡, '7,
⌧⇡⇡, and �⇡⇧ are fixed using formulas derived from the
Boltzmann equation near the conformal limit [35]. The
shear viscosity coe�cient is assumed to be proportional
to the entropy density, i.e., ⌘ / s. The bulk viscosity co-
e�cient employed is the same one introduced in Ref. [24],
which corresponds to a parametrization of calculations
from Ref. [42] for the QGP phase and Ref. [43] for the
hadronic phase. These two calculations are matched at
Tc = 180 MeV and the value of ⇣/s at this tempera-
ture is ⇣/s(Tc) ⇡ 0.3. This parametrization is plotted
in Fig. 1 as the blue solid curve. The results shown in
this letter have a small sensitivity on the value of ⇣/s
near the matching temperature, which can be doubled
without leading to major modifications in our results.

0.8 1.2 1.6 2

T/Tc

0

0.1

0.2

0.3

0.4

0.5

this work

QGP [40]

Hadron Gas [41]

z/s

[42]
[43]

this work

FIG. 1: (Color online) The bulk viscosity over entropy density
parametrization used in our simulations as a function of T/Tc.

At an isothermal hypersurface specified by the switch-
ing temperature Tswitch, the simulation switches from
a fluid-dynamical description to a transport description

[44], modeled using the UrQMD simulation. The mo-
mentum distribution of hadrons at each hypersurface el-
ement is calculated via the usual Cooper-Frye formalism
[45]. The multiplicity of each hadron species is sampled
assuming that every fluid element is a grand-canonical
ensemble while the momentum of each hadron is obtained
by sampling the momentum distribution using the rejec-
tion method. We note that the Cooper-Frye formalism
requires as an input the nonequilibrium momentum dis-
tribution of each hadron inside the fluid elements. For
the correction related to bulk viscous pressure, we employ
the distribution derived from the Boltzmann equation us-
ing the relaxation time approximation, as described in
Ref. [46]. For the shear-stress tensor nonequilibrium cor-
rection, we employ the usual ansatz obtained from the
14-moment approximation [23, 47]. The details of how
UrQMD is matched to MUSIC will be presented in an
upcoming paper.
We emphasize that the nonequilibrium corrections to

the momentum distribution of hadrons at the moment
of switching are still not completely understood from a
theoretical point of view and represent a source of un-
certainty in simulations of heavy ion collisions. However,
the di↵erential observables carry most of these uncertain-
ties since they are more sensitive to the details of how
the momentum of hadrons is distributed when convert-
ing from a hydrodynamic to a transport description. For
this reason, we fix all the free parameters of our model
using pT –integrated observables.
3. Results and Discussion. In our simulations, the

value of the shear viscosity coe�cient is adjusted to pro-
vide a good agreement with the integrated flow harmonic
coe�cients, vn, up to n = 4. For the simulations that in-
clude both bulk and shear viscosity, this procedure led
to the value ⌘/s = 0.095. For the simulations which in-
clude only the shear viscosity, our baseline calculation
is carried out with ⌘/s = 0.16. The larger value of ⌘/s
compensates the reduction of momentum anisotropy due
to the e↵ect of the bulk viscosity.
The pion and kaon multiplicity, vn, and, to a lesser

extent, their average pT , are only mildly sensitive to
the choice of switching temperature between the hydro-
dynamic and UrQMD phases. Proton observables, on
the other hand, do depend significantly on the choice of
Tswitch. The switching temperature used in the following
calculations is fixed such that a good description of the
proton multiplicity and average pT is achieved for the
simulation with both shear and bulk viscosities. This
value is Tswitch = 145 MeV.
In Figs. 2 (a), (b), and (c), we show the multiplic-

ity, average transverse momentum of pions, kaons, and
protons, and the integrated flow harmonics of charged
hadrons, as a function of centrality class. The vn{2} co-
e�cients are calculated following the cumulant method
[48] using the same pT cuts employed by the ALICE col-
laboration [49]. The multiplicity and average transverse
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๏ First analysis of ultra-relativistic collision dynamics in non-
conformal gauge theories.

๏ Hydrodynamics provides an (unreasonably) good 
description of dynamics

• Large anisotropies

• Large deviation from equilibrium

• What controls the applicability of hydro?

๏ Heavy Ion collisions allow us to explore the different 
paths for the onset of hydrodynamic behavior


