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 Basic observations

1- expansion history (SN1a, BAO, ...)

    ➜ accelerated expansion of the Universe
2- geometry (CMB)

    ➜ spatial flatness
3- growth of structures (CMB, LSS surveys)                   
    ➜ non-relativistic (cold/warm) dark matter
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dark sector: 
cosmological constant & cold dark matter

Why does vanilla cosmology model the cosmic 
substratum as perfect fluids?

hydrodynamic limit: 

cosmological constant o.k.
but for dark matter ? 
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Physical Cosmology 

1- equations of motion 
    ➜ general relativity & energy/matter content
        (or modification of GR)
2- initial/boundary conditions 
    ➜ ??? (inflation?, QG???)
    instead
    extra symmetry principles to avoid initial/boundary data                   
    ➜ cosmological principle(s) !!!



Cosmological principle(s)

Exact:     The Universe is spatially isotropic and homogeneous.
                   ruled out by the fact that we see cosmic structures, reasonable 1st approximation

Statistical:  The distribution of mass and light in the Universe is
             statistically isotropic and homogeneous. 

now: 
consider comoving cells of volume V, 
large enough that statistical averages are useful, 
but much smaller than scales of interest



 Isotropic & Homogeneous 
Universe

�0Q heat flow: 
must vanish if no direction is preferred 
⇒ isotropic & homogeneous fluid

But does that mean that there is no dissipation? 

1st law of TD for each voxel

does allow for bulk viscosity:  

Tµ
⌫ = (✏+ P )uµu⌫ + �µ⌫P, ✏ = ✏(t), P = P (t), uµ = uµ(t)

dS � 0

V d✏ = �(✏+ P )dV + �0Q

P = p+⇧ = p� 3H⇣, ⇣ = ⇣(t) � 0Eckart 1940; 
Landau & Lifshitz 1958



 1st or 2nd order?
Müller 1967; Israel & Stewart 1976

Interest in cosmic bulk viscosity arose in the in 
the context of cosmological inflation 
(acceleration of the expansion!)

see e.g. review by Maartens 1995

If relaxation time is comparable or larger than Hubble time, 2nd 
order required, but then fluid assumption is very questionable
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 Causality issue?

Why should we expand in  gradients of      ?

claim: 
gradient expansion in       is reason for violation of causality, 
instead expand in 

Disconzi, Kephart & Scherrer 2015
based on Lichnerowitz 1944, 1957

uµ

uµ

for dissipationless fluids µ = ✏+ p

now: ⇧ = �Ḟ ⇣ � F3H⇣
causal at 1st order, 

promising  idea!

Fuµ ⌘ ✏+p
µ uµ, r⌫(µu⌫) ⌘ 0



 Standard model or  
unified dark matter

SM assumes no dissipation:
1- cosmological constant                no fluctuations

2- cold dark matter                        thermal origin (?), free fall

3- atoms (visible matter)                 gas,       
                                                                                             viscosity in astrophysics

p = �✏

p = 0

Could the dark sector be unified? 

Generalized Chaplygin gas:

Viscous dark fluid: 

p = �A✏0(✏0/✏)↵

p = �3H⇣, ⇣ = ⇣0(✏0/✏)⌫ , H = H0(✏0/✏)1/2

Kamenshchik, Moschella 
& Pasquier 2001

Zimdahl, Schwarz, Balakin & Pavon 2001;  Fabris, Goncalves & de Sa Ribeiro 2006



Unified dark matter

p = �A✏0(✏0/✏)↵

At background level, both models are equivalent and 
include the standard model (𝛼 = 0; 𝜈 = -1/2)

A = 3H0⇣0, ↵ = ⌫ + 1/2becomes with 
wv =

�1

1 + ( ✏0
3H0⇣0

� 1)(1 + z)3(1/2�⌫)and

4 Observational Constraints

4.1 Supernova and H(z) data

We employ a statistical analysis using recent H(z) [19] and the SN Ia constitution [20] data
sets, in order to constrain the parameters of the background model.

The confidence contours for a set of parameters {p} are obtained from the probability
distribution function (PDF)

P (p) = Be−
χ
2(p)
2 ,

where B is a normalization constant. For a given sample, lets say SN, χ2 is defined by

χ2
SN (p) =

∑

i

[

µth
i
(p)− µobs

i
(p)

]2

σ2
i

. (4.1)

The quantities µth
i and µobs

i are the theoretical and the observed values, of the distance moduli
and σi denotes their error for each data point i. For the H(z) sample we replace µ by H.
Hence, for the joint analysis we use χ2 = χ2

SN + χ2
H .

Observational constraints on q0 and ν are shown in Figure (1). It displays the 2σ and 3σ
confidence levels. The dashed-red lines are age constraints for which the Universe is 12Gyr
and 14Gyr old. The parameters for which the transition to the accelerated epoch occurs at
ztr = 1 and ztr = 0.5 are shown in the solid lines. We remark that these background results
can be translated to the GCG model using the correspondences stablished in section 2.
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Figure 1. Observational constraints from SN1a and H(z) data on the parameters of the VDF model
(q0 and ν). The fat dot indicates the best-fit model. Short-dashed lines denote 2σ and 3σ contours.
Long-dashed (red) lines indicate age constraints of 13 Gy and 15 Gy, respectively. Thin lines denote
the redshift of the onset of accelerated cosmic expansion. The cosmic expansion history of a ΛCDM
model is obtained for ν = −1/2.
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best-fit VDF to SN1a and H(z) data
Velten & Schwarz 2011

ΛCDM

*

p = �3H0⇣0(✏0/✏)⌫+1/2



Dissipative fluctuations

But dissipative terms in VDF model are different from 
(dissipationless) GCG perturbations. 

 00 + 3H 0 =
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equation for metric potential at z ≪ 1000
rhs gives rise to observable modifications wrt ΛCDM and 
allows us to distinguish VDF (δζ ≠ 0) from GCG (δζ = 0)

Velten & Schwarz 2011



Observable effects I

Both models give rise to a modification of the late time 
integrated Sachs-Wolfe effect Li & Barrow 2009, Velten & Schwarz 2011
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Figure 2. Additional CMB temperature fluctuations from the integrated Sachs-Wolfe effect are
estimated by Q, see (4.2). Solid lines represent contours of constant Qv are shown in together with
the 2σ and 3σ contours and the age constraints of figure 1. VDF models with acceptable expansion
history lead to at least a doubling of the ISW contributionwith respect to the WMAP 7yr best-fit
ΛCDM model.
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Figure 3. As figure 3, but now for the GCG model. The free parameters of the GCG model are
A and α, as defined in the text. Dashed lines represent the 2σ and 3σ contours of the fit to SN1a
and H(z) data, with best-fit denoted by the fat dot. ¿From left to right, the solid lines are contours
of constant ISW contribution Qgc = 0%,+40%,+80% and +120%. For the GCG the ISW effect is
slightly less pronounced compared to the VDF models.

bulk viscous fluid should include this term. Let us for a moment take the freedom to treat
Ξ as a free function of time neglecting the form imposed by (4.3). For the case Ξ = cte = 0
we observe that it is possible to conciliate the background constraints with the non-amplified
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extra ISW would overproduce 
power at low multipoles, which 
already lack power in the 
ΛCDM model



Observable effects II
The VDF gives also rise to an extra damping of small 
scale structure at late times Velten & Schwarz 2011
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Figure 9. Left panel: Growth of sub-horizon perturbations in CDM (short-dashed) in the ΛCDM
model and of the VDF for k = 0.2Mpc−1 (long-dashed) and k = 0.3Mpc−1 (solid). The upper lines
for the viscous fluid have δξ = 0, while the bottom ones have δξ = νξ∆. Right panel: The same for
k = 106Mpc−1. Generic VDF models supress structures on subgalactic scales exponentially.

reproduce both the structure formation process and the current accelerated expansion of the
universe. The former condition seems to be the main challenge for such models.

We have compared the ISW signal of UDM models with the ΛCDM prediction. Figures
(2) and (3) are in agreement with previous results, where the background-prefered model
parameters of the VDF and the GCG imply an unacceptably large amplification of the ISW
effect. In fact, we confirm and quantify the findings of [13] for a wide range of parameters.
This can be seen as an evidence that either bulk viscous effects do not play a role in the
cosmic dynamics or that the phenomenological ansatz ξ ∼ ρν is not appropriate. Since the
intensive thermodynamic variables are functions of the extensive ones, a possible alternative
is to describe the bulk viscous pressure in terms of energy density and entropy, i.e. p = p(ρ, S)
and ξ = ξ(ρ, S). This could imply a well behaved perturbative dynamics and alleviate the
ISW problem of such fluids.

On the other hand, we note that bulk viscous pressure represents a small negative
correction to the positive equilibrium pressure. Here we have admited the viscous pressure
to be the dominating part of the pressure. This is clearly beyond the established range of
validity of conventional non-equilibrium thermodynamics and non-standard interactions are
required to support such an approach [25]. Hence, viscous cosmologies based on the Israel-
Stewart theories [26] can also be considered. Recently, a qualitative analysis of such causal
transport theory has been performed in [27].

We have studied the evolution of sub-horizon scales during the matter dominated epoch.
In the standard CDM model the linear growth of small-scale perturbations gives rise to dark
halos hosting galaxies. Concerning the unified scenario, we find a modification of the redshift
of the matter-radiation equality. As shown in figure 8 the prefered parameter values for the
UDM models are compatible with z∗eq > zeq. Hence, UDM perturbations start to grow earlier
than CDM perturbations. The GCG perturbations follow the CDM growth ∆gc ∝ a untill
znl and consequently, only the amplitude of the perturbations will be different. On the other
hand, the VDF perturbations grow in a different way following a nonadiabatic Meszaros-
like equation derived in section 3. In general, the evolution of ∆ is scale-dependent and
deviates significantly from ΛCDM. The most important effect at late times is the dominance
of nonadiabatic contributions causing ∆ to dacay rapidly.
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Sub-galactic scales are damped exponentially
might be useful to smooth galactic cores and to reduce 
number of satellites and dwarfs



Viscous dark matter
Hot and cold dark matter behave differently: 

relativistic neutrinos:  

WIMPs in radiation background:  Hofmann, Schwarz & Stoecker 2001; 
Green, Hofmann & Schwarz 2004,2005; 
Bringmann & Hofmann, 2006
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Viscous dark matter

Velten & Schwarz 2012; 
Velten, Schwarz, Fabris & Zimdahl 2013

study a ΛvCDM model

constrain the background dynamics of our viscous models
by means of the following: supernovae (SN) data (here
we have used the Constitution sample [19]), the baryon
acoustic oscillation (BAO) parameter AðzÞ [20] from the
WiggleZ Dark Energy Survey [21], and the position of the
observed CMB peak l1 obtained by theWMAP project [22]
that is related to the angular scale lA [23]. The solid lines in
Fig. 1 are the 2! confidence level contours obtained from
the likelihood function L / expð#"2=2Þ. The standard "2

statistics,

"2ð~#;!"; H0Þ ¼
XN

i¼1

ðDth
i #Dobs

i Þ2
!2

i

; (16)

measures the goodness of the fit. For each data set, with N
data points, the theoretical value obtained within the
"vCDM model Dth is confronted with the observation
Dobs. In order to obtain the bidimensional likelihood con-
tours shown in Fig. 1, we marginalize H0 with a flat prior
½0<H0ðKm#1 sMpcÞ< 100&. Long dashed lines are age
constraints corresponding to 13 Gyr and 14 Gyr. The gray
filled areas in both panels of Fig. 1 correspond to the
‘‘concordance’’ parameter values allowed at 2! confidence
level. The best fit occurs at ~# ¼ 0, but it is possible to
establish an upper bound (at 2!) to the viscosity parameter
~#. For the model A (B) this value is ~# & 0:24ð0:31Þ as seen
in the horizontal dashed line in the left (right) panel in Fig. 1.

With the equations for the potential, derived in Sec. II,
we compute the ISW effect of both viscous models and
compare it with the prediction of a flat "CDM model
(the fiducial cosmology adopted here has parameters
H0 ¼ 72 km=s=Mpc and !m0 ¼ 0:266, as suggested by
the WMAP seven-year analysis [18]). The short dashed

lines in Fig. 1 correspond to relative amplifications (Q) of
the ISW effect calculated as

Q ' ð#TT Þ"vCDM
ISW

ð#TT Þ"CDM
ISW

# 1: (17)

If Q> 0ð<0Þ the "vCDM model produces more (less)
temperature variation to the CMB photons via the ISW
effect than the fiducial "CDM model. Such an analysis of
the ISW effect has been proposed in Ref. [24] and used in
Ref. [15]. As seen in Fig. 1, the parameters allowed by the
background correspond to values between Q ¼ 0% and
Q ¼ 40%. This is a reduced ISW effect, when compared
with the viscous UDM models where the amplification
could reach Q( 120% [15].
A successful structure formation process (within the

hierarchical scenario) is achieved when small structures
(formed from the smallest halos) merge into large matter
agglomerations. At the moment of matter-radiation equal-
ity (zeq ( 3000) typical CDM subhorizon perturbations
grow / a. Equation (15) also has this solution in the limit
wv ¼ 0. However, the vCDM (wv ! 0) perturbation evo-
lution is scale dependent.
In Fig. 2, we plot the evolution of the density contrast #

for both viscous models for scales in the range k ¼
1000hMpc#1 (dwarf galaxies) to k ¼ 0:2hMpc#1 (galaxy
clusters). In each panel the solid line is the standard CDM
growth / a. The dashed lines correspond to the viscous
models for different values of the viscosity coefficient. The
initial conditions, i.e., the power spectrum at the matter-
radiation equality, are set using the CAMB code [25]. This
provides the correct amplitude for each k mode at zeq and
helps us to identify the onset of the nonlinear structure
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FIG. 1. Observational constraints on the parameter space ð~#;!"Þ for model A (left) and model B (right). Solid lines are the contours
of 2! confidence level. Long dashed lines are the age constraints (13 Gyr and 14 Gyr). Short dashed lines, from bottom to top,
correspond to Q ¼ 0 and Q ¼ 40% (see text for explanation). The horizontal dashed line sets the maximum allowed viscosity at 2!.
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FIG. 2. Growth of subhorizon density perturbations for different scales in the range k ¼ 1000hMpc"1 (dwarf galaxy), in the bottom
panels, to k ¼ 0:2hMpc"1 (galaxy clusters) in the top panels. Left (right) panels correspond to model A (B). The solid line corresponds
to the standard CDM ! / a result. Dashed lines correspond to the viscous CDM growth for various values of the parameters ~! as
indicated in the panels.
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Viscous dark matter

Velten & Schwarz 2012

subhorizon vCDM equation:  scale dependent terms !

ds2¼a2ð!Þ½%ð1þ2c Þd!2þð1%2c Þ"ijdx
idxj': (10)

For convenience we introduce H ¼ a0=a, where prime
means derivative w.r.t. the conformal time !. Let us first
calculate the ISW effect [a net change in the energy of
cosmic microwave background (CMB) photons produced
by evolving potential wells] of our viscous models. Given
the gravitational potential c it can be calculated by

!
!T

T

"

ISW
¼ 2

Z !0

!r

c 0d!; (11)

where the integration is performed along the photon tra-
jectory from the conformal time at the recombination (!r)
to the conformal time today (!0).

The momentum constraint reads

% k2c % 3H c 0 % 3H 2c ¼ 3H2
0a

2

2
f"b!b þ"v!vg;

(12)

where, for each component, we have defined the energy
density contrast ! ¼ "#=#. Since we are interested in the
late time ISW effect, we have neglected the perturbations
in the radiation fluid ("r!r ¼ 0).

Additionally to (12) we have the remaining perturbed
Einstein equations

% kðc 0 þH c Þ ¼ 3H2
0a

2

2
f"b$b þ ð1þ wvÞ"v$vg;

(13)

c 00þ3H c 0þð2H 0þH 2Þc

¼3a2H2
0"v

2

#
% wv

3H
ðk$vþ3H c þ3c 0Þþ%wv!v

$
;

(14)

where for each fluid we have defined the scalar velocity
perturbation $ by means of "uj;j ¼ %k$=awith k being the
wave number.
Since there is no interaction between the different

components of our model, each fluid obeys separately
the perturbed energy-momentum conservation equations,
"T&

';& ¼ 0 (see Ref. [15] for a detailed derivation). The
energy and momentum balances are used to close the set.
This set of equations must be solved numerically. Once

we obtain the function c , the ISW effect can be computed
using (11).
Cosmological perturbation theory also allows us to

investigate the formation of dark matter halos that attract
baryons in order to form galaxies. The standard cosmo-
logical scenario gives rise to a hierarchical formation
process where small structures form first. vCDM behaves
as a pressureless fluid at the beginning of the matter
dominated phase, i.e., wvðz ( 0Þ ) 0. However, the equa-
tion of state evolves in time departing from the pressureless
behavior as the Universe expands. Additionally, there
are also nonadiabatic contributions to the dynamics of
density fluctuations. Assuming (5), the subhorizon vCDM
perturbations obey the following Meszaros-like equation
(see Ref. [15] for details):

a2
d2!v

da2
þ

#
a

H

dH

da
þ 3þ AðaÞ þ BðaÞk2

$
a
d!v

da
þ

#
þCðaÞ þDðaÞk2 % 3

2

$
!v ¼ PðaÞ;

AðaÞ ¼ %6wv þ
a

1þ wv

dwv

da
% 2a

1þ 2wv

dwv

da
þ 3wv

2ð1þ wvÞ
BðaÞ ¼ % wv

3a2H2ð1þ wvÞ

CðaÞ ¼ 3wv

2ð1þ wvÞ
% 3wv % 9w2

v %
3w2

v

1þ wv

!
1þ a

H

dH

da

"
% 3a

!
1þ 2wv

1þ wv

"
dwv
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þ 6awv

1þ 2wv

dwv

da

DðaÞ ¼ w2
v

a2H2ð1þ wvÞ

PðaÞ ¼ %3%wva
d!v

da
þ 3%wv!v

#
% 1

2
þ 9wv

2
þ %1% 4wv þ 2w2

v

wvð1þ wvÞð1þ 2wvÞ
a
dwv

da
% k2ð1% wvÞ

3H2a2ð1þ wvÞ

$
;

(15)

where the scale factor was used as the dynamical parame-
ter. The function PðaÞ contains the contributions from the
perturbation of (. Thus, for model A (% ¼ 0) we have
PðaÞ ¼ 0. A remarkable point here is that the evolution
of subhorizon vCDM perturbations is scale dependent. As
shown in Ref. [15], a viscosity large enough to accelerate

the current Universe leads to a substantial suppression of
growth at small scales.

C. Comparison with observations

In Fig. 1 we show constraints on the free parameters ~(
and "# from different observational data sets. We

DISSIPATION OF DARK MATTER PHYSICAL REVIEW D 86, 083501 (2012)

083501-3

CDM: Meszaros equation for A= B = C = D = P = 0



Constrain on dark matter 
bulk viscosity

Velten & Schwarz 2012

formation !ðznlÞ ¼ 1. Considering ~!$ 0:2, as obtained
above, the viscous effects would suppress the halo growth
well before zeq. Viscous dark halos at cluster scales
(k ¼ 0:2hMpc%1) are able to follow the typical CDM
growth only if ~! & 10%6. Smaller scales place stronger
constraints on the bulk viscosity, for dwarf galaxies
~! & 10%11 in model A and ~! & 10%10 in model B.
In Fig. 3 we implement a more conservative analysis. It

shows the maximum viscosity allowed in order to repro-
duce the standard CDM perturbation growth until ! ¼ 1.
The left panel displays the constraints on the dimensionless
quantity ~!. The right panel shows the same results in SI
units. The interpretation of these plots is as follows: For the
wave numbers shown on the horizontal axis, linear pertur-
bations of the vCDM fluid are identical to standard CDM if
the viscosity is below the indicated critical values. For
larger values, structure formation is affected.

III. CONCLUSIONS

In order to investigate the dissipative properties of dark
matter, we have proposed the "vCDM model, where cold
dark matter is modeled as a dissipative fluid equipped with
bulk viscous (negative) pressure (the vCDM fluid).
Differently from UDM viscous models, where the viscous
dark fluid is responsible for the accelerated expansion of
the Universe, here we allow the existence of a nonvanish-
ing cosmological constant. This means that the vCDM
equation of state can be only slightly negative. This possi-
bility is motivated by recent studies of galaxy clusters [6].

The free parameters of our model are #" and the
dimensionless viscosity parameter ~!. The limiting cases
#" ¼ 0 and ~! ¼ 0 correspond to the viscous UDM model
(the VDF model) and the "CDM model, respectively. The
comparison with observations (see Fig. 1) has revealed that
the unified model is strongly disfavored. The contour (at
2") for the WiggleZ baryon acoustic oscillation data
together with the position of the CMB first peak is decisive
to put an upper limit on the dark matter viscosity ~!.
For both vCDM dynamics studied here, namely models

A (# ¼ 0) and B (# ¼ %1=2), we obtain ~!< 0:2 (at 2")
corresponding to !0 < 107 Pa & s in SI units.
For the sake of comparison, the bulk viscosity coeffi-

cient of water at atmospheric pressure and at room tem-
perature is 25 'C at 2:5( 10%3 Pa & s [26]; thus we see that
constraints from the dynamics of the homogeneous and
isotropic background are rather poor.
For the allowed (at 2") model parameters, the "vCDM

does not produce a large amplification of the integrated
Sachs-Wolfe signal as in the viscous UDM model case. In
the latter approach the background preferred data pro-
duces Q> 120% [15]. The current estimations of the
error bars in the cross correlation of galaxy density and
CMB temperature (used to measure the ISW effect) are
still compatible with models where Q$ 100% [27]. This
means that amplifications of the order Q & 40%, as found
here for the "vCDM model, are compatible with current
observations. Radio surveys in the near future will reduce
the error by a factor of 5 and thus should be able to
improve the limit to the Q$ 20% level (see Fig. 9 of
Ref. [28]).
The "vCDM is much more tightly constrained by the

analysis of the growth of subhorizon density perturba-
tions. The production of small halos is a fundamental
aspect of the hierarchical structure formation process.
When even a small bulk viscous (negative) pressure is
present, the growth of the smallest dark matter halos is
suppressed as shown in Fig. 2. The suppression in model
A (a constant bulk viscosity) is less severe than model B
(which during the matter dominated phase is equivalent to
a constant negative pressure). As seen in Fig. 2, vCDM is
able to form galactic dark halos, within the hierarchical
scenario, only if ~! ) 0:2. For dwarf galaxy scales
($ 1 kpc) the growth of the density contrast is similar
to the standard CDM if the viscosity values are reduced to
~!< 10%11. However, note that avoiding the formation of
dwarf galaxies could provide a solution to the problem of
the missing satellites in the standard CDM scenario [29].
Assuming that we have to guarantee, at least, the exis-
tence of 10 kpc galaxies, the viscosity parameter is set to

FIG. 3. Maximum viscosity allowed following the requirement !vCDMðzÞ ¼ !CDMðzÞ for z * znl. For ~!> ~!max and !0 > !0max,
structure formation is affected by viscous phenomena.
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Open issues
study the more general cases 𝜁 = 𝜁(𝜀, S, ...) 
- could huge ISW contribution be avoided?
- put quantitative limits on unified dark matter 
  from final Planck release and LSS surveys
update limits on 𝜁 and 𝜂 of dark matter from final 
  Planck release and LSS surveys
calculate 𝜁 and 𝜂 for realistic dark matter candidates
  (so far done for generic WIMP and SDM)



Conclusion
Unified dark matter/viscous inflation require 
unrealistic assumptions on bulk viscosity/relaxation times

Alternative solution to causality problem? 

Viscous dark matter is a real option, but bulk viscosity 
must be small and is in accord with hydrodynamic  
assumption

Constraints on viscous cosmology from 
ISW (CMB - LSS xcorrelation) and dwarf galaxies

Is there a good candidate for VDM? Not WIMPs!


