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A bit about the History

as an introduction to diquarks
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Birth of the QCD Phase Diagram
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Cabibbo-Parisi (1975)

Hagedorn limiting temperature
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Forgotten Candidate
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Kallen (1980)

From an old QM proceedings

High density “deconfinement”
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Forgotten Candidate
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Baym (1982)
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Prototype of Phase Diagram
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Baym (1983)
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Chiral Phase Diagram
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Hatsuda-Kunihiro (1985)
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QCD Critical Point
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Asakawa-Yazaki (1986)



June 9 @ QCDPSIII (Wuhan)

Color Superconductivity
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Alford (1999)
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Chromomagnetic Instabilities
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Fukushima (2005)
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Some of Highlights
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“Charge Neutrality Effects on 2-flavor Color Superconductivity” 
  Mei Huang, Pengfei Zhuang, Weiqin Chao: hep-ph/0207008

“Breached Pairing Superfluidity at Finite Temperature and Density” 
  Jinfeng Liao, Pengfei Zhuang: cond-mat/0307516

“Pion Condensation in Baryonic Matter: from Sarma Phase to  
  Larkin-Ovchnnikov-Fudde (Fulde)-Ferrell Phase” 
  Lianyi He, Meng Jin, Pengfei Zhuang: hep-ph/0604224

“Neutral Color Superconductivity Including Inhomogeneous  
  Phases at Finite Temperature” 
  Lianyi He, Meng Jin, Pengfei Zhuang: hep-ph/0610121
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My First? Contact
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Many QCD Critical Points?
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Zhang-Fukushima-Kunihiro (2008)
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Polyakov Loop
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(2008)
Fukushima (2003)
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Revival of Interest
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BNL-Kyoto-… Diagram
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Inhomogeneity
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Nickel (2009)
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Quarkyonic Chiral Spirals
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Kojo-Hidaka-Fukushima-McLerran-Pisarsky (2010)
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Summary
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Alternative Summary
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Fukushima-Sasaki (2013)



Interesting Topics Ongoing

Finite isospin / chiral / chemical potentials 
□ First-order phase transition?  Confirmable with lattice 
□ Pion superfluid / LOFF  (Ask Pengfei for details) 
Finite B (not E) with/without T and density 
□ (Inverse) Magnetic catalysis 
□ CP in anisotropic pure Yang-Mills theory 
Finite rotation (angular momentum) 
□ Similar to B / similar to finite density 
□ Topological currents 
Finite curvature (curved space-time) 
□ Chiral symmetric mass gap / Early Universe

21

Xu-guang  
Jinfeng…
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Magnetic Shift of Chemical Freezeout
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KF-Hidaka (2016)

Slanting lines
With conservation 
      of S and Q

Shaded lines

Without conserv. 
      of S and Q

E/N = 0.9 ⇠ 1.0GeV
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More about the Diquark

Never ending project with Jan…
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Biggest Question Mark???

24

Nuclear 
Matter

Quark 
Matter?

Diquarks
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Bare vs Constituent

25

Meson ⇠ qq̄ + qq̄qq̄ + qq̄qq̄qq̄ + · · ·
(Vacuum Re-organized)

⇠ q
con

q̄
con

+ (Bag Constant)

How can we be so sure about
M ⇠ qq̄

B ⇠ qqq

beyond quantum num of Quark Model ?
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If we a s s u m e  that  the s t r o n g  i n t e r a c t i o n s  of b a r y -  
ons  and m e s o n s  a r e  c o r r e c t l y  d e s c r i b e d  in t e r m s  of 
the  b r o k e n  "e igh t fo ld  way"  1 - 3 )  we a r e  t e m p t e d  to 
look fo r  s o m e  f u n d a m e n t a l  exp l ana t i on  of the s i t u a -  
t ion.  A h igh ly  p r o m i s e d  a p p r o a c h  i s  the  p u r e l y  dy-  
n a m i c a l  " b o o t s t r a p "  m o d e l  for  a l l  the s t r o n g l y  in-  
t e r a c t i n g  p a r t i c l e s  wi th in  which  one m a y  t r y  to de -  
r i v e  i so top i c  sp in  and s t r a n g e n e s s  c o n s e r v a t i o n  and 
b r o k e n  e igh t fo ld  s y m m e t r y  f r o m  s e l f - c o n s i s t e n c y  
a lone  4). Of c o u r s e ,  with only s t r o n g  i n t e r a c t i o n s ,  
the  o r i e n t a t i o n  of the a s y m m e t r y  in the u n i t a r y  
s p a c e  cannot  be s p e c i f i e d ;  one hopes  tha t  in s o m e  
way  the s e l e c t i o n  of s p e c i f i c  c o m p o n e n t s  of the  F -  
sp in  by  e l e c t r o m a g n e t i s m  and the weak  i n t e r a c t i o n s  
d e t e r m i n e s  the cho i ce  of i s o t o p i c  sp in  and h y p e r -  
c h a r g e  d i r e c t i o n s .  

Even  if  we c o n s i d e r  the  s c a t t e r i n g  a m p l i t u d e s  of 
s t r o n g l y  i n t e r a c t i n g  p a r t i c l e s  on the  m a s s  s h e l l  only  
and t r e a t  the  m a t r i x  e l e m e n t s  of the weak ,  e l e c t r o -  
m a g n e t i c ,  and g r a v i t a t i o n a l  i n t e r a c t i o n s  by m e a n s  
of d i s p e r s i o n  t h e o r y ,  t h e r e  a r e  s t i l l  mean ing fu l  and 
i m p o r t a n t  q u e s t i o n s  r e g a r d i n g  the a l g e b r a i c  p r o p e r -  
t i e s  of t h e s e  i n t e r a c t i o n s  tha t  have  so  fa r  been  d i s -  
c u s s e d  only  by  a b s t r a c t i n g  the  p r o p e r t i e s  f r o m  a 
f o r m a l  f i e ld  t h e o r y  m o d e l  b a s e d  on f u n d a m e n t a l  
e n t i t i e s  3) f r o m  which  the b a r y o n s  and m e s o n s  a r e  
bu i l t  up. 

If t h e s e  e n t i t i e s  w e r e  o c t e t s ,  we m i g h t  e x p e c t  the 
u n d e r l y i n g  s y m m e t r y  g r o u p  to be  SU(8) i n s t e a d  of 
SU(3); i t  i s  t h e r e f o r e  t e m p t i n g  to t r y  to u se  u n i t a r y  
t r i p l e t s  a s  f u n d a m e n t a l  o b j e c t s .  A u n i t a r y  t r i p l e t  t 
c o n s i s t s  of an i so top i c  s i n g l e t  s of e l e c t r i c  c h a r g e  z 
(in uni t s  of e) and an i so top i c  double t  (u, d) with 
c h a r g e s  z+l  and z r e s p e c t i v e l y .  The  a n t i - t r i p l e t  
has ,  of c o u r s e ,  the  o p p o s i t e  s i g n s  of the  c h a r g e s .  
C o m p l e t e  s y m m e t r y  among the m e m b e r s  of the  
t r i p l e t  g i v e s  the e x a c t  e igh t fo ld  way,  whi le  a m a s s  
d i f f e r e n c e ,  fo r  e x a m p l e ,  be tween  the i s o t o p i c  dou-  
b l e t  and  s i n g l e t  g i v e s  the  f i r s t - o r d e r  v io l a t i on .  

F o r  any va lue  of z and of t r i p l e t  sp in ,  we can  
c o n s t r u c t  b a r y o n  o c t e t s  f r o m  a b a s i c  n e u t r a l  b a r y o n  
s i n g l e t  b by  tak ing  c o m b i n a t i o n s  ( b t t ) ,  C o t t t t ) ,  
e tc .  **. F r o m  ( b t t ) ,  we ge t  the  r e p r e s e n t a t i o n s  1 
and 8, whi le  f r o m  ( b t t t t )  we ge t  1, 8 ,  10, 10, and 
27. In a s i m i l a r  way,  m e s o n  s i n g l e t s  and o c t e t s  can  
be  m a d e  out of ( t t ) ,  ( t t t t ) ,  e tc .  The  quan tum n u m -  
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b e r n  t - n~ would be  z e r o  f o r  a l l  known b a r y o n s  and  
m e s o n s .  The  m o s t  i n t e r e s t i n g  e x a m p l e  of such  a 

1 m o d e l  i s  one in which  the t r i p l e t  has  sp in  ~ and 
z = -1 ,  so  tha t  the  four  p a r t i c l e s  d - ,  s - ,  u ° and b ° 
exh ib i t  a p a r a l l e l  wi th  the  l ep tons .  

A s i m p l e r  and m o r e  e l e g a n t  s c h e m e  can  be  
c o n s t r u c t e d  if we a l low n o n - i n t e g r a l  v a l u e s  for  the 
c h a r g e s .  We can  d i s p e n s e  e n t i r e l y  wi th  the  b a s i c  
b a r y o n  b if  we a s s i g n  to the  t r i p l e t  t the  fo l lowing  
p r o p e r t i e s :  sp in  ½, z = -~ ,  and  b a r y o n  n u m b e r  -~. 

2 t 1 
We then r e f e r  to the  m e m b e r s  u3, d -~ ,  and s-3- of 
the  t r i p l e t  a s  " q u a r k s "  6) q and the m e m b e r s  of the 
a n t i - t r i p l e t  a s  a n t i - q u a r k s  ~1. B a r y o n s  can  now be  
c o n s t r u c t e d  f r o m  q u a r k s  by us ing  the c o m b i n a t i o n s  
(qqq ) ,  ( q q q q q ) ,  e t c . ,  whi le  m e s o n s  a r e  m a d e  out  
of (qcl), (qq~tcl), e tc .  I t  i s  a s s u m i n g  tha t  the  l o w e s t  
b a r y o n  c on f igu ra t i on  (qqq)  g i v e s  j u s t  the r e p r e s e n -  
t a t i o n s  1, 8, and 18 that  have  been  o b s e r v e d ,  whi le  
the l o w e s t  m e s o n  c on f igu ra t i on  (q q) s i m i l a r l y  g i v e s  
j u s t  1 and 8. 

A f o r m a l  m a t h e m a t i c a l  m o d e l  b a s e d  on f i e ld  
t h e o r y  can  be bu i l t  up fo r  the  q u a r k s  e x a c t l y  a s  for  
p, n, A in the  o ld  S a k a t a  m o d e l ,  fo r  e x a m p l e  3) 
wi th  a l l  s t r o n g  i n t e r a c t i o n s  a s c r i b e d  to a n e u t r a l  
v e c t o r  m e s o n  f i e ld  i n t e r a c t i n g  s y m m e t r i c a l l y  wi th  
the t h r e e  p a r t i c l e s .  With in  such  a f r a m e w o r k ,  the 
e l e c t r o m a g n e t i c  c u r r e n t  (in un i t s  of e) i s  j u s t  

u - d - s} 

o r  ~-3~ + ~8~/J3  in the  no t a t i on  of r e f .  3). F o r  the  
weak  c u r r e n t ,  we can  t ake  o v e r  f r o m  the Saka t a  
m o d e l  the  f o r m  s u g g e s t e d  by G e l l - M a n n  and L4vyT) ,  
n a m e l y  i p 7 ~ ( l + Y 5 ) ( n  cos  0 + h s in  8), which  g i v e s  
in the  q u a r k  s c h e m e  the e x p r e s s i o n  *** 

i u ya (1  + y5)(d cos  0 + s s in  0) 

* Work supported in par t  by the U. S. Atomic Energy 
Commission. 

** This is s imi la r  to the t reatment  in ref. 1). See also 
ref.  5). 

*** The para l le l  with i ~e Ya( 1 + ¥5) e and i ~ ¥~(1 + ¥5)~ 
is obvious. Likewise, in the model with d- ,  s - ,  u °, 
and b ° discussed above, we would take the weak cu r -  
rent to be i(b ° cos e + ~o sin e) ¥~(1 + ¥5) s -  
+ i(u ° cos e - ~o sin e) ya(1 + ¥5) d- .  The par t  with 
n(nt-n~) = 0 is just i T o ¥c~(1 + 75)(d- cos e + s -  sin O). 
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ref.  5). 

*** The para l le l  with i ~e Ya( 1 + ¥5) e and i ~ ¥~(1 + ¥5)~ 
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o r ,  in the  no ta t ion  of r e f .  3), 
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but  the  c o n t a m i n a t i o n  i s  e s t i m a t e d  to be so  s m a l l  
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T h e s e  i d e a s  w e r e  deve loped  dur ing  a v i s i t  to 
C o l u m b i a  U n i v e r s i t y  in M a r c h  1963 ; the au thor  
would l ike  to thank P r o f e s s o r  R o b e r t  S e r b e r  fo r  
s t i m u l a t i n g  them.  
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An interestiong classification of meson 
resonances has recently been given by 
Iizuka1l and Sinanoglu2l on the basis of a 
quark-antiquark system. Mesons are placed 
on Regge trajectories of this system.'l A 
straightforward extension of their idea to 
baryon resonances would lead to too many 
levels, however. In this Letter we consider 
a specific three-quark model of low-lying 
baryon resonances, which necessitates a 
few unobserved ones. Quarks are assumed 
to obey para-Fermi statistics. 

We suppose that baryons consist of a 
qq pair (or a diquark) and another quark 
moving around it with orbital angular 
momentum L. In order that for L=O ·our 
model can produce the 1/2+ octet and the 
3/2+ decuplet, which belong to the "56" 
of SU(6), the qq pair must be in a 3S1 
state and form an SU(3) sextet. Unwanted 
levels of a 1/2+ decuplet and a 3/2+ octet 
can be excluded if the three quarks are 

required to be totally symmetric m ac-
cordance with SU(6). We regard SU(6) 
as an approximate dynamical symmetry 
respected by states with L=O. 

In the hypothetical limit of no exchange 
· potentials between a quark and a diquark, 

we would obtain an octet Regge trajectory 
with the 1/2+ octet as its starting resonance 
(see Table I). We find J=L+1/2 and 
P=(-1)L=(-l)J-1/2 for resonances lying 
on it. In reality exchange potentials cause 
signature splitting, which explains the ex-
istence of the two octet trajectories, o::(l/2+, 
5/2+, ... ) and r(3/2-, 7/2-.. ·). Experimen-
tally the splitting does not appear to be 
so large as to invalidate the concept of 
exchange degeneracy, which was originally 
introduced by Arnold3) for meson reso-
nances. There can be another octet trajec-
tory with J=L-1/2. We have no firm 
exvenmental evidence in favor of its exis-
tence, however. 

Table I. Possible Regge trajectories in the 
limit of exchange degeneracy. The asterisk 
indicates trajectories with maximum J . 

SU(3)L I 0 1 2 3 ... , J 

1/2+ 3/2- 5/2+ 7/2- *L+1/2 
8 

1/2- 3/2+ 5/2- L-1/2 

3/2+ 5/2- 7/2+ 9/2- *L+3/2 

3/2- 5/2+ 7/2- L+1/2 
10 

1/2- 3/2+ 5/2- L-1/2 

1/2+ 3/2- L-3/2 

In a similar way we get a decuplet 
Regge trajectory with the 3/2+ decuplet as 
its starting member (see Table I). Reso-
nances lying on it have J=L+3/2 and 
P=(-1)L=(-l)J+112• Signature splitting 
gives rise to the well-known 0'(3/2+, 7 /2+, 
... ) decuplet and a fJ(5/2-, 9/2-,-· ·) decuplet. 
There can be three more decuplet trajec-
tories with J=L+l/2, L-1/2 and L-3/2. 
Again we have no experimental evidence 
suggesting their existence. There seems 
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FIGURE 1. N∗ spectrum, labeled by their spin and parity as JP along the abscissa from the quark
model predictions of Capstick and Roberts [2]. For each state, its πN branching fraction is shown. These
are compared with the PDG judgement [3] of which states have been identified with 1∗ − 2∗ or 3∗ − 4∗
provenance, according to the legend shown.

Perhaps these missing states really do not exist. If baryons were diquark–quark systems,
Fig. 2, as Lichtenberg and Tassie noted more than 40 years ago [4], the number of states
would be restricted and in fact be very like that currently observed.
But what has this do with QCD? There are several ways to approach that question.

The lattice provides a modeling of the real world with a discretisation of space-time.
Whilst the lattice clearly cannot have the complete rotational symmetry of the real world,
the newly computed lattice spectrum, as explained by Robert Edwards [5], reveals a
pattern very like the SU(6)×O(3) of the quark model: certainly not that of a pointlike
diquark–quark system. There is no suggestion that the so far undiscovered states should

FIGURE 2. In QCD each quark is in a triplet of color. On the left is a three quark model of a color
singlet baryon. On the right is a diquark-quark model of a baryon, where the diquark must be in a color
anti-triplet, so that in this model the baryon is like a meson as far as color is concerned.

FIGURE 1. N∗ spectrum, labeled by their spin and parity as JP along the abscissa from the quark
model predictions of Capstick and Roberts [2]. For each state, its πN branching fraction is shown. These
are compared with the PDG judgement [3] of which states have been identified with 1∗ − 2∗ or 3∗ − 4∗
provenance, according to the legend shown.

Perhaps these missing states really do not exist. If baryons were diquark–quark systems,
Fig. 2, as Lichtenberg and Tassie noted more than 40 years ago [4], the number of states
would be restricted and in fact be very like that currently observed.
But what has this do with QCD? There are several ways to approach that question.

The lattice provides a modeling of the real world with a discretisation of space-time.
Whilst the lattice clearly cannot have the complete rotational symmetry of the real world,
the newly computed lattice spectrum, as explained by Robert Edwards [5], reveals a
pattern very like the SU(6)×O(3) of the quark model: certainly not that of a pointlike
diquark–quark system. There is no suggestion that the so far undiscovered states should

FIGURE 2. In QCD each quark is in a triplet of color. On the left is a three quark model of a color
singlet baryon. On the right is a diquark-quark model of a baryon, where the diquark must be in a color
anti-triplet, so that in this model the baryon is like a meson as far as color is concerned.
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U N C O N V E N T I O N A L  S T A T E S  O F  C O N F I N E D  Q U A R K S  A N D  G L U O N S  ~ 

R.L. JAFFE*  and K. JOHNSON 
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Massachusetts Institute of Technology, Cambridge, Mass. 02139, USA 

Received 27 October 1975 

The spectrum of confined colored quarks and gluons is studied in the bag theory. The masses of 3-types of uncon- 
ventional states are calculated: hadrons made of gluons alone; QQQQ exotics and QQQ or Qt~ states with unconven- 
tional quantum numbers. Many of these states are in the mass range 600-1600 MeV. The known 0 ++ mesons may be 
members of a nonet of QQ0t~ exotics rather than P-wave Q(~ states. 

The picture of  colored quarks and massless colored 
gluons, coupled ala Yang-Mills and confined to the in- 
terior of  hadrons has provided a qualitative understand- 
ing of  a wide variety of  hadronic phenomena. More- 
over, an approximate but  specific realization of  this 
picture - the cavity approximation to the MIT bag 
[1] - has been successful [2] in describing the spec- 
trum of  light hadrons (1÷ 3+ ~- and ~ baryons, 0 -  and 1-  
mesons) in terms of a very few parameters. Here we 
wish to point out that this same picture predicts the 
existence of  a large number of  (unconventional) states, 
many more than have so far been observed. These in- 
clude several types of  exotics and states consisting of  
gluons with or without quarks. The bag model pro- 
vides reliable estimates of  the masses of  these states 
(cf. the light hadrons) with no new parameters. It is 
already possible to identify some of  them with experi- 
mentally observed "resonances".  In particular we are 
led to classify the 0 ÷+ enhancements known as the e, 
S* and 6 as QQQQ states. If  correct, this assignment 
disrupts further the already uneasy state of  the P- 
wave mesons in the quark model. 

Our conclusion will be that either these states will 
be found by experimentalists or our confined, quark- 
gluon theory of  hadrons is as yet  lacking in some fun- 
damental,  dynamical ingredient which will forbid the 
existence of  these states or elevate them to much 
higher masses. Our discussion will be, of  necessity, 
brief. We will consider only states with mass less than 

This work is supported in part through funds provided by 
ERDA under Contract AT(11-1)-3069. 

* A.P. Sloan Foundation Fellow. 

about 1600 MeV. All or our results are based on de- 
tailed calculations with collaborators at MIT which 
will be published elsewhere [ 3 - 5 ] .  

Although all of  the calculations have been carried 
out in the MIT bag model,  we believe that our results 
are characteristic of  any model based on confined col- 
ored quarks and gluons. Deep inelastic scattering sup- 
ports a picture of  relatively weakly interacting quarks 
confined in hadrons with a radius of approximately 
one Fermi.  The detailed form of the strong confining 
forces are not important  in understanding the masses 
or motion of  the quarks since a constituent particle 
will not spend much time in the region where it is 
turned around by these forces. This leads naturally to 
a spectrum which is dominated by the kinetic ener- 
gies of  the constituents (quarks or gluons) and to a 
roughly linear increase in mass as progressively more 
constituents are added in the lowest mode of  the sys- 
tem. Structure induced by the exchange of  colored 
gluons is important  in generating the spectra of  the 
light hadrons [2],  and continues to be important  here. 
The bag model combines these ingredients in a frame- 
work which allows us to calculate and demonstrate 
this problem explicitly. None of  our conclusions rest 
upon whether one views the bag as fundamental  or as 
a phenomenological realization of  a field-theoretic ef- 
fect. 

The states we wish to discuss are of  three classes: 
I) gluonic hadrons: states without  quarks, where a 
color singlet state of  several gluons is confined by the 
same mechanisms which confine quarks; 2) Type 1 ex- 
otic quark states: in particular QQQQ mesons (6Q and 
QQQQQ states are less prominent  and will be dis 
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light hadrons [2],  and continues to be important  here. 
The bag model combines these ingredients in a frame- 
work which allows us to calculate and demonstrate 
this problem explicitly. None of  our conclusions rest 
upon whether one views the bag as fundamental  or as 
a phenomenological realization of  a field-theoretic ef- 
fect. 

The states we wish to discuss are of  three classes: 
I) gluonic hadrons: states without  quarks, where a 
color singlet state of  several gluons is confined by the 
same mechanisms which confine quarks; 2) Type 1 ex- 
otic quark states: in particular QQQQ mesons (6Q and 
QQQQQ states are less prominent  and will be dis 
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mentum and charge conjugation: C = ( - 1 )  L +s. Field 
theories are intrinsically many body problems and this 
relation cannot be derived. In the cavity approxima- 
tion to the three dimensional bag ordinary hadrons 
are made by populating quark modes. It is easy to see 
that this yields many states not accessible in a quark 
model. Consider for example a J  = 2 P-wave meson. In 
the old-fashioned quark model this state must have C 

1 -'- +1. In the bag, two states are possible: 2(S1/2P3/2 
+ P3/2gl/2)J = 2 with C = 71. (The spectroscopic nota- 
tion is borrowed from atomic physics). 

It might seem that  the appearance of  these states is 
some artifact of  the way we have mistreated transla- 
tional invariance in three dimensions. A look at one- 
dimension shows that this is not the case. In one di- 
mension the bag theory of  free fermions is exactly sol- 
uble. The Hilbert space consists of  a set of  creation op- 

+ + 
erators: bn, dn, n = 0, 1 ... ~o which act on a vacuum 
I Y~p) which carries the momentum label P. The first ex- 
cited state of  fermion and antifermion is ½x/2 (b ld  o +  + 
-+ b~ d~)[ ~ p ) w i t h  C = ~-1. Note the contrast with the 
non-relativistic harmonic oscillator: in that system the 
Hilbert space is the same but the state with the + sign 
is spurious. It is an artifact of  replacing a two body 
problem by a nailed-down potential  [9].  Clearly the 
independent  reality of  the "bag" plays an important  
role in this effect. Other confinement schemes which 
trap quarks on "k inks"  in scalar fields suffer a similar 
fate. Indeed it seems natural to expect  such states in 
any theory in which the bound state problem is not  
strictly a two body problem, that is in any relativistic 
theory.  

In the bag model  the energies of  these states may 
be estimated. They occur first among the P-wave 
mesons and baryons. The subject of  P-wave excitations 
is too extensive to discuss here. We content  ourselves 
with a list of  addit ions to the usual quark model multi- 
plets. Among the P-wave mesons, in addit ion to the 
0 ++, 1 + - ,  1 ++ and 2 ++ nonets we find 0 + -  , 1 + -  , 1 ++ 
and 2 + -  nonets. Among P-wave baryons, in addit ion 
to the states of  the L = 1 [70] of  SU(6) we find an L 
= 1 [56].  All of these states are predicted to have 
masses similar to the masses of  the known P-wave 
mesons and baryons. However, in many cases the P- 
wave meson states share quantum numbers with the 

broad exotic QQQQ states and the P-wave baryons 
states overlap broad 4QQ states. In such cases one 
might expect  that mixing effects will play an essential 
role in an unravelling of  partial widths. This may pro- 
vide a clue to an understanding of some of the elusive 
P-wave states such as the A 1 . 

Our conclusion is that the present theoretically at- 
tractive model for particle substructure based upon 
colored quarks and gluons generates a very rich spec- 
trum in the mass range just above one GeV. At present 
only a very limited amount of  this has been experimen- 
tally confirmed. The possible classification of  the 
known 0 ++ mesons as QQQQ exotic quark states may 
be beginning to confirm that theory is correct and the 
spectrum is indeed very rich. Further experiments are 
greatly needed together with aid from theorists on get- 
ting the signal out from the background generated 
from the resonances which have been firmly established 

If this richness is not  observed, then one must seri- 
ously question the cherished theoretical model  we now 
have for hadronic substructure. 

We wish to thank the Aspen Center for Physics 
where this work was begun for its hospital i ty,  and to 
thank our MIT colleagues, Tom deGrand, Joe Kiskis 
and Charles Thorn for many fruitful discussions on 
these matters. 
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Exotic component is to be mixed (via instanton int.)
Can explain why a0(980) heaviest without strangeness
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Diquark Phenomenology
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Diquark on Quenched Lattice
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Diquark on Lattice
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Diquark and Deconfinement
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Deconfinement in pQCD

34

pQCD justifies itself at high T 
       All gluons are screened by gT or g2T 
  

pQCD does not justify itself at high µ 
       Magnetic gluons never screened 

Color super justifies pQCD at high µ 
       All gluons are screened by gµ

Insufficient justification
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No Deconfinement?
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Large-Nc Baryonic (Quark) Matter
O(1) O(Nc)

Nc⇤
4
QCD

Quarkyonic Matter
McLerran, Pisarski 
Hidaka, Kojo 
Fukushima, Sasaki
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Deconfinement Revisited

36

CFL (3-flavor CSC) reads:
SU(3)C broken completely 
     All 8 gluons get massive (Meissner effect)

No confinement remains

Can this be a “definition” of deconfinement ?

Private communications with Gordon Baym

If so, quark matter is realized only through diquarks
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Continuity from NM to QM
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Diquark Continuity
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µ

P

EoS of Nuclear Matter

EoS of Quark Matter
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Diquark Continuity
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µ

P

EoS of Nuclear Matter

EoS of Quark Matter

(Quarkyonic) 
Diquarks
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Implication to the M-R Relation
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Implication to the M-R Relation

41

M/Msun

R

~2

10~13km

APR

⇠ 0.3GeV/fm3
Pressure at the center
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Cannot be right!?
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Duality Hypothesis
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µ

P

EoS of Nuclear Matter

EoS of Quark Matter

APR

NJL / pQCD

Dual region describable 
   with APR and NJL 
Strong constraint 
   from APR to NJL
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All non-perturbative effects renormalized in GV

APR can be reproduced with “running” vector interaction
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Fig. 1.— Vector coupling in the 2SC phase fitted
with APR for H = 1.5Gs (lower solid curve) and
H = 1.6Gs (upper solid curve). The interpolat-
ing fit results to the CFL phase with d = 0.4 are
represented by the dotted curves.
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Fig. 2.— Constituent quark masses and the di-
quark gap ∆ud in the 2SC phase as functions of
µB in the case of H = 1.5Gv (corresponding to the
solution shown by a lower solid curve in Fig. 1).
The chiral phase transition is a smooth crossover
because of the vector coupling.

(upper solid curve) in Fig. 1. We emphasize that
we did not assume any functional form a priori
and Gv(µB) shown in Fig. 1 results solely from the
fit to APR once we make a choice of the diquark
coupling H. We vary H to check the sensitiv-
ity and will see that this choice is near the upper
limit not to violate the causality. It is important
to note that the chiral phase transition is a very
smooth crossover in the presence of large Gv, so
that this 2SC phase can accommodate both di-
quark and chiral condensates for any µB. This is
clear in Fig. 2 where the constituent quark masses,
Mu, Md, Ms, and the gap energy ∆ud are given
as functions of µB. There is a small discrepancy
between Mu and Md because of the electric charge
neutrality condition that breaks isospin symmetry.

Interestingly, we have found that the best fit
form of Gv(µB) is an inverse logarithm for both
H = 1.5Gs and H = 1.6Gs. Such an inverse loga-
rithmic is quite suggestive because it is consistent
with the common form of the running coupling
constant at one-loop level. However, the valid-
ity of this fitting should be lost at some point of
the baryon density. In fact, at sufficiently high
baryon density the ground state should be the
CFL phase. Moreover, the vector coupling Gv

should be ∼ 0.5Gs or greater to support the mas-
sive neutron star with M ! 2M⊙. To satisfy the
boundary conditions, i.e., the smooth connection
to APR in the lower-density side and to the CFL
phase with Gv ! 0.5Gs in the higher-density side,
we must modify Gv(µB) from an inverse logarithm
to the following form:

Gv(µB)/Gs =
a

log[(µB − b)/c]
+ d (4)

with an offset by d. Once we fix d, we can de-
termine other three parameters, a, b, c using the
smooth connection to APR. We changed d to find
that the massive neutron star with M > 2M⊙ is
impossible with d " 0.3. We shall therefore choose
d = 0.4 throughout this work. The parameters
fixed in such a way, for H = 1.5Gs and 1.6Gs

respectively, are listed in Tab. 1 and the corre-
sponding Gv(µB) that interpolates between APR
and the CFL phase is overlaid by dashed curves
in Fig. 1. We note that, for the parameter de-
termination, we took the fitting range from µq =
(340 ∼ 345) MeV (i.e., µB = (1.02 ∼ 1.035) GeV).

With this running-Gv we can find the CFL so-

7

Best fit function ~ inverse log

↵s(µ) =
1

b log(µ/⇤)cf.

Suggestive!!!
Nuclear matter knows the running coupling?
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lution as well as the 2SC phase and then we can
locate a first-order phase transition between them
by comparing the pressure. In Fig. 3 we show an
example for H = 1.5Gv to find a first-order phase
transition at µB = 1.31 GeV where the pressure
of the interpolating 2SC phase with running Gv

and the CFL phase crosses. We make a remark on
the connection between APR and the 2SC phase
around µB ∼ 1 GeV. From Fig. 3 one might think
that APR has a slightly larger pressure above the
fitting region, and so APR would be rather fa-
vored. To resolve such confusion we here again
emphasize our picture of the quarkyonic scenario.
The change from NM to QM is not any phase tran-
sition but what we assume is a dual regime around
µB ∼ 1 GeV in which NM is gradually taken over
by QM. In contrast to this smooth crossover from
NM to QM, the change from the 2SC phase to
the CFL phase is a genuine physical phase tran-
sition with different symmetry-breaking patterns.
In many model studies including the present work,
this phase transition turns out to be of first order.

Now that we have the EoS for the whole range
of µB from NM to CSC, we can compute not only
the pressure P but the energy ε = µBnB − P as
well. Actually, the relation of P vs ε is essential for
the estimation of the neutron star mass. Because
ε involves a first derivative in nB, its value jumps
discontinuously at the first-order phase transition.
We can see this behavior in our numerical results
shown in Fig. 4. It is also clear in Fig. 4 that the
2SC part hardly changes with different choices of
H. We can explain this minor dependence from
the fact that we impose the same boundary condi-
tion of APR at lower density. The other boundary
condition of the CFL phase side is, on the other
hand, loosely constrained by the massive neutron
star, and so there remains H dependence in the
CFL part as is the case in Fig. 4. This fact im-
plies that, if we knew the EoS in the limit of the
high baryon density from, e.g. pQCD calculations,
a combination of H and Gv could be better con-
strained.

H/Gs d a b [GeV] c [GeV]
1.5 0.4 0.05283 0.4049 0.5735
1.6 0.4 0.1127 0.2942 0.6804

Table 1: Parameters for the interpolating Gv(µB)
between APR and the CFL phase.
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Fig. 3.— Pressure comparison of the 2SC phase
(dashed curve) and the CFL phase (solid curve) for
H = 1.5Gs. The pressure of APR (dotted curve)
is also shown for reference.

0

0.1

0.2

0.3

0.4

0 0.2 0.4 0.6 0.8 1 1.2

Pr
es

su
re

 [G
eV

/fm
3 ]

Energy [GeV/fm3]

H=1.5Gs
H=1.6Gs

APR

Fig. 4.— Pressure P as a function of the energy
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(dashed curve). The pressure of APR extrapola-
tion (dotted curve) is shown for reference, though
the plotted range is outside of its validity region.
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Fukushima-Kojo (2015)

Weak 1st-order Phase Transition (2SC-CFL)

Single unified theory covering all the densities!
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Fukushima-Kojo (2015)

One can deduce the sound velocity (squared)
c2s = ∂P/∂ε from the slope of curves in Fig. 4.
We can numerically take the derivative of P with
respect to ε and present obtained c2s in Fig. 5. It
is important to check the causal condition that
c2s should not exceed the unity (i.e., the speed of
light in the natural unit). In the present setup,
as understood from Fig. 5, the causality is not
violated.

The structure of c2s is almost the same irrespec-
tive of the choice of H; with increasing ε it mono-
tonically increases in the APR region and then
has a peak in the 2SC phase. Once a first-order
phase transition to the CFL phase occurs, c2s is
pushed down to ∼ 0.5. In the limit of large ε or
high baryon density, c2s asymptotically approaches
∼ 0.6 which slightly depends on H. An interest-
ing observation in Fig. 5 is that the peak height
strongly depends on H and if H is greater than
∼ 1.6Gs, it would go beyond the unity, which
would violate the causality. Therefore, such a
large H is not allowed and H = 1.6Gs is close to
the upper limit for our choice of d = 0.4 in Eq. (4).
In this way we find that there is not much uncer-
tainty in the EoS determination after all.

5. Mass-radius relation

To solve the M -R relation from the TOV equa-
tion what we need is the EoS shown in Fig. 4.
Plugging our EoS to the TOV equation and chang-
ing the initial condition that is the central pressure
at r = 0, we can get a curve in the plane of the
mass and the radius of the neutron star as is just
the standard procedure.

We summarize our results in Fig. 6. The M -R
curves belowM⊙ are essentially determined by the
APR EoS up to nB ∼ 2n0. (The tail at large R
is extremely sensitive to the crust EoS, for which
we adopt the SLy model by Douchin & Haensel
(2001).) Then, the 2SC curves start to take off
from the APR by degrees. The 2SC curve’s having
the larger radii than the APR originates from a
stiffer EoS in the 2SC phase at nB > 2n0. In the
vicinity of M ∼ 2M⊙ the curves have a turning
point which signals the phase transition from the
2SC phase to the CFL phase. The maximal mass
in our parametrization reaches ≃ 2.2M⊙.

The neutron star radii at the canonical mass
1.4M⊙ typically spread over R = (9 ∼ 16) km,
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H = 1.6Gs (dashed curve). The APR extrapola-
tion (dotted curve) is shown for reference.
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Fixed by APR

Effect of  
Quark Matter
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Summary and Speculation



Summary

Nuclear Matter = 2SC + Chiral Cond. + 6-diquark 
□ More reasonable than CFL-NM continuity 
□ Chance to access the diquark superfluid phase in HIC? 
□ Enhanced fluctuations from (critical) diquarks 
□ Refined HRG with diquarks? 
New Model = APR-constrained NJL 
□ Microscopic information superseding parametrization 
□ Less crazier than using APR to ~5 n0 ! 
Spectroscopy of Qqq baryons?
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(Ask Toru!)
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(Confined)
Nuclear Matter

Quarkyonic
Regime

(Deconfined)
Quark Matter

(Nothing happens) (Anderson Metal-Insulator Transition)


