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Bigger Picture

» What are we trying to do?

> use lattice methods to explore the low-lying stationary states of QCD
in a finite volume

» extract hadron resonance properties: masses, decay widths

» Why are we trying to do this?
» understand the nature of controversial resonances

» explore the possibilities for exotic hadrons: e.g. tetraquarks, glueballs
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Lattice QCD Basics
—t
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U_,(n)=U,(n—p

» define QCD on set of discrete points in Euclidean spacetime in a
finite volume

> introduce simplest, gauge-invariant, discretized action that reduces
to the continuum QCD action as the lattice spacing vanishes

» gauge fields introduced through gauge-link variables

gun gt
U,(xz) = Pexp {1(] / dn - A(n)} ~ exp {igaA,(z)}
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Effective Energies

» consider a 2-point temporal correlator using a hadron operator O

C(t) = (0] O(t + to) O(to) [0) = > (0[O n) (n| O |0) e~ Pt

n

» additionally, define the effective mass (energy)

___efl o 1 C(t)
meE(t) = At In <M)

» As ¢ becomes large, m°T(¢) will approach the lowest energy
eigenstate excited by O. We want the plateau to be reached at

small ¢ before noise overcomes the signal.
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Building Blocks for Single-hadron Operators

» building blocks: covariantly-displaced LapH-smeared quark fields

> stout-smeared links EJ(L)

» Laplacian-Heaviside (LapH) smeared quark fields

7;;11,0/ (T) - S(lb(m7 y) I«bba (y): S = @ ((73 + £>

» 3d gauge-covariant Laplacian A in terms of U

» displaced quark fields:
o~ ) =(A) N
Gaaj = DYV, Ty = Vo 72 DV’

» displacement DY) is product of smeared links:

DY (z,2') = [7“ () (7j2 (z+d2) Uyy (z+ds) . .. [’jjp (24dp)0ur, wydyyy
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Elemental Baryon and Meson Operators

—AB _
(I)o:(} (p,t) Z e Gt (d(Hrdg))Oub (153(:13,75) (Iﬁ},(wﬁ

—ABC i _ _ _
(I)aﬂv (p,t) = Zw ePXegpe qg/(w7t) (I‘Ea(w: t) qfa(:c, t)
» group-theory projections onto irreps of lattice symmetry group

—= ()x =ABC

Ev 1) % A Y
Mi(t) = ) Fag (1) By(t) = c\) Togy (1)

» definite momentum p, irreps of little group of p
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Monte Carlo Estimate of Path Integrals

» Our action is of the form

S[G. 4, U] = K[U] ¥ + Se[U]

» after quark integration, correlators now have the following form

_ [ DU det K[U] W[K~YU)] exp(—Sc[U])

C(t) [ D[U] det K exp(—Se[U])

» use Monte Carlo methods to integrate over U, with fermion

determinant in importance sampling

» inclusion of det K[U] and evaluation of K ~![U] are computationally
expensive
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Quark Line Diagrams

» temporal correlations involving our two-hadron operators need
> slice-to-slice quark lines (from all spatial sites on a time slice to all
spatial sites on another time slice)
» sink-to-sink quark lines

Iy 1,

> isoscalar mesons also require sink-to-sink quark lines

O C

iy o F
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Stochastic estimation of quark propagators

» do not need exact inverse of Dirac matrix K[U]

> use noise vectors 1) satisfying F(7;) = 0 and E(n;n}) = d;;

» 74 noise is used {1,7,—1, —i}

> solve K[U]X (") = n(") for each of N noise vectors 1"), then
obtain a Monte Carlo estimate of all elements of K !

1 &
-1 (r), (r)=
Rij = No > X,
r=1
» variance reduction using noise dilution
P((I,)P(b) _ (S(l'bP(a’), ZP(U) =1. P(u)T _ P(u,)

> define
,,][a] _ P(a)n7 X[a,] _ Xr—l,,][a]

to obtain Monte Carlo estimate with drastically reduced variance

ol L < (r)la],_(r)la)*
O v Z ZX,. n;

Pheno 2016 ersity of Pittsburgh



Laplacian Heaviside (LapH) Smearing

» why bother findin
Y & 50_|||||||||||||||||||_
propagator to/from [ C(t=5) triply-displaced-T nucleon n
high energy 40F[a LapH noise - -
modes? C B Ilattice noise . .
> use the N, lowest bgﬁ?’oz - A
eigenvectors of the B 20 o A B
covariant Laplacian - ] ]
to define the LapH 10F A -
subspace C n ]
O=|—|—|—AI—A|A—|—|—I—|—|—|—|—I—|—|—|—|—‘
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Excited States from Correlation Matrices

» in finite volume, energies are discrete

Cij(t) =Y 2" Z{"" e Pnt, Z" = (0] 0; |n)

» not practical to do fits using above form
> define new correlation matrix CN‘(z‘) using a single rotation

C(t)=U" C(ro) M2 C(t) Clro) 2 U
> columns of U are eigenvectors of C'(70)~ /2 C(1p) C(ry) /2
» choose 7 and 7 large enough so C(t) diagonal for ¢ > 7
> effective energies ~
% ety _ 1 Coa(t)
me' (t)=—In| =————
At \ Coa(t + At)

tend to N lowest-lying stationary state energies in a channel
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I =1,5 =0,T}, Channel Energies

» Effective energies for m e
first 25 levels (B. Fahy, i

e
PhD thesis) **’““"ﬂ% L= &%ﬂi % o }%ﬁh

» Energies obtained using

a two-exponential fit *% k I
: 1& i

Fo g Db e bt W T

m‘%ﬂ T I ¥
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I =1,5=0,T;, Channel Energies, Continued

» Effective energies for ! St

next 25 levels

» Energies obtained using

¥
£

a two-exponential fit

ES
g 3t
At e

=

g
(-

4
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= r

=
=

ﬁ%u—.xiﬁ *x_i_x%%lﬂ %:F% ﬁ‘&r %{ *
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Level identification

» level identification inferred from Z overlaps with probe operators

» keep in mind:
> probe operators O; act on vacuum, create a “probe state” |®;),

Z's are overlaps of probe state with each eigenstate

|®;) = 0:)0), Z{" = (®;]n)

» identify by dominant probe state(s) whenever possible
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= 0, T}, Channel Staircase Plot

Tlup
8 ]
4 allat®
||'l|lll
-lllllllllll"llllllI
3 ol®
e III-I
L
g 2 |
i BN single-hadron dominated
1 I two-hadron dominated
[ significant mixing

Levels

Lowest 50 energies in the I = 1,.5 = 0,7}, channel extracted from a

63 x 63 correlator matrix. Uses 412 configs on a clover-improved
anisotropic 323 x 256 lattice with m, ~ 240 MeV. Total P = 0.
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Single Hadron T}, Spectrum Compared to Experiment

> right: energies of gg-dominant states as ratios over my for

(323]240) ensemble (resonance precursor states)

> left: experiment

Experiment
|
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Phase Shifts from Finite-volume Energies

work in spatial L? volume with periodic b.c.
total momentum P = (27 /L)d, where d vector of integers

masses m and msy of particle 1 and 2

vV v v.v

calculate lab-frame energy E of two-particle interacting state in
lattice QCD

» boost to center-of-mass frame by defining:

E(:m - V E? — P2~, vy =

e ECHI '
1 1, . (m? —m3)?
q?‘,m = ZEzm - 5(777’% + 77?/3) + 14E73n12
. L?g? (m? — m3)
2 cm 1 2
; — . =(14+4—=1)d
‘ @2 ° ( TR,

» F related to S matrix (and phase shifts) by
det[1 + FE79 (S — 1)) = 0.
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Phase shifts from finite-volume energies (con't)

» F matrix in JLS basis states given by
(s‘,’”,’u,) /)u N -
E7/77£J/L’S/a/; JmysLSa — 56‘1/{155/5 OJ/JOWLJ/”LJ(SL/L

TR (S Ly S My |L'mps, Smg)(Lmy, Sms|Jm />}

myr;

v

total angular mom .J,.J/, orbital mom L, L', intrinsic spin S, S’

» a,a’ channel labels

» p, = 1 distinguishable particles, p, = % identical
s 21 e i
VVélnf,,) Loy = WUIHZZ’"(S y,u )/dZQ YL,m ,(KZ)YIm(SZ)YLmL(SZ)

v

Rummukainen-Gottlieb-Liischer (RGL) shifted zeta functions Z;,,
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P-wave [ = 1 mm scattering

» for P-wave phase shift 01(E.,,) for mm [ = 1 scattering

> define o Zlm('sava 11’2)
Wim = ,},,7‘_3/2uz+1
d A cot (Sl
(0,0,0) Tﬁu Re w0
(0,0,1) Af Re wo,0 + %Re wa o
Et Re wo,0 — Re w20
(0,1,1) A} |Re wop +5 Re Wa g — \/71111 waq — %Re Wa 9,
Br R,e wo,0 — ﬁRe w20 + \/;RE‘ w22,
B; Re wy, 12,0 + \/glmwgi — ‘/%Re W3 2
(1,1,1) Air RJG ’UJ(),() —+ 2\/%111’1 U,’Q,Q
Et Re wo o — \/ghn W3 2
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Finite-volume 77 [ = 1 energies

» 7r-state energies for various d?
> dashed lines are non-interacting energies,
inelastic thresholds

shaded region above
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Pion dispersion relation

» boost to cm frame requires aspect ratio on anisotropic lattice

» aspect ratio £ from pion dispersion

. , 1 (2ma,
(@B)? = (wm)® + & (=7

» slope below equals (7/(16£))?, where £ = a,/a;

2
d2

0.03
0.025
0.020
73 0.015
0.010
0.005

0.00
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I =1 77 scattering phase shift of the p

» preliminary results 32% x 256, m, ~240 MeV: (J. Bulava et al.)
Gprn = 6.16(36), m,/m, = 3.324(24), x*/dof = 1.43

15
P w
> L
8 SgRg
o 5 +
£l r H%; o+
© L o
JE T <
[ E—— F
op o pl =0T M PP =LA, o ‘
- ApZ:LE‘VPZ:ZVA; — —A—
s *pZZZ,B;0p2=2,B: —— I
E +p?=3,A Op?=3,E
L Op2=4,A; 4p*=4,E
10 k& L I I
2 25 3 E, 35 4
m
mTI

> flt giﬂ'wqgm COt(él) = GWEClll(nl’;z) - Egm)
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Conclusion

» goal: comprehensive survey of energy spectrum of QCD stationary
states in a finite volume

» stochastic LapH method works very well

> allows evaluation of all needed quark-line diagrams

> large number of finite-volume energies in large number of channels

now possible
> scattering phase shifts can be computed

» infinite-volume resonance parameters from finite-volume energies
— will try effective Hamiltonian techniques

> role of tetraquark operators to be studied
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Ensembles and run parameters

>

vV v v.v .Yy

vy

focusing on two Monte Carlo ensembles
> (32%]240): 412 configs 32° x 256, m. ~ 240 MeV, m, L ~ 4.4
> (24%|390): 551 configs 24° x 128, m. ~ 390 MeV, m, L ~ 5.7
anisotropic improved gluon action, clover quarks (stout links)
QCD coupling 8 = 1.5 such that a5 ~ 0.12 fm, a; ~ 0.035 fm
strange quark mass m,; = —0.0743 nearly physical (using kaon)
work in m,, = my limit so SU(2) isospin exact

generated using RHMC, configs separated by 20 trajectories

stout-link smearing in operators £ = 0.10 and ng = 10
LapH smearing cutoff 02 = 0.33 such that

» N, = 112 for 243 lattices

» N, = 264 for 32° lattices
source times:

> 4 widely-separated to values on 243

» 8 to values used on 32° lattice
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Scattering Phase Shifts from Finite-volume Energies

» correlator of two-particle operator o in finite volume

ctr= @D +

» ('°°(P) has branch cuts where two-particle thresholds begin
» momentum quantization in finite volume: cuts — series of poles

» O poles: two-particle energy spectrum of finite volume theory
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Phase Shift from Finite-volume Energies (con't)

» finite-volume momentum sum is infinite-volume integral plus
correction F

iM
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Phase Shifts from Finite-volume Energies (con't)

» subtracted correlator Cl,,(P) = CF(P) — C(P) given by
CufP)= (D) “
+ (iar) 3 (0 (@) + o

(o -

> sum geometric series
Csub(P) =A f(l - ZM]:)_l

» poles of Cy,(P) are poles of C'*(P) from det(1 —iMF) =0
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