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Observables
• Inclusive cross sections
• Integrated cross sections
• Angular distributions
• Polarization observables

Nuclear models
• Local fermi gas
• Relativistic Fermi Gas
• Shell Model (SM)
• Relativistic Mean Field (RMF)
• Super-Scaling Analysis (SuSA)

Special Topics
• Theoretical uncertainties
• Strangeness content of the nucleon
• Flux-averaged coherent pion production
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Kinematics
1

kµ = (ǫ,~k)

k′µ = (ǫ′, ~k′)

|i〉

|f〉

Qµ = (ω, ~q)

Q2 = ω2 − q2 < 0

Adimensional variables

λ =
ω

2mN
κ =

q

2mN
τ = κ2 − λ2
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Example: CC neutrino reaction
ν + A→ l− +B

Effective Hamiltonian

Heff =
G cos θc√

2
jµ(x)Ĵµ(x)

Couplig constant: G = 1.1664 × 10−5GeV−2

Cabibbo angle: θc = 0.974
Leptonic current (ν → l):

jµ = ul(k
′)γµ(1 − γ5)uν(k)

Hadronic current (single nucleon n→ p) is of the form V − A

Ĵµ = up(p
′)

[
F1(Q

2)γµ + F2(Q
2)iσµν

Qν

2mN
−GA(Q2)γµγ5 −GP (Q2)

Qµ

2mN
γ5

]
un(p)

Momentum transfer
Qµ = Kµ −K ′µ = P ′µ − P µ
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Example:S-matrix element
Neutrino scattering with initial and final hadronic states |i〉 → |f〉
Transition matrix element to first order in the interaction

Sfi = −i
∫
d4 〈l, f |Heff (x)|νl, i〉 = −2πiδ(Ef − Ei − ω)

G cos θc√
2

lµJµ

Lepton current matrix element

lµ =

[
m′

V ǫ′
m

V ǫ

]1/2

ul(k
′)γµ(1 − γ5)uν(k)

Hadronic current matrix element

Jµ = 〈f |Ĵµ(q)|i〉

JE Amaro - May 2009 – p. 6



Example: cross Section
Inclusive: only the final lepton is detected

dσ =

∑|Sfi|2
T

V

vrel

V d3k′

(2π)3

Performing the lepton traces

dσ

dΩ′dǫ′
=
G2 cos2 θc

4π2

k′

ǫ
(sµν + iaµν)W

µν

Hadronic tensor

W µν =
∑

fi

δ(Ef − Ei − ω)〈f |Jµ(q)|i〉∗〈f |Jν(q)|i〉

Leptonic
tensors

sµν = 2P µP ν − 1

2
QµQν +

Q2 −m′2

2
gµν

aµν = ǫµναβQαPβ

P µ = Kµ+K′µ

2

Qµ = Kµ −K ′µ
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(νl, l
−) formalism

Cross section:
dσ

dΩ′dǫ′
= σ0F2

+

Similar to σMott: σ0 =
G2 cos2 θc

2π2
k′ǫ′ cos2 θ̃

2

Fermi constant: G = 1.166 × 10−11 MeV−2

Cabibbo angle: cos θc = 0.975

Generalized scat-
tering angle:

tan2 θ̃

2
=

|Q2|
(ǫ+ ǫ′)2 − q2
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(νl, l
−) formalism (II)

Nuclear structure information:

F2
+ = V̂CCRCC + 2V̂CLRCL + V̂LLRLL + V̂TRT + 2V̂T ′RT ′
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(νl, l
−) formalism (II)

Nuclear structure information:

F2
+ = V̂CCRCC + 2V̂CLRCL + V̂LLRLL + V̂TRT + 2V̂T ′RT ′

kinematical factors V̂K from the leptonic tensor

V̂CC = 1 − δ2 tan2 θ̃

2

V̂CL =
ω

q
+
δ2

ρ′
tan2 θ̃

2

V̂LL =
ω2

q2
+

(
1 +

2ω

qρ′
+ ρδ2

)
δ2 tan2 θ̃

2

V̂T = tan2 θ̃

2
+
ρ

2
− δ2

ρ′

(
ω

q
+

1

2
ρρ′δ2

)
tan2 θ̃

2

V̂T ′ =
1

ρ′

(
1 − ωρ′

q
δ2

)
tan2 θ̃

2
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V̂LL =
ω2

q2
+

(
1 +

2ω

qρ′
+ ρδ2

)
δ2 tan2 θ̃

2

V̂T = tan2 θ̃

2
+
ρ

2
− δ2

ρ′

(
ω

q
+

1

2
ρρ′δ2

)
tan2 θ̃

2

V̂T ′ =
1

ρ′

(
1 − ωρ′

q
δ2

)
tan2 θ̃

2

Adimensional variables:

δ =
m′

√
|Q2|

ρ =
|Q2|
q2

ρ′ =
q

ǫ+ ǫ′
.

The only dependence on the
muon mass m′ is in δ
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(νl, l
−) formalism (III)

Weak response
functions

RCC = W 00

RCL = −1

2

(
W 03 +W 30

)

RLL = W 33

RT = W 11 +W 22

RT ′ = − i

2

(
W 12 −W 21

)
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(νl, l
−) formalism (III)

Weak response
functions

RCC = W 00

RCL = −1

2

(
W 03 +W 30

)

RLL = W 33

RT = W 11 +W 22

RT ′ = − i

2

(
W 12 −W 21

)

W µν(q, ω) =
∑

fi

δ(Ef −Ei−ω)〈f |Jµ(Q)|i〉∗〈f |Jν(Q)|i〉 .

Weak CC hadronic tensor:

Jµ(Q): the hadronic CC current operator
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Nuclear Weak responses
Expand into vector and axial-vector contributions

RCC = RV V
CC +RAA

CC RCL = RV V
CL +RAA

CL

RLL = RV V
LL +RAA

LL

RT = RV V
T +RAA

T RT ′ = RV A
T ′

RV V
CL = −ω

q
RV V

CC RV V
LL =

ω2

q2
RV V

CC
Conserved vec-
tor current

V̂CCR
V V
CC + 2V̂CLR

V V
CL + V̂LLR

V V
LL = V̂LR

V V
L ≡ XV V

L

traditional longi-
tudinal contribu-
tion

V̂CCR
AA
CC + 2V̂CLR

AA
CL + V̂LLR

AA
LL ≡ XAA

C/L

Collapse does
not occur for
the AA terms.

V̂T

[
RV V

T +RAA
T

]
≡ XT

Transverse
components

2V̂T ′RV A
T ′ ≡ XT ′

V/A interference
term

Full response: F2
χ = XV V

L +XAA
C/L +XT + χXT ′
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2 The relativistic Fermi gas (RFG)
Nuclear response functions for (νµ, µ

−) reactions

RK = NΛ0UKfRFG(ψ), K = CC,CL,LL, T, T ′,

• N is the neutron number,

• Λ0 =
ξF

mNη3
Fκ
, ηF = kF/mN , ξF =

√
1 + η2

F − 1.

• Scaling function fRFG(ψ) =
3

4
(1 − ψ2)θ(1 − ψ2)

• Scaling variable

ψ =
1√
ξF

λ− τ√
(1 + λ)τ + κ

√
τ(1 + τ)

• single-nucleon responses UK
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Single-nucleon responses,K = CC

5

UCC = UV
CC +

(
UA

CC

)
c.

+
(
UA

CC

)
n.c.

UV
CC =

κ2

τ

[
(2GV

E)2 +
(2GV

E)2 + τ(2GV
M)2

1 + τ
∆

]
,

∆ =
τ

κ2
ξF (1 − ψ2)

[
κ

√
1 +

1

τ
+
ξF
3

(1 − ψ2)

]

The axial-vector response is the sum of
conserved (c.) plus non conserved (n.c.) parts,

(
UA

CC

)
c.

=
κ2

τ
G2

A∆ ,
(
UA

CC

)
n.c.

=
λ2

τ
G′

A
2.
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Single-nucleon responses,K = CL,LL

5

UCL = UV
CL +

(
UA

CL

)
c.

+
(
UA

CL

)
n.c.

ULL = UV
LL +

(
UA

LL

)
c.

+
(
UA

LL

)
n.c.

,

The vector and conserved axial-vector parts
are determined by current conservation

UV
CL = −λ

κ
UV

CC

(
UA

CL

)
c.

= −λ
κ

(
UA

CC

)
c.

UV
LL =

λ2

κ2
UV

CC

(
UA

LL

)
c.

=
λ2

κ2

(
UA

CC

)
c.
,

Non-conserved n.c. parts:

(
UA

CL

)
n.c.

= −λκ
τ
G′

A
2 ,

(
UA

LL

)
n.c.

=
κ2

τ
G′

A
2 .
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Single-nucleon responses,K = T, T ′
5

UT = UV
T + UA

T

UV
T = 2τ(2GV

M)2 +
(2GV

E)2 + τ(2GV
M)2

1 + τ
∆

UA
T = 2(1 + τ)G2

A +G2
A∆

UT ′ = 2GA(2GV
M)

√
τ(1 + τ)[1 + ∆̃]

with

∆̃ =

√
τ

1 + τ

ξF (1 − ψ2)

2κ
.
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3 Local Fermi gas (LFG)
Easy model to include many nuclear effects

• Local Density Approximation (LDA): use a local Fermi
momentum kF (r) = (3π2ρ(r))1/3 and average the
responses over the nuclear interior weigthed by ρ(r)
(integrating over r)

• RPA nuclear correlations
• Correct energy balance and Coulomb distortion effects
• FSI effects
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The RPA series

• ph-ph interaction of Landau-Migdal

V = c0 [f0(ρ) + f ′0(ρ)~τ1 · ~τ2 + g0(ρ)~σ1 · ~σ2 + g′0(ρ)~τ1 · ~τ2~σ1 · ~σ2]

• Parameters fitted to electromagnetic nuclear properties
and transitions Speth et al.

• Includes ∆ excitations in the medium, and ph-∆h, ∆-h∆h
effective interactions

• renormalization of the hadronic tensor (axial and vector) in
the medium

+    +

W

W

W

W

W

W

q

V

V

V

W

V

V

V

+  .....

W

+

µ

ν

ν

ν

ν

µ

µ

µ
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Coulomb corrections
• Correct the energy balance by the minumum nuclear

excitation energy gap Q = M(Xf) −M(Xi) instead of the
LFG value QLFG(r) = Ep

F (r) − En
F (r) Replacing

ω −→ ω − [Q−QLFG(r)]

• Self-energy (Coulomb potential) of the final lepton

ΣC = 2ǫ′VC(r)

(VC(r) is the nuclear Coulomb potential) Modification of the
charged lepton propagator

1

k2 −m2
l − 2k0VC(r) + iǫ

−→ new local energy-momentum relation for the final lepton
(Modified effective momentum approximation)
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RPA predictions for LSND
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RPA predictions for LSND
Experimental and theoretical Flux averaged cross section
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Final State Interaction (FSI)

• Use a renormalized nucleon
propagator in the medium

GFSI(p) =
1

p0 − E(~p) − Σ(p)

• Σ(p): Nucleon self-energy in the
medium

• Aproximation: ImΣh ≃ 0 for hole
states

• Nucleon self energy taken from
P. Fernadez de Cordoba
and E. Oset,
PRC 46 (1992)
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FSI on the LFG model

• The FSI is implemented on
the non relativistic model

• The RPA correction is less
important in presence of FSI

JE Amaro - May 2009 – p. 22



Theoretical uncertainties
Central values and errors of the model input parameters

Form Factors Nucleon Interaction

MD = 0.843 ± 0.042 GeV f
′(in)
0 = 0.33 ± 0.03

λn = 5.6 ± 0.6 f
(′ex)
0 = 0.45 ± 0.05

MA = 1.05 ± 0.14 GeV f = 1.00 ± 0.10
gA = 1.26 ± 0.01 f ∗ = 2.13 ± 0.21

Λπ = 1200 ± 120 MeV
Cρ = 2.0 ± 0.2
Λρ = 2500 ± 250 MeV
g′ = 0.63 ± 0.06

We have also included 10% uncertainties in both the real part of
the nucleon selfenergy and densities
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The Montecarlo simulation
• Generate 2000 sets of input parameters
• Gaussian distributions
• Compute the different observables
• Obtain the distribution of the observable values
• Theoretical errors are obtained discarding the highest and

lowest 16% of the obtained values
• Keep a 68% confidence level (CL) interval

M. Valverde, Amaro, J. Nieves, Phys. Lett. B 638 (2006)
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Uncertainty bands

Integrated inclusive
QE cross section
uncertainties
for the full model,
compared to the
LFG without
nuclear corrections
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ν+40Ar → l− +X

Eν [MeV]

σ
(µ

)/
σ
(e

)

450400350300250

0.96

0.94

0.92

0.9

0.88

0.86

0.84

0.82

0.8

0.78

0.76

Uncertainties cancellations on ratios

νµ/νe ratio

σ(µ)

σ(e)
=
σ(νµ, µ)

σ(νe, e)

• of interest for
experiments on
atmospheric
neutrinos

• Theoretical errors
partially cancel out
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Polarization observables
Polarization in (ντ , τ) reactions

• Of interest for νµ −→ ντ oscillation experiments.

• τ decay particle distribution depend on the τ spin direction
• Theoretical information on the τ polarization will be valuable
• Also needed in νµ −→ νe oscillation experiments to disentangle

(νe, e) events from background electron productions following
the νµ −→ ντ oscillation
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Polarization vector and asymmetries
Polarized differential cross section

in (νl,~l) reactions

Final lepton polarization meassured in
the direction ~s

Σ(~s) ≡ d2σ

dΩ′dE ′
l

=
1

2
Σ0 (1 + sµP

µ)

• Σ0: unpolarized cross section
• Lepton polarization vector

components Pl (longitudinal), Pt

(transverse)
• They can be obtained as

asymmetries

sµPµ =
Σ(~s) − Σ( ~−s)
Σ(~s) + Σ( ~−s)

Pl

Pt

νl

Kµ

l−

K ′µ
X

P µ

W+ Qµ
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Polarization results

Dotted: LFG
Dashed: RPA
Solid: FSI
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Polarization results
Total polarization and angle
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P

2 t
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4 Super-Scaling Analysis (SuSA)
Scaling in the RFG (Relativistic Fermi gas)

RK = GKfRFG(ψ)

Functions GK from the RFG for electrons (K = L, T ) and
neutrinos K = CC,CL,LL, T, T ′.
Scaling function in the RFG

fRFG(ψ) =
3

4
(1 − ψ2)θ(1 − ψ2)

Scaling variable:

ψ =
1√
ξF

λ− τ√
(1 + λ)τ + κ

√
τ(1 + τ)
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Experimental scaling function from(e, e′)

f(ψ′) =

(
dσ

dΩ′dǫ′

)

exp

σMott(vLGL + vTGT )

shifted −→ ψ′ =
1√
ξF

λ′ − τ ′√
(1 + λ′)τ ′ + κ

√
τ ′(1 + τ ′)

λ′ = (ω − Es)/2mN , τ ′ = κ2 − λ′2

kF y Es are fitted to the data

fL =
RL

GL
Longitudinal fT =

RT

GT
Transverse
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Superscaling
• Plot the experimental f(ψ′) versus ψ′ for

different kinematics and nuclei
• Fit Es and kF to get scaling (one universal

scaling function)

no q
dependence

1st kind
scaling

Superscaling

no A
dependence

2nd kind
scaling
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Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)
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Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)
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Scaling properties of data
• Good 1st-kind scaling below the QE peak (scaling

region)
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Scaling properties of data
• Good 1st-kind scaling below the QE peak (scaling

region)

• Above the peak the scaling is broken (∆ region)

• Scaling of the 2nd-kind works well in the scaling region

• The longitudinal response appears to superscale

• Scaling violations reside in the transverse response,
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Fit in the Quasi-elastic peak
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Fit in the Quasi-elastic peak

Scaling function
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Fit in the Quasi-elastic peak

Scaling function

Fitted to the set of fL

values for the higher
momentum transfer
where scaling of the first
kind is seen to occur
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SuSA (Super Scaling Analysis)
• Using the experimental (e, e′) scaling function

to predict neutrino cross sections
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SuSA (Super Scaling Analysis)
• Using the experimental (e, e′) scaling function

to predict neutrino cross sections
• Use the RFG equations to compute the

(νl, l
−) response functions with the

substitution fRFG(ψ) −→ fexp(ψ)
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SuSA (Super Scaling Analysis)
• Using the experimental (e, e′) scaling function

to predict neutrino cross sections
• Use the RFG equations to compute the

(νl, l
−) response functions with the

substitution fRFG(ψ) −→ fexp(ψ)

• Needed to justify theoretically the validity of
SuSA
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The semirelativistic shell model
• Study the scaling properties in realistic

models
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models
• Estimate the validity range of SuSA
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models
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• Include relativistic effects in the model
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The semirelativistic shell model
• Study the scaling properties in realistic

models
• Estimate the validity range of SuSA
• Include relativistic effects in the model
• Compare with the experimental scaling

function
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The continuum shell-model
(CSM)

• Closed-shell nuclei 12C, 16O and 40Ca,
• Initial state |i〉: Slater determinant with all shells

occupied.
• Impulse approximation: final states are particle-hole

excitations coupled to total angular momentum

|f〉 = |(ph−1)J〉

• Single hole wave function |h〉 = |ǫhlhjh〉
• Single particle wave function |p〉 = |ǫplpjp〉
• Obtained by solving the Schrödinger equation
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Woods-Saxon potential

V (r) = −V0f(r,R0, a0) +
Vls

m2
πr

df(r,R0, a0)

dr
l · σ + VC(r)

f(r,R, a) =
1

1 + e(r−R)/a

VC(r): Coulomb potential.

V p
0 V p

LS V n
0 V n

LS r0 a0

12C 62.0 3.20 60.00 3.15 1.25 0.57
16O 52.5 7.00 52.50 6.54 1.27 0.53

40Ca 57.5 11.11 55.00 8.50 1.20 0.53
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The SR approach

A EXPAND THE RELATIVISTIC SINGLE-NUCLEON CURRENT

jµ(~p′, ~p) = u(~p′)Γµ(Q)u(~p)

in powers of ~η = ~p/mN . to first order O(η)

Not expand in ~p′/mN .

=⇒ q, ω can be large
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Relativistic kinematics
3

B USE RELATIVISTIC KINEMATICS.

• The energy transfer is the difference between the
(non-relativistic) single-particle energies of particle and
hole ω = ǫp − ǫh.

• The relativistic kinematics are taken into account by
the substitution

ǫp → ǫp(1 + ǫp/2mN )

as the eigenvalue of the Schrödinger equation for the
particle
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The SR vector current

J0
V = ξ0 + iξ′0(κ × η) · σ

J⊥
V = ξ1η

⊥ + iξ′1σ × κ ,

(q, ω)-dependent factors:

ξ0 =
κ√
τ
2GV

E , ξ′0 =
2GV

M −GV
E√

1 + τ

ξ′1 = 2GV
M

√
τ

κ
, ξ1 = 2GV

E

√
τ

κ

provide the required relativistic behavior.

The longitudinal component is given from vector current con-
servation, J3

V = λ
κJ

0
V .
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The SR axial-vector current

J⊥
A = ζ ′1σ

⊥, ζ ′1 =
√

1 + τGA .

Neglect the terms of order O(η)

Transverse

J0
A = ζ ′0κ · σ + ζ ′′0 η

⊥ · σ
Jz

A = ζ ′3κ · σ + ζ ′′3 η
⊥ · σ ,

Time component

Longitudinal component
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The SR axial-vector current

J⊥
A = ζ ′1σ

⊥, ζ ′1 =
√

1 + τGA .

Neglect the terms of order O(η)

Transverse

J0
A = ζ ′0κ · σ + ζ ′′0 η

⊥ · σ
Jz

A = ζ ′3κ · σ + ζ ′′3 η
⊥ · σ ,

Time component

Longitudinal component

ζ ′0 =
1√
τ

λ

κ
G′

A , ζ ′′0 =
κ√
τ

[
GA − λ2

κ2 + κ
√
τ(τ + 1)

G′
A

]

ζ ′3 =
1√
τ
G′

A , ζ ′′3 =
λ√
τ

[
GA − κ

κ+
√
τ(τ + 1)

G′
A

]

G′
A = GA − τGP small due to cancellations

The O(η) term, proportional to ~η⊥ · ~σ is dominant
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Test of the SR approach:V responses
q = 0.5 GeV/c

R
V C

C
[G

eV
−

1
]

15

10

5

q = 1 GeV/c
1.2

1

0.8

0.6

0.4

0.2

q = 1.5 GeV/c
0.2

0.15

0.1

0.05

ω [MeV]

R
V T

[G
eV

−
1
]

4003002001000

40

30

20

10

ω [MeV]
800600400200

12

10

8

6

4

2

ω [MeV]
12001000800600

3

2

1

12C kF = 220 MeV/c

Solid lines: RFG Dashed lines: SRFG
Dotted: CSM Dot-dashed: PWIA.
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Test of the SR approach
q = 0.5 GeV/c
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Test of the SR approach:

q = 0.5 GeV/c
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Test of the SR approach:Cross section
θ = 45o

ǫ = 1 GeV
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Scaling of the first kind

12C

f L

0.8

0.6

0.4
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40Ca
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0.8

0.6
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0.2

Curves for
q = 0.5, 0.7, 1, 1.3, 1.5 GeV
collapse into one

Scaling of the first kind
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q = 0.5 GeV/c
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Superscaling

Scaling of the first kind

+ Scaling of the second kind

= Superscaling
in the CSM
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Improvement of the FSI

C
DEB+D POTENTIAL (DIRAC-EQUATION-BASED PLUS DARWIN TERM) IN THE

FINAL STATE:

• Rewrite Dirac eqution as a second-order equation for the
up component ψup(~r)

• Darwin term: ψup(~r) = K(r, E)φ(~r)

• The function φ(~r) verifies the Schrödinger equation
[
− 1

2mN
∇2 + UDEB(r, E)

]
φ(~r) =

E2 −m2
N

2mN
φ(~r)

• Both the DEB potential UDEB(r, E) and Darwin term
K(r, E) are energy-dependent
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E
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CC neutrino reactions

• SuSA reconstruction of the (νµ, µ
−) cross section from

the (e, e′) one
• Test of the SuSA in the CSM
• The CSM electromagnetic scaling function is used to

compute neutrino cross sections.
• Compare with the exact CSM result
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Scaling violation for low q
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Scaling violation for low q500 MeV/c
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Scaling violation for low q500 MeV/c
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5 The Relativistic Mean Field (RMF)

• Solve the exact relativistic Dirac equation for
the initial and final nucleons

• Use the exact relativistic V and A current
operators

• Describe the bound nucleon states as
self-consistent Dirac-Hartree solutions using
a lagrangian containing σ, ω and ρ mesons

• Use the same relativistic Diract-Hartree
potential for the final states (FSI)
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(νµ, µ
−) results with the RMF

RFGRMFrROPRPWIA 12C
T� [MeV℄d� dE �d
 �(10

�39 m2 =G
eV=sr)

800700600500400300
6050403020100

RFGRMFrROPRPWIA 16O
T� [MeV℄ 800700600500400300

9080706050403020100
Quasi-elastic differential cross section dσ/dEµ/dΩµ for (νµ, µ

−)

• Incident neutrino energy εν = 1 GeV.
• Muon scattering angle θµ = 45o.

• RPWIA (solid), rROP (dashed) and RMF (dot-dashed), RFG (dotted).
From Caballero, Amaro, Barbaro, Donnelly, Maieron, and Udias, PRL 95 (2005)
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(νµ, µ
−) results with the RMF

exp�tRMFrROPRPWIA12C
 0

f( 0)

21.510.50-0.5-1-1.5
0.80.70.60.50.40.30.20.10

Neutrino scaling function
Compared to the experi-
mental scaling function

• RPWIA (solid),
• rROP (dashed)
• RMF (dot-dashed)
• Parameterization of

data (dotted)

From Caballero, Amaro, Barbaro, Donnelly, Maieron, and Udias, PRL 95 (2005)
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(νµ, µ
−) results with the RMF

SRWS-tot
SRWS
SuSA
RFG

RPWIA
RMF

εν (GeV)

σ
[1

0−
39

cm
2
]

21.81.61.41.210.80.6

65

60

55

50

45

40

35

30

Total integrated (νµ, µ) QE

cross section for 12C
as a function of the incident
neutrino energy.

• RMF (squares),
• RFG (solid line)
• SuSA (dashed line),
• RPWIA (dot-dashed

line)
• SRWS (circles)
• SRWS-tot (crosses).

From Amaro, Barbaro, Caballero, Donnelly Phys. Rev. Lett. 98 (2007)
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6 Neutrino excitation of the∆ peak

J.E. Amaro, M.B. Barbaro, J.A. Caballero, T.W. Donnelly, A. Molinari, Nucl.
Phys. A 657 (1999) 161.

New scaling variable for the ∆ peak :

ψ∆ ≡
[

1

ξF

(
κ
√
ρ2

∆ + 1/τ − λρ∆ − 1

)]1/2

×
{

+1 λ ≥ λ0
∆

−1 λ ≤ λ0
∆

λ0
∆ =

1

2

[√
µ2

∆ + 4κ2 − 1

]
, µ∆ ≡ m∆/mN

ρ∆ ≡ 1 + β∆/τ β∆ ≡ 1

4

(
µ2

∆ − 1
)

ψ∆ Vanishes at the ∆ peak =⇒ ω = ω0
∆ =

√
m2

∆ + q2 −mN

Include a small energy shift ω → ω′ ≡ ω − Eshift. yielding a shifted
scaling variable ψ′

∆.
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RFG responses in the∆ peak
ignoring terms of order η2

F :

R∆
L (κ, λ)0 =

1

2
Λ0
κ2

τ

[(
1 + τρ2

∆

)
w∆

2 (τ) − w∆
1 (τ)

]
× fRFG(ψ∆)

R∆
T (κ, λ)0 =

1

2
Λ0

[
2w∆

1 (τ)
]
× fRFG(ψ∆),

Λ0 =
N

2κkF

One should add the contributions:
N = Z and the p→ ∆+ structure functions
N = N and the n→ ∆0 responses.
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Experimental∆ scaling function
• Substract from the total (e, e′) experimental cross

section the QE cross section recalculated using
fQE(ψ′

QE)

• Divide by S∆ ≡ σM
[
vLG

∆
L + vTG

∆
T

]

G∆
L =

κ

2τkF

[
N

{(
1 + τρ2

∆

)
w∆

2 (τ) − w∆
1 (τ)

}]
+ O(η2

F )

G∆
T =

1

κkF

[
N

{
w∆

1 (τ)
}]

+ O(η2
F ).
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Scaling function in the∆ peak

JE Amaro - May 2009 – p. 65



Scaling function in the∆ peak

∆ Scaling function
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Scaling function in the∆ peak

∆ Scaling function

Averaged experimental
values of f∆(ψ′

∆)

together with a
phenomenological
fit (whose validity is
restricted to ψ′

∆ < 0).
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(e, e′) SuSA results (I)
Cross section computed with scaling functions
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(e, e′) SuSA results (I)
Cross section computed with scaling functions

ǫ = 1500 MeV
θ = 13.5o

12C
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(e, e′) SuSA results (II)
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(e, e′) SuSA results (II)

ǫ = 1299 MeV

θe = 37.5o

12C
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(e, e′) results (III)
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(e, e′) results (III)

ǫ = 880 MeV

θe = 32o

16O
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N(νµ, µ
−)∆ model

Elementary reactions

νµp → µ−∆++ (1)

νµn → µ−∆+ (2)

ν̄µp → µ+∆0 (3)

ν̄µn → µ+∆− . (4)

Associated currents [Alvarez-Ruso et al. (1998)]:

Jµ(q) = T ū(∆)
α (p′, s′)Γαµu(p, s), (5)

isospin factor: T =
√

3 for ∆++ and ∆− production and = 1 for ∆+ and ∆0 production,

u
(∆)
α (p′, s′): Rarita-Schwinger spinor
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N(νµ, µ
−)∆ model

Vertex tensor [Alvarez-Ruso (1998)]

Γαµ =

=

"

CV
3

mN

(gαµq/− qαγµ) +
CV

4

m2
N

`

gαµq · p′ − qαp′µ
´

+
CV

5

m2
N

(gαµq · p− qαpµ)

#

γ5

+

"

CA
3

mN

(gαµq/− qαγµ) +
CA

4

m2
N

`

gαµq · p′ − qαp′µ
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5 (µ2
π + 4τ)−1, with µπ = mπ/mN
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SuSA(νµ, µ) predictions∆ peak

Neutrino energy: ǫ = 1 GeV

θ = 45o
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SuSA(νµ, µ) predictions∆ peak

Neutrino energy: ǫ = 1 GeV

θ = 135o
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SuSA(νµ, µ
+) predictions∆ peak

Neutrino energy: ǫ = 1 GeV

θ = 45o
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+) predictions∆ peak
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(νµ, µ
+) predictions (II)

Neutrino energy: ǫ = 1 GeV

θ = 135o
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(νµ, µ
+) predictions (II)

Neutrino energy: ǫ = 1 GeV

θ = 135o θ = 180o
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Angular distribution
At the tops of the QE and ∆ peaks - ǫ = 1 GeV

(νµ, µ)
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Angular distribution
At the tops of the QE and ∆ peaks - ǫ = 1 GeV
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Comparison with the RFG

(νµ, µ)
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7 Neutral current neutrino reactions

kµ = (ǫ,~k)

k′µ = (ǫ′, ~k′)

p

p′

Qµ = K ′µ −Kµ = (ω, ~q)νµ

l− N undetected

t - Channel inclusive scattering

λ =
ω

2mN
κ =

q

2mN
τ = κ2 − λ2
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7 Neutral current neutrino reactions

kµ = (ǫ,~k)

k′µ = (ǫ′, ~k′)

p

p′

Q′µ = P ′µ −Kµ = (ω′, ~q′)νµ

N νµ undetected
u - Channel inclusive scattering

λ′ =
ω′

2mN
κ′ =

q′

2mN
τ ′ = κ′2 − λ′2
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SuSA approach to NC neutrino scattering

t-channel (νl, l
−)

dσ

dΩk′dk′
=

∫
dΩNdpN

dσ

dΩk′dk′dΩNdpN
≃ σ(t)

snF
(t)(ψ(t))

Valid exactly for the RFG
u-channel (νl, N)

dσ

dΩNdpN
=

∫
dΩk′dk′

dσ

dΩk′dk′dΩNdpN
≃ σ(u)

sn F
(u)(ψ(u))

Good approximation in the RFG
• Extend the SuSA model to the neutral current u-channel
• Assume that F (u)(ψ) = F (t)(ψ)

• Use the phenomenological scaling function extracted from
(e, e′) data to predict NC ν-nucleus cross sections.
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Proton knock-out from12C
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Nucleon strangeness effects

StrangegsA = �0:2�s = 0:55No strange�; �p = 200
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Nucleon strangeness effects
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• Blue: strangeness
• Red: no strangeness
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8 Coherent pion production

νl(k) +X −→ l−(k′) +X + π+(kπ)

νl(k) +X −→ ν−l (k′) +X + π0(kπ)

• Coherent pion production is sensitive to the nuclear form
factor F (~q − ~kπ)

• Maximum when ~q and ~kπ are parallel
• The vector contribution is purely transverse and vanishes

=⇒ small for electromagnetic pion production
• The axial contribution does not vanishes for neutrino-

induced reactions
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νl(k) +X −→ l−(k′) +X + π+(kπ)

νl(k) +X −→ ν−l (k′) +X + π0(kπ)

• Coherent pion production is sensitive to the nuclear form
factor F (~q − ~kπ)

• Maximum when ~q and ~kπ are parallel
• The vector contribution is purely transverse and vanishes

=⇒ small for electromagnetic pion production
• The axial contribution does not vanishes for neutrino-

induced reactions

• Microscopic model for coherent CC and NC
pion production Amaro, E. Hernandez, J.
Nieves and M. Valverde, PRD 79 (2009)

• The model includes ∆ production plus
background terms

• Good description of neutrino-induced pion
production off the nucleon Hernandez, Nieves
and Valverde, PRD 76 (2007)]
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8 Coherent pion production

νl(k) +X −→ l−(k′) +X + π+(kπ)

νl(k) +X −→ ν−l (k′) +X + π0(kπ)

• Coherent pion production is sensitive to the nuclear form
factor F (~q − ~kπ)

• Maximum when ~q and ~kπ are parallel
• The vector contribution is purely transverse and vanishes

=⇒ small for electromagnetic pion production
• The axial contribution does not vanishes for neutrino-

induced reactions

• Microscopic model for coherent CC and NC
pion production Amaro, E. Hernandez, J.
Nieves and M. Valverde, PRD 79 (2009)

• The model includes ∆ production plus
background terms

• Good description of neutrino-induced pion
production off the nucleon Hernandez, Nieves
and Valverde, PRD 76 (2007)]

The model provides accurate coherent pion production
cross sections

• Takes into account the relevant nuclear effects
• ∆ self-energy in the medium and Pauli-blocking effects

in the width.
• Local density aproximation assuming initial and final

nucleon momenta ~p = ( ~kπ − ~q)/2 ~p′ = −( ~kπ − ~q)/2

• Pion distortion effects solving the Klein-Gordon
equation for the pion with optical potential

[−∇2 +m2
π + 2EπVopt(~r)]ϕ

∗(~r) = E2
πϕ

∗(~r)

JE Amaro - May 2009 – p. 82



π momentum distribution
π momentum distribution
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Coherentπ predictions
Coherent π predictions

The analysis of MiniBooNE overstimates our results
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Coherentπ predictions
Coherent π predictions
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Conclusions
Neutrino interactions importance for nuclear physics:

• We have illustrated with examples a selection of
neutrino reactions on nuclei and their interplay with
nuclear reaction models and structure

• Neutrino cross sections incorporate a richer
information on nuclear structure and interactions than
electrons.

• The availability of neutrino cross sections of different
kinds will be valuable for the developement of more
precise nuclear models and nuclear interaction
theories
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