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Abstract. The functional transformation method (FTM) is a powerful tool for detailed 
investigation of digital sound synthesis by the physical modeling method, the resulting sound or 
measured vibrational characteristics at discretized points on real instruments directly solves the 
underlying physical effect of partial differential equation (PDE). In this paper, we present the 
Higuchi’s method to examine the difference between the timbre of tone and estimate fractal 
dimension of musical signals which contains information about their geometrical structure that 
synthesizes by FTM. With the Higuchi’s method we obtain the whole process is not complicated, 
fast processing, with the ease of analysis without expertise in the physics or virtuoso musicians 
and the easiest way for the common people can judge that sounds similarly presented. 

1.  Introduction 
Since sound is a wave, it has many properties in the physical sense. A complex sound waves can be 
decomposed into a family of simple sine waves, each of which is characterized by its frequency, 
amplitude, and phase. These are called the partials or the overtones of the sound. 

The sound produced by different the physical behavior that make up musical instruments is usually 
complex. Two or more sounds may have the same loudness and the same pitch, but that they may differ 
in number and relative intensities of overtones. It also agrees well to the analytic listening of humans as 
they possible to recognize each sound. This characteristic of sound is called quality, tone color, or timbre 
of a tone. 

Nevertheless, it will be hard to distinguish especially the auditory sense of string instruments which 
two or more sounds have the same pitch, the same playing techniques, the same musical instruments but 
playing by different positions. For example, open B note on the second string and musical note B on the 
fourth fret of the third string of the guitar. 

To study the development of the different timbre, many computational methods have been used for 
digital sound synthesis to produce musical sounds with digital devices. One of these approaches is 
physical modeling synthesis methods, are often adapted from the areas of numerical mathematics and 
digital signal processing. Examples are finite difference methods, mass-spring networks, modal 
decomposition, digital waveguides, wave digital filters, and source-filter models [1]. 

A method which models the physical effects to the connection between the original physical 
parameters and the low order transfer functions is the so-called functional transformation method. The 
derivation of the multidimensional transfer function model is based on suitable functional 
transformations for the time and space variable and does not involve any approximations. The strength 
of  this method is not only the coefficients of the synthesis algorithm depend explicitly on the parameters 



 
 
 
 
 
 

of the physical model, but also the variability of the sound synthesis through exploring by parameter 
variations. 

Complex systems as the digital sound synthesis generate time series showing the combination of 
fractal and periodic components commonly appear in the experimentation when carrying out the 
measure of a physical quantity. There are several ways to display results with regard to sound synthesis. 
For example, the harmonic spectrum, spectrogram, the pole of the transfer function, etc. Each of the 
methods, results is a different pattern and depending on the difficulty and complexity of the process. 

The fractal dimension is a statistical measure indicating the complexity of an object or a measure that 
is self-similar over some region of space or time interval. It has been effectively applied in several 
domains to distinguish such objects and quantities [2], [3], [4]. In the analysis of time series or non-
stationary nature of sound synthesis signals, the Higuchi’s method presents the advantage of being a 
quite fast and reliable method for the determination of the correlation of the series [5], [6], [7]. 

In this paper, we present an explanation for the observed timbre of tone behavior in the graph 
corresponding to the Higuchi’s method and its subsequent application of digital sound synthesis 
waveform. We apply the Higuchi’s method of the detection of periodic components of vibrating string 
with the functional transformation method by analyzing the sound quality that arises from the same 
musical note but is a difference between physical parameters. 

 

2.  Higuchi’s method 
The algorithm presented by Higuchi [8] measures the FD of discrete time series directly from the time 
domain. It is established on a measure of the length L(k) of the signal or curve that represents the 
considered time series while using a segment of k samples. The assumption is that a fractal signal scales 
according to the following: 

( ) DL k k −∞                                                                           (1) 
In order to obtain the fractal dimension D, considered a finite set of regular interval: 
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Where m and k are integers, indicating initial time and interval time respectively. Assuming that the 
series has only N = 100 and k = 3, three new time series are obtained 
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 3
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represents the normalization factor for the length of the subset. 



 
 
 
 
 
 

A sum of all the lengths ( )mL k  for each k is determine by: 
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Finally, the slope of the curve is fractal with dimension D, estimated using the best fit by linear least 
squares. Higuchi’s algorithm can be applied even over time series that are not stationary. We have used 
k = 5 to compute Higuchi’s fractal dimension. 
 

2.  The functional transformation method 
A vibrating string is used here as an example of a physical system to emphasize the connection between 
the parameters of the physical model and the resonating frequencies of the digital reproduction. For a 
more extensive introduction to the functional transformation method see [9]. 

We consider a string of length l with is fixed at both ends. The deflection of the string is denoted by 
( , )y x t  depends on the space and time coordinates are x and t. The string is excited by a certain force 

per unit length ( , )ef x t . It is formulated as a PDE for the deflection of the vibrating string by 
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This PDE depends on certain physical parameters of a nylon guitar B string are shown in Table 1. 
Because the string is fixed at both ends, the deflection and the curvature are zero at x = 0, l. The initial 
conditions of the deflection at t = 0 are supposed to be zero for being easy to understand. 

 
Table 1. Physical parameters of a nylon guitar B string. 

 
m mass per unit length 30.5914.10 /kg m−   
E Young’s modulus 5.4GPa   
l length 0.65m   
I Moment of inertia 40.171 mm   
d1 Frequency independent damping 58.10 / ( )kg ms−   
d3 Frequency dependent damping 51.4.10 /kg m s−−   
TS Tension of the string 60.97N   

 
The outline of the FTM is given in Fig. 1. To accomplish a model that can be effected for sound 

synthesis in the computer, the continuous initial-boundary-value problem has to be discretized. This 
procedure is well known from the simulation of one-dimensional systems. 

 
      
 
 
 
 
 
 
 
 
  Figure 1. Procedure of the FTM 
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4.   Higuchi’s analysis of time series of string instruments with the functional transformation 
method 
We used Higuchi’s method of time series, according to sound synthesis waveform by FTM from two 
directions. 

First, we calculate the fractal dimension of different harmonics from linear physical based PDE by 
reduces to the wave equation 2 2 2 2( / / 0)Sm y t T y x∂ ∂ − ∂ ∂ = . The string has zero stiffness (E=0) and 
zero damping no decay variables d1 and d3 that includes the losses in the air, the string material and the 
coupling to the resonance body [10].  

 

 
Figure 2. Zero damping and zero stiffness waveform of three different cases 

 
As an example of applying the Higuchi’s method we present in Fig. 2 waveforms of discrete time 

corresponding poles lies on the imaginary axis (have a real part equal to zero) so the dynamic system 
has marginally stability properties which proportional physical effects of ignoring damping and 
stiffness. Thus the value of fractal dimension D equal to 1.0114, 1.0740 and 1.1645 for sound synthesis 
of the fundamental frequency, sum of the first 5 and 10 harmonics. Although the fractal dimension seems 
to very similar but the results of listening are clearly distinguishable.  

 

 
Figure 3. Evaluation of the fractal dimension of string vibrations with the FTM 

 
Secondly, we synthesize the FTM with the parameters from Table 1 by classified these output signals 

into 2 cases, zero and nonzero stiffness, study of the fractal dimension of the two timbres to be very 
similar. The solution was calculated with M = 50 harmonics. 

 
Nonzero damping, zero stiffness: 



 
 
 
 
 
 

Which include the damping variables d1 and d3 but ignore the stiffness (E =0). In the beginning, there 
is a sufficiently rich signal, but then the higher harmonics decay faster than the lower harmonics. The 
effect of damping changes the timbre to get closer the real-sounding instruments, compatible with the 
fractal dimension is consistent with high value at first and gradually decreased in later time based on the 
characteristics of timbre.  

Nonzero damping, nonzero stiffness:  
In this case all parameters from Table 1 are used. The effect of string’s stiffness will exhibit 

inharmonicity corresponding the fractal dimension is shown in Fig. 3, which create a more lively sound 
than a purely harmonic spectrum and produced the quality of the audio as close to the real instrument 
than all above cases.   

5.  Conclusion 
At first sight, It may seem that the fractal dimension of musical instrument tones requires a lot of efforts 
to understand the elements of that complexity and not beneficial from physical reality. However, we 
have shown that it is possible to link the digital generation of sound samples of vibrating structures in 
terms of mathematical physics and the analysis tool of their characteristics and properties with the fractal 
dimension. With a further analysis, we can see the Higuchi’s method provides useful information by 
varying the sum of the harmonic number or the overtone of a musical note’s sound. 

We have found very interesting result in the fractal dimension that possibly indicate the effect of 
inharmonicity on pitch for guitar-like tones, which produces slow beats between the different harmonics, 
corresponding sense of the listener can analyze the difference between tone-colors of instruments 
underlying physical factors. 

The fractal dimension of digital audio synthesis is something fresh on today’s sound design 
equipment, it allows for a new method for synthesizing sound based on timbre and is about to become 
an entire component of fractal multimedia applications. 
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