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Quantun Effects in Gravity Theory

e Two fundamental theories in physics
- General Relativity
- Quantum Physics
e There are several candidates for Quantum Gravity theory
- Loop Quantum Gravity
- Non-Commutative Geometry
- String Theory

- Gravity’s Rainbow
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Gravity's Rainbow (Magueijo, Smolin, 2004)

e A metric of curved spacetime is energy-dependent e.g. the flat rainbow
Friedmann-Robertson-Walker (FRW) metric

1 .
ds? = —————dt? + 2°(t)d;;dx’ dx’ | 1
72(c/ M) (£)djj (1)

where (/M) is the rainbow function, ¢ is the energy of probe particle,
a(t) is the scale factor and M is the energy scale such that

E/I,L,rlo fle/M) —1. (2)

This ensures that the original FRW metric still holds in low energy limit.

e The probe particle can be any particle dominating the universe at each
time.

e Difference of energy ¢ leads to different background spacetime.
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Starobinsky's Model (Starobinsky, 1980)

e The action of Starobinsky’s Model:

2

Slgl = 53 [ d*xV=E(R+ 510s). 3)

where k2 = 87 G and M is the mass scale of inflation.
e The best inflation model

e This model is naturally consistent with the Planck data rather than the
power-law inflation and there is no matter field in this model. That is why
we use this model as the testing model of gravity's rainbow.

e The Starobinsky's Model is equivalent to the Einstein gravity with
inflaton field.
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Starobinsky’'s Model in Rainbow Gravity Field Equation and Background Solution

Field Equation and Background Solution

e |n this framework, we use the flat rainbow FRW metric in the form

1 o

2 2 2 i

5 = —— dt® + a“(t)d;dx"dx! 4
e @

e To study the evolution of the universe, the energy of probe particle ¢
depends on the cosmic time.

e We propose that the rainbow function is in the form

F2:1+(Z>2A, (5)

where A is the rainbow parameter. During inflation, we assume that

H? > M2, then
. H\?
f ~ .
(3) 6)
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Starobinsky’'s Model in Rainbow Gravity Field Equation and Background Solution

Field Equation and Background Solution

Then the Friedmann equation associated with the action (3) the metric
(4) reads

. 2 N 3 X . N 2
H? 1 11 7 1(f 10-f H(f
H+—=H[ = = ZHo+— | =

1ff  1AT Y
A YN .
(1)

MR
f

Substituting this form of f, we now get

1 M2H H?2 2)\2H3
HH 17\ — -
N o T ( TR T7E
A H .
+(1+§ﬁ)H = 0. (8)
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Starobinsky’'s Model in Rainbow Gravity Field Equation and Background Solution

Field Equation and Background Solution

By imposing the slow-roll conditions (e; < 1), we obtain
) M2A+2
He ———H2A, 9
6(1+ ) (%)
Then the solution of these equations read

2 2\
1= i (k) oo "

2

2 2)
a =~ ajexp {H,-(t —t;) — 12(?4—#)\) (Z{) (t — fi)2} . (1)

where a; and H; are the quantities at the initial time of inflation ¢t;.
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Starobinsky’'s Model in Rainbow Gravity Field Equation and Background Solution

Field Equation and Background Solution

We can compute €; by using the solution (10), it gives

B H B 1 M 242X "
DT T 61N \H ‘ (12)

We can further calculate the number of e-folds by using (10) and (20), we
obtain

tr
N = / Hat (13)
t,

i

H; 2+2)\N 1
00 (1) =i (14)

1

where tr is the time at the end of inflation.
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Starobinsky's Model in Rainbow Gravity The Spectra of Perturbations

The Spectra of Perturbations

By doing the scalar and tensor perturbations:

e The power spectra Ps and Pt are given by

1 [/ M\? 1
~ —— ) — 15
Ps 127 (mp,> (14 X)2e3 (15)

pr o~ 2 (M) , (16)

m mp/

where Ps denotes the scalar part of perturbation and Pt denotes the
tensor part associated with the gravitational waves.

e The spectral indices ns and nt are given by
ns—1~—4¢; , nr~0 (17)

where ns and nt denote the scalar and tensor part respectively.
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The Spectra of Perturbations

One can define the tensor-to-scalar ratio

= Pr 48(\ + 1)%€ . (18)
Ps
Since we have derived the relation
1
Ny = —— 19
k 261(tk) ( )
where ty is a time at the Hubble radius crossing. So Ps, ns, r can be
rewritten as
1 (M\? N
= —|— ) —%= 20
Ps 37 <m,,,) (14+N)2° (20)
2
-1 = — = 21
ns N (21)
12(1 4 N)?
r o= (74_2) ] (22)
N
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Starobinsky’'s Model in Rainbow Gravity

2015 Planck Data

Fitting 2015 Planck Data
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0.20

0.2
= 1o Planck15 — 1o Planck15
AA=80 —— 20 Planck15 \uap " 2PlanckiS
A =
508 N=60 _ois Ne=70
g £
L] =
k] 5
s 0.10 €010
2 ]
& 5
g g
S S
F 0.05 0.05
AX=20
0.00 aA720 AA=00
0.94 0.95 0.96 0.97 0.98 0.99 0. 0.94 0.95 0.96 0.97 0.98 0.99

Primordial tilt (ns)

Primordial tilt (n)

Chatrabhuti, A. Yingcharoenrat, V. and Channuie, P. Starobinsky Model in Rainbow Gravity. Phys. Rev. D93, 043515 (2016)
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Fitting 2015 Planck Data

Starobinsky's Model in Rainbow Gravity

Fitting 2015 Planck Data

e From the Planck 2015 data, the amplitude of curvature perturbation at
the scale k = 0.05Mpc~! is given by Ps = (2.219 £ 0.103) x 10~°. Since,

from Eqn. (20)

1 (M\* N
= (o) 2
P ?m(mp,) L+ AP (23)

with N, = 70 and X ~ 3.0, the mass scale M can be constrained as

M ~ 2x107%1+\)my
~ 1.70 x 10 GeV

where we have used the reduced Planck mass is obtained by

mp = 1.22 x 1019 GeV.
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Conclusions

Conclusions

e The predictions of the Starobinsky’'s model in rainbow gravity are well
consistent with the data such that

42 < N <87 and AN<6.0, (25)
to be within 20 C.L. of Planck’'15 contours.

e One can also constrain the mass scale M (or equivalent to the inflaton
mass) as

M =~ 2x107%(1+\)my
~ 1.70 x 10'* GeV , (26)

where N, =70 and A ~ 3.0.
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Deformed Special Relativity (Kimberly, Magueijo, 2004)

Deformed Einstein’s Postulates:

e The laws of physics are the same in all inertial frames.
e The invariance of speed of light in vacuum in all inertial frames.

e The invariance of upper energy scale in the universe, Planck energy E,,
in all inertial frames.

These postulates lead to the modified dispersion relation (MDR)
() — pPE%(e) = m” (27)

where ¢ is an energy of a probe particle, the functions f() and g(¢) are
called the rainbow functions.
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Why £ ~ (H/M)* ?

In the Jordan frame:
2

Slgl = 5y [ d'xV=BR+ gy5) (28)

In the Einstein frame:

1 1
Selgt”. o] = [ d*/=Ge | rsRe — g6 0e0,0e - Vioe) . (29)

These two frames are connected by the conformal transformation
(8€)uw = Q2gu with Q2 = F. The scalar field ¢g can be expressed by

KoE = \/ng, (30)

and its potential is given by
FR—f

—_— . 1
2K2F2 (31)

V(o) =
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Why £ ~ (H/M)* ?

Since

ee(t) < pe (32)

and during inflation we can assume that

Poe =~ V(¢e) - (33)

From the eq. (31), the potential V(¢g) can be written in terms of the
Hubble parameter. So £g(t) should be also written in terms of the Hubble
parameter. That is why we assume that

f2=1+ (Z)zA : (34)

it is plasible to propose that the rainbow function is in the power-law form
of the Hubble parameter.



Deformed Special Relativity

This MDR can be as considered as the action of non-linear map

U:P—P,

[p? = 7" Uu(p) Un(p) . (35)

where 7*¥ is the usual Minkowski metric and

Uu(e, pi) = (Uo, Up) = (F(e)e. &(e)pr) - (36)

To obtain the rainbow Minkowski metric, we demand that

V(P (x) = puxt (37)

where p, and x* are physical momentums and coordinates respectively.
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Deformed Special Relativity

To satisfy the relation (37), U¥(x) should be in the form

: t x!
U“x:UO,U’:<~,~ ) 38
(x)=( ) 7o) 56 (38)
Then the line element involved with this map U*(x) is given by
2 _ - v dt? 1 i
ds® = 7, UF(dx)U"(dx) = —=—— + —5—~0jjdx"dx’/ | (39)

f2(e)  &%(e)

which is invariant under the deformed Lorentz transformation. So the
rainbow Minkowski metric reads

M (€) = diag <_ F2(e) 8%(e) 8%(e)’ §2(5)> ' o
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Gravity's Rainbow (Magueijo, Smolin, 2004)

Magueijo & Smolin proposed that the metrics of curved spacetime can be
parametrized by one parameter ¢,

g(e) = 8" (x)eule) @ ev(e) , (41)

where g*”(x) is a usual metric tensor and e, (¢) are the energy dependent
frame fields defined by

60(6) = 50 5 e,-(s) == éi . (42)

Note that é, are the energy independent frame fields. Then the Einstein
field eq. can be modified as

Guv(€) = 87G(e) Ty () + guu(e)A(e) - (43)

Vicharit Yingcharoenrat June 7, 2016 25 / 48



Gravity's Rainbow (Magueijo, Smolin, 2004)

Deformed Equivalence principle:

Any physical experiments of particles and fields with energies ¢ performed
in the freely falling frame are the same as the similar experiments
performed in the inertial frame in the rainbow Minkowski spacetime.
Correspondence principle:

When ¢ <« E,, gravity's rainbow becomes the ordinary general theory of

relativity i.e.

lim f(e)= lim g(e)=1. 44
pm ) = im 8() (44)
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Rainbow Universe (Ling, 2007)

To study the evolution of rainbow universe, let us consider the flat rainbow
FRW metric in the form
1

ds? = ——
f2(e)

dt? + a%(t)d;dx dx’ | (45)

where g(g) = 1. By doing the calculations of this metric with the usual
Einstein field eq., we can come up with the Friedmann equations

871G p
H> = —— L 46
s (46)
H = —W—Hi, (47)
f2 f

where we have used T/, = diag(—p, P, P, P). This approach often used to
solve the Big Bang singularity problem.
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Field Equation of f(R) Gravity

Since we are interested in the flat FRW metric:
ds® = —dt® + a*(t) (dr® + r*d6® + r’sin*0d¢?) (48)
and the perfect fluid:
THM) = diag(—pm, Pm, Pm, Pu) (49)
So we can come up with the Friedmann equations

FR—f :
3FH? = 5 —3HF + K%pm (50)

—2FH

F — HF + *(pym + Pu) (51)

where H = a/a.
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Field Equation and Background Solution

The perfect fluid:
T;;/(M) = diag(—pm, Pm, Pm, Pm) (52)

where pps and Py, are the energy density and pressure respectively.

Then the Friedmann equations with rainbow effects read

FR—f(R)  K2pm

N ;
3(FH?> + HF) 4+ F~ = - + =, 53
( ) 7 Yz 3 (53)
. . ) f K2
F—HF+2FH+2FH? = —ﬁ(PM-i-P/\/I). (54)
4fR M?R
=0. (55)

,?2
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Conclusions

Cosmological Perturbations with Rainbow

The full perturbed metric around the flat FRW metric

f2(e) f(e)
+ a%(t) (85 + 2985 + 20;0;y + 20;F; + hy)dx'dx) |, (56)

dtdx’

where «, (3, ¥, 7y are scalar perturbations, S;, F; are vector perturbations,
and hj; are tensor perturbations. We can set S; = F; = 0 since the vector

perturbations decay rapidly during inflation. Consider the gauge
transformation:

o o d—a+;6t—5t, 5%3_5—‘5;”?& (57)
a

v — =1 — Hét, v A= —bx. (58)
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Conclusions

Cosmological Perturbations with Rainbow

The gauge invariant quantities can be defined by

~d e
o = a—fa [azf(’y—i-‘ff)], (59)
Vo= _¢+32F2H<¢+ﬁf>, (60)
a
HSF
R =v-— (61)

where R is the curvature perturbation. Choosing the Longitudinal gauge
B =0 and v = 0 such that & = o and ¥ = —). So the line element (56)
reduces to

1+2¢

ds® = — =
f2(t)

dt? + a%(t)(1 — 2W)8;dx’ dx/. (62)
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Conclusions

Scalar Perturbations with Rainbow

Introduce a quantity A through
A=3(Hb + ). (63)

Then the field equation associated with the metric (62) gives the following
equations.

2 o f 2 B _
—V;" PHA = st L) srs Y §F — 3f2HOF
a 2F f a
+ 3f2HFO + IE2FA—|—/€25p/\/1} : (64)
. 1 . .
HO + U = — - (HOF + Fo — 6F) , (65)
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Scalar Perturbations with Rainbow

and

. 7 20 3HOF 1

Av(onst)a 4 spes V2,3 7 [35F

f a2f2 2

AN 25F
+3 [ H+ = | 6F —6H?*F — Vo —3Fd - FA—

f 22f2

2
6Fd + 35PM+5pM] (66)

where the energy-momentum tensor has been chosen to be in the perfect
fluid form.
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Conclusions

Scalar Perturbations with Rainbow

In our model, we set dppy = 0 and dPp; = 0 and also choose the condition
6F =0 such that R = ¢ = —W. Under this gauge choice, the equation
(65) will become

-_Rr (67)
H+ F/2F
Plugging the equation (67) into (64), we now obtain
1 2 HFR
A= VR, _3HFR | (68)

CH+FJ2F | a2F2 ' 2F(H + F/2F)

Vicharit Yingcharoenrat June 7, 2016 34 / 48



Conclusions

Scalar Perturbations with Rainbow

Using the background equation in the equation (66), it gives

: E A 3Fd  [3EL6HF V2
A+<2H+2F>A+f+ 5F + 5F +a2f2]¢

3F of

FF =0. (69)

Substituting the equations (67) and (68) into the equation (69), then the
simple equation of R written in the Fourier space is given by

d f k2
3Q5dt(a QS)R+fR+ o5 —5R=0, (70)

here k denotes a comoving wavenumber.

R+
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Conclusions

Scalar Perturbations with Rainbow

Introduce the new variable Qs through
3F?
Q

T 22F(H+ F2F)2 (71)

Also we can define the new parameters z; = a/ Qs and u = zsR, so the
equation (70) reduces to

7
u”+<k2—zs)u:0, (72)

Zs

where a prime is a derivative with respect to the conformal time
n = [(af) tdt.
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Conclusions

Scalar Perturbations with Rainbow

Let us define the Hubble flow parameters:

H2' S = opF “ T 2HE

where the variable E is defined by

3F2
From the definitions (73), Qs can be re-expressed as
E 6Fe3
Qs = 2 (75)

T FH2(1+e3)? m2(1+e3)?
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Conclusions

Scalar Perturbations with Rainbow

Since €; (i = 1,3,4) are assumed to be constant values (¢; ~ 0) during
inflation, then

1
(1—(1+ Ney)faH

n=- (76)

Under the assumption of ¢;, the term z”/z; in the equation (72) can be
estimated as

I v —1/4

L _VrT% 7
2 7 (77)

with

1 (1+61—63+64)(2—)\61—63+64)
2
_= — . 78
R (1— (A +1)e)? (78)
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Scalar Perturbations with Rainbow

So the approximate solution to the equation (72) can be written in terms
of a linear combination of the Hankel functions as

Vmn| oi(1+2uR)m/4

2

u =

[cHD (ki) + HA k)| . (79)

where ¢;, ¢ are integration constants. In the asymptotic past kn — —oo,
the solution (79) will become e~ /\/2k which leads to ¢; = 1 and
¢» = 0. Then we have

VTl 7|7 ,(1+2VR)W/4H

u=Y7 D (Klnl) (80)
Let us define the power spectrum as

47rk3

2m)?
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Conclusions

Scalar Perturbations with Rainbow

Using the solution (80) and the relation u = z;R in the above definition,

then it gives
Kl )72
—_— . 2
() (22)

where we have used that the limit as k|| — 0 then

HY (k|nl) = —(i/7)F (vr)(k|In|/2)~"®, and Ps should be evaluated at
k = aH because the curvature perturbation R is fixed after the Hubble
radius crossing. Now, the spectral index ns can be defined by

M(vr)H (H)AZ

1
Ps = as [(1 —(1+ )\)El)W I

{— dInPs

dink =3 2V'R 5 (83)

k=aH

nsg —

where v; is already expressed out in (103).
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Conclusions

Scalar Perturbations with Rainbow

We can now further approximate the equation (83) by imposing that
lei| < 1 for all i during inflation, then ns reduces to

ns — 1~ —=2(A+2)e1 + 2e3 — 2¢4 . (84)

Subsequently, the power spectrum of the curvature perturbation Ps (82)

can be rewritten as
1 H\2 / H\2
pﬁQ(zW) <M> . (85)
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Conclusions

Tensor Perturbations with Rainbow

Let hj; be the tensor perturbations generally written in the form

hjj = h+e + hxej (86)

where eJ and e denote the polarization tensors which correspond to the

two poIarlzatlon states of hj;. Let k be a wave vector along the z-axis,
MR - = . .
then e, = —e), = 1 and e;, = e;;, = 1. Consider the tensor perturbation,

the perturbed metric (56) reduces to

2
2 I 2t hedsdy + 22(6) [(1+ hy)dd + (1— hy)dy? + d22].

(1)
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Conclusions

Tensor Perturbations with Rainbow

Applying this metric to the field equation, then we can show that the
Fourier components h, satisfy the following equation
(a°F) Foo K

hy + =hy + —=h, =0, (87)

Mt T T i

where x denotes + and x. Introduce a new variable z; = av/F and
uy = z¢hy /v/16m G, then equation (87) will become

" 2 Z;/ _
u,+ (k= —)u,=0. (88)
Zt

Assuming that é; = 0 during inflation, we obtain

zl _vi—1/4 > 1 (1+e)2-(1+Ne +e3)
P G Gy P
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Tensor Perturbations with Rainbow

Again the solution to the equation (88) is approximately written in terms
of linear combination of the Hankel functions, then the power spectrum
Pt after the Hubble radius crossing is

167G 4nk3
= 4x -
Fr “2F @™

- 2 Feeomly ()] (9

During inflation, we demand that the Hubble flow parameters is very small
(le;] < 1), so v; can be evaluated as

3
Vt2§+(1+)\)61+63. (90)
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Conclusions

Tensor Perturbations with Rainbow

The spectral index of tensor perturbations nt that is given by

— dinPr
T~ “dink

=3—-2v; >~ —2(1+ N)exg — 2¢3 . (91)
k=aH

Using the conditions |¢;| < 1 again, we now get

16 H\°1/H\*
~——) == . 92
pr=7 () £ () ®
Furthermore, the last important parameter is the tensor-to-scalar ratio r
which is defined by

r=-" ~ 48 (93)

where we have used the formulas of Ps and Pr.



Perturbations with Rainbow based on Starobinsky's Model

For the Starobinsky’s model, we obtain

e3>~ —(1+ Nez , (94)
and

ea=—(2 N+ 1)e; . (95)

Then ng, Ps, and r can be re-expressed as

ns — 1~ —4e , (96)
1 /[ M\* 1
~ =) 97
P 1or <m,,,> (1+2)2e3 (97)
and
r~ 48(\ 4 1)% . (98)
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Conclusions

Perturbations with Rainbow based on R"” Model

For R" model, ¢; is given by

2—n
(n—1)(2n—-1)(1+N)

€1 =

(99)

Also we obtain the relations among the Hubble flow parameters which are

€3~ —(n— 1)\ +1)eg = 2’:77:21 , (100)
and
e —(2n(A+1) — 20— 1) = ~ZIAFD = =1)2=n) 5

(n—1)(2n—1)(1 + \)
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So we will get

2(n —2)2
_1= = = 102
Ns nr 2”2 “on_1 ) ( )
where we have substituted the expressions of €1, €3, and ¢4 into
1 (1+e1—e3+€)(2— Aeg — €3+ €a)
2
=z 103
R=g T - (At D) ’ (103)
to obtain the exact form of ny i.e.
ns =3 —2ug . (104)

For nt, the calculations are similar to the case of ng.
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