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• SPACE TIME IS A SEMI-RIEMANNIAN MANIFOLD 

• PHYSICAL OBJECTS ARE CONSTRUCTED FROM GEOMETRIC 
OBJECTS (COVARIANT QUANTITES)

Particle Physics Perspective (Kraichnan, Gupta, Feynman, 
Weinberg)

• THERE EXISTS A MASSLESS SPIN TWO PARTICLE S-Matrix  

• ALL THEORIES MUST BE POINCARE INVARIANT

Relativity Perspective (Einstein)

Approaches are NOT logically independent, but the tool 
kits are quite distinct.



• String World Sheet Expansion/ Large N YM, Gauge/
Gravity Duality (AdS/CFT) 

• BCJ Relation between scattering amplitudes 

• Generating Classical Solutions

Particle Physics Perspective 

Formal Progress

Phenomenological 
Progress

• LIGO discovery of GW150914, New Field of Gravity 
Wave Phenomenology, fertile ground for studying 
fundamental physics. 

• Particle Physics Perspective : Effective Field Theory



• Lorentz Invariance of S implies weak equivalence principle 
(Weinberg)  

• Einstein-Hilbert action can be built up from consistency, 
current conservation. 

Formalism: ‘’Just Another Gauge Theory’’ 
 

 

Builds up diff. invariance 
order by order

(Weinberg)

(Deser) Full Einstein-Hilbert 



Modern Understanding: Action carries with it 
unphysical, off shell information that obscures the 

underlying physics.
 

From these seeds BCFW bootstrap allows for the construction 
of all n-point tree level S matrix elements



Use this methodology to show that Classical Spacetimes 
emerge from the S-matrix, no need for Einstein Equations

(D. Neill, IZR)• Reconstruct metric (AF) from geodesics  

• Geodesics determined by a set of potentials in NR limit. 

• Potentials are generated from S-matrix elements with static external states 

• Only input is Lorentz invariance and unitarity, no Lagrangian, or Feynman rules 

Schwarzschild, as 
well as Kerr (Vaidya)



This approach also shed light on the relation 
between YM and GR 

 

 

KLT only valid at tree and involves multiple color ordering, 
BCJ generalizes and works at loop level (even w/o busy)



Is there a classical double copy? Given the mapping 
between S-matrices and space-times one might hope so. 

Monteiro, Oconnel and White 
consider  space times that can be 

written in Kerr-Schild form
gµ⌫ = ⌘µ⌫ + �(x)kµk⌫ gµ⌫kµk⌫ = ⌘µ⌫kµk⌫ = 0

Saotome-Akhoury showed (by resuming ladder 
diagrams) that leading order Regge scattering obeys the 

double copy relation

kµ@µk
⌫ = 0Null geodesic

Aµ = kµ�



Consider Schwarzschild Solution
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Inherently Abelian choose a gauge where 
charges commute, force is simply Coulombic 

(Mandula, Sikivie, Weiss)



Gravity Wave Pheno-16
Implications for fundamental physics:

• Implications for Dark Matter 

• Alternate Theories of Gravity 

• Precision measurements of cosmological 
parameters

Our ability to extract information from data is 
predicated on our ability to make precision 
predictions with well defined systematic 

errors.



 
Binary Inspiral

In early stages of inspired system is 
non-relativistic bound state.

Multi scale classical non-linear field 
theory problem 



NRGR: EFT of GR for describing 
gravitational dynamics of compact objects

(W. Goldberger, 
IZR)

(ZOSO)

Extended objects (BH/NS) + GR (the “full 
theory”) 1

µ
= rs

Relativistic point particle + GR 

1

µ
= r

2-body NR problem

Composite object + radiation gravitons 
(NRGR)

non-trivial RG running

non-trivial RG running?

1

µ
=

r

v

match

match

Tower of Effective 
Field Theories:

or m/M



1) Integrate out internal 
degrees of freedom 

S =
X

i

Z
(mi + Ci

EE
2 + Ci

BB
2
+......)d⌧ CE ⇠ CB ⇠ R3

Tidal Love Numbers

Potential Gravitons:  k0 ∼ v/r, | k⃗ |∼ 1/r

mediate binding forces, generate orbits.  Never on-shell, so 
must integrate out.

Radiation Gravitons: kµ
∼ v/r These are the modes that 

propagate to the detector.  They generate 
cuts in diagrams. 

k ⇠ 1/R

2) Integrate out orbital 
scale

Integrate 
out

keep

Vanish for 
black holes, 
extreme fine 

tuning!



eiSeff (xi,vi,h) =

Z
DHeiS(gµ⌫,,xi,vi)

Seff = K.E +
X

i

V (xi, vi) +

Z
dt(QijEij + IijBij + .....)

v2

v2v2
Potentials 

calculated by 
vacuum amplitudes

Drop quantum 
diagrams

State of the art is v8 Blanchet, Schaefer 
(GR) 

Foffa/Sturani (NRGR)



Dynamical Quadruple moment of composite 
system, function of worldliness coordinates and 

velocities. Calculated by matching in a systematic 
expansion in relative velocity

Match by calculating one point function

FIG. 5. Tadpole diagram
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The factor of two goes into the definition of T as −2 d
dhL. This way of doing things is formally

the same as we did before, however, now we are dipole expanding later rather than before.

The exponential is the graviton wave function. To go from a diagram to the stress energy,

we thus: multiply by 2i.

At order v2 beyond the leading order, there are both new terms from T ij as well as

corrections to T 00. The graph from figure (5) gives
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Note there is no factor of two which would arise from putting the external line on either
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FIG. 6. Tadpole diagram

world line, since we are summing over worldlines. For this diagram it is obvious that the

graviton wave function should be evaluated at xa, i.e. the line from which it was emitted.

The resuting contribution to T00 is

T 2
00 =

∑

a

V eik⃗·x⃗a (490)

In addition we have radiation off of the potential graviton as shown in (6). This diagram

gives for the h00 contribution

Fig. = i
∑

a

mamb

4m2
P l

e−ik·xa

∫

[d3q]
i

q2
i

(q + k)2

[

−
3

8
k · q −

3

8
q2
]

e−iq·xab,

= i
∑

a

mamb

4m2
P l

e−ik·xa

∫

[d3q]
i

q2
i

(q + k)2

[

−
3

16
((k + q)2 − k2 − q2)−

3

8
q2
]

e−iq·xab,

= i
∑

a

mamb

4m2
P l

e−ik·xa
3

16

∫

[d3q]

(

1

q2
−

k2

(q2(q + k)2
+

1

(q + k)2

)

e−iq·xab

(491)

Let us see how the graviton wave function works. We have

∫

d4ze−ik·ze−i(x1−z)·qe−i(z−x2)·p = (2π)4e−i(x1−x2)·qeix2·k (492)

I could have flipped x1 and x2.
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At higher orders we run into UV divergences 3

(d)

Iij M Iij

(e)

M Iij Iij

(f)

Iij M Iij

(g)

M Iij Iij

(h)

Iij M Iij

FIG. 2. Leading diagram topologies which yield logarithmi-
cally UV divergent contributions to ⟨T µν⟩.

non-trivial time evolution for the mass mode,

Ṁ(t) = −
G

5
I(5)ij (t)I(1)ij (t) . (9)

As a check of our result, note that upon time-averaging
both sides of this equation, we recover the textbook

quadrupole radiation formula ⟨Ṁ⟩ = −G
5 ⟨I

(3)
ij I(3)ij ⟩, re-

flecting the fact that the time dependence of the mass
accounts for energy loss into gravitational radiation.

RENORMALIZATION GROUP FLOWS

Ultraviolet divergences in four-dimensional gravity
first appear in the order G2 contributions to ⟨T µν⟩. The
relevant diagrams are given in Fig. 2. We focus here on
obtaining renormalization group equations, and therefore
we only retain the parts of the diagrams that are singu-
lar as d → 4. Because the divergences of in-in correlators
are the same as in the time-ordered scheme, it is sim-
pler to employ time-ordered Feynman rules. Given the
results of the previous section, the time dependence of
M(t) would only yield contributions to the RG equation
at order G3, and we may safely treat M as a constant
in the calculation of the diagrams in Fig. (2). Thus up
to higher order corrections, we may replace M(t) by its

time average M̄ =
∫ T
−T M(t)dt/(2T ) in the vertices.

Working in momentum space with external graviton
momentum kµ = (ω, 0, 0, 0), we find that the divergent
parts of the diagrams in Fig. 2 can be written as

Fig. 2 =
iπ2
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where we omit finite contributions. The function
P (ω1,ω2) is a symmetric polynomial in its two arguments

and I is the integral
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The logarithmic divergence in the Feynman diagrams
of Fig. 2 can be absorbed into the mass counterterm
− i

2M(ω) of Fig. 1(a), yielding a finite result for ⟨T 00⟩
at this order and a correponding renormalization group
equation

µ
d

dµ
M(ω, µ) =

G2M̄
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or equivalently, the local x-space expression
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In addition to mass renormalization, the theory de-
fined by Eq. (1) also induces logarithmic renormalization
of the quadrupole moment. This effect can be traced to
singularities in graviton scattering off the gravitational
field of the system, in particular from the (GM/r)2 gen-
eral relativistic correction to the potential. The result,
first written in [4], is:

µ
dIij
dµ

(ω, µ) = −
214

105
(GM̄ω)2Iij(ω, µ) . (20)

There is a simple interpretation of the mass RG flow.
The mass as parameter as defined in Eq. (1) is the en-
ergy of the conservative system not including energy in
gravitational radiation, and it is not constant in time as

Iij



Non-Trivial RG flow for mass as well as multipole 
moments

3
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FIG. 2. Leading diagram topologies which yield logarithmi-
cally UV divergent contributions to ⟨T µν⟩.

non-trivial time evolution for the mass mode,

Ṁ(t) = −
G

5
I(5)ij (t)I(1)ij (t) . (9)

As a check of our result, note that upon time-averaging
both sides of this equation, we recover the textbook

quadrupole radiation formula ⟨Ṁ⟩ = −G
5 ⟨I

(3)
ij I(3)ij ⟩, re-

flecting the fact that the time dependence of the mass
accounts for energy loss into gravitational radiation.

RENORMALIZATION GROUP FLOWS

Ultraviolet divergences in four-dimensional gravity
first appear in the order G2 contributions to ⟨T µν⟩. The
relevant diagrams are given in Fig. 2. We focus here on
obtaining renormalization group equations, and therefore
we only retain the parts of the diagrams that are singu-
lar as d → 4. Because the divergences of in-in correlators
are the same as in the time-ordered scheme, it is sim-
pler to employ time-ordered Feynman rules. Given the
results of the previous section, the time dependence of
M(t) would only yield contributions to the RG equation
at order G3, and we may safely treat M as a constant
in the calculation of the diagrams in Fig. (2). Thus up
to higher order corrections, we may replace M(t) by its

time average M̄ =
∫ T
−T M(t)dt/(2T ) in the vertices.

Working in momentum space with external graviton
momentum kµ = (ω, 0, 0, 0), we find that the divergent
parts of the diagrams in Fig. 2 can be written as

Fig. 2 =
iπ2
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The logarithmic divergence in the Feynman diagrams
of Fig. 2 can be absorbed into the mass counterterm
− i

2M(ω) of Fig. 1(a), yielding a finite result for ⟨T 00⟩
at this order and a correponding renormalization group
equation

µ
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or equivalently, the local x-space expression
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In addition to mass renormalization, the theory de-
fined by Eq. (1) also induces logarithmic renormalization
of the quadrupole moment. This effect can be traced to
singularities in graviton scattering off the gravitational
field of the system, in particular from the (GM/r)2 gen-
eral relativistic correction to the potential. The result,
first written in [4], is:

µ
dIij
dµ

(ω, µ) = −
214

105
(GM̄ω)2Iij(ω, µ) . (20)

There is a simple interpretation of the mass RG flow.
The mass as parameter as defined in Eq. (1) is the en-
ergy of the conservative system not including energy in
gravitational radiation, and it is not constant in time as
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FIG. 2. Leading diagram topologies which yield logarithmi-
cally UV divergent contributions to ⟨T µν⟩.

non-trivial time evolution for the mass mode,

Ṁ(t) = −
G

5
I(5)ij (t)I(1)ij (t) . (9)

As a check of our result, note that upon time-averaging
both sides of this equation, we recover the textbook

quadrupole radiation formula ⟨Ṁ⟩ = −G
5 ⟨I

(3)
ij I(3)ij ⟩, re-

flecting the fact that the time dependence of the mass
accounts for energy loss into gravitational radiation.

RENORMALIZATION GROUP FLOWS

Ultraviolet divergences in four-dimensional gravity
first appear in the order G2 contributions to ⟨T µν⟩. The
relevant diagrams are given in Fig. 2. We focus here on
obtaining renormalization group equations, and therefore
we only retain the parts of the diagrams that are singu-
lar as d → 4. Because the divergences of in-in correlators
are the same as in the time-ordered scheme, it is sim-
pler to employ time-ordered Feynman rules. Given the
results of the previous section, the time dependence of
M(t) would only yield contributions to the RG equation
at order G3, and we may safely treat M as a constant
in the calculation of the diagrams in Fig. (2). Thus up
to higher order corrections, we may replace M(t) by its

time average M̄ =
∫ T
−T M(t)dt/(2T ) in the vertices.

Working in momentum space with external graviton
momentum kµ = (ω, 0, 0, 0), we find that the divergent
parts of the diagrams in Fig. 2 can be written as
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The logarithmic divergence in the Feynman diagrams
of Fig. 2 can be absorbed into the mass counterterm
− i

2M(ω) of Fig. 1(a), yielding a finite result for ⟨T 00⟩
at this order and a correponding renormalization group
equation

µ
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dµ
M(ω, µ) =

G2M̄
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∫
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or equivalently, the local x-space expression
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)
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(19)

In addition to mass renormalization, the theory de-
fined by Eq. (1) also induces logarithmic renormalization
of the quadrupole moment. This effect can be traced to
singularities in graviton scattering off the gravitational
field of the system, in particular from the (GM/r)2 gen-
eral relativistic correction to the potential. The result,
first written in [4], is:

µ
dIij
dµ

(ω, µ) = −
214

105
(GM̄ω)2Iij(ω, µ) . (20)

There is a simple interpretation of the mass RG flow.
The mass as parameter as defined in Eq. (1) is the en-
ergy of the conservative system not including energy in
gravitational radiation, and it is not constant in time as

 (Goldberger and Ross)

(Goldberger, Ross, IZR)

4

R

r

FIG. 3. An on shell graviton is emitted and scattered back
( denoted by the small box) at a distance ρ. Observers at
different distance would not agree on the value of the mass.

we showed explicitly in the last section. At the order
we are working it is clear that our mass definition is the
Bondi mass, which gets no contribution from the radia-
tion at infinity. That this mass is scale dependent can
be roughly seen by noting that the logs in the mass arise
as a consequence of radiation backscattering off of the
static background. In Fig. 3 we illustrate such a phys-
ical process. If the graviton scatters at a radius ρ then
an observer at r < ρ would see radiation “at infinity”,
whereas an observer at R > ρ would include the energy of
the backscattered graviton in the definition of the mass.
Thus as observers reduce their distance to the center of
the black hole system the mass parameter will diminish.
In this sense the mass parameter is “asymptotically free”.

APPLICATIONS

For a gravitationally bound system of typical size R
we define a velocity parameter by v ≡ Rω. For low fre-
quency radiation, with rsω ≤ v ≪ 1 where rs = 2GM̄
is the gravitational radius, the RG running of Iij(ω, µ)
is an O[(rsω)2] effect. On the other hand, the running
of the mass mode is suppressed by v4 relative to this ef-
fect. Thus, to capture the leading logarithms of the form
v4(rsω)2n ln

n v in the mass, we may solve the coupled
RG equations by first inserting the solution to Eq. (20),
assuming that M̄ is µ-independent [4],
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Iij(ω, µ0), (21)

where βI = −214/105 the beta function coefficient in
Eq. (20) and M̄0 is the time-averaged mass, renormalized
at the scale µ0. By time averaging Eq. (19), we find the

running mass M̄(µ) evolves according to the equation
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where ⟨I(3)ij I(3)ij ⟩µ is renormalized at the scale µ. The
solution is

M̄(µ)

M̄0
= exp

[

⟨I(2)ij I(2)ij ⟩µ0
− ⟨I(2)ij I(2)ij ⟩µ

βIM̄2
0

]

, (23)

where in terms of time averages at a high frequency scale
µ0,

⟨I(2)ij I(2)ij ⟩µ =
∞
∑

n=0

(βIr2s)
n

2n n!
⟨I(n+2)

ij I(n+2)
ij ⟩µ0

lnn
µ

µ0
,

(24)

with rs = 2GM̄0. Taking µ/µ0 ∼ Rω = v, the terms
in the series are of the form (rsω)2n ln

n v. The first few
leading logs in the running mass are
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and the term linear in the logarithm agrees with the re-
sult of [11] obtained by different methods.
This result can be used to determine logarithmic terms

in the graviton emission amplitude from the system. In
particular, the single (ℓ = 2) emission amplitude to order
rsω is given by (see e.g. [4])
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where the leading order amplitude for polarized gravitons
is A0(ω) = i

4mPl
ϵ∗ijIij(ω, µ), with m−2

Pl = 32πG. Using
renormalization group invariance, we may evaluate the
running quantities Iij(ω) and M̄ at a scale µ ∼ ω in or-
der to minimize possible large logarithms in higher order
contributions to |A(ω)|2. From the solution to the RG
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The logarithmic corrections scale as πv4(rsω)2n+1 lnn v,
and we note that at this order, further logarithmic terms
may arise from the subleading renormalization of the
quadrupole moment.
Unlike the first order contributions, the logarithmically

divergent part of
〈

T 00
〉

at order G2 is a conservative ef-
fect. It therefore makes sense to include it in the defi-
nition of a conserved energy E. For post-Newtonian in-
spiralling binary systems with quasi-circular orbits, the
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FIG. 3. An on shell graviton is emitted and scattered back
( denoted by the small box) at a distance ρ. Observers at
different distance would not agree on the value of the mass.
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static background. In Fig. 3 we illustrate such a phys-
ical process. If the graviton scatters at a radius ρ then
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whereas an observer at R > ρ would include the energy of
the backscattered graviton in the definition of the mass.
Thus as observers reduce their distance to the center of
the black hole system the mass parameter will diminish.
In this sense the mass parameter is “asymptotically free”.
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and the term linear in the logarithm agrees with the re-
sult of [11] obtained by different methods.
This result can be used to determine logarithmic terms

in the graviton emission amplitude from the system. In
particular, the single (ℓ = 2) emission amplitude to order
rsω is given by (see e.g. [4])
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we showed explicitly in the last section. At the order
we are working it is clear that our mass definition is the
Bondi mass, which gets no contribution from the radia-
tion at infinity. That this mass is scale dependent can
be roughly seen by noting that the logs in the mass arise
as a consequence of radiation backscattering off of the
static background. In Fig. 3 we illustrate such a phys-
ical process. If the graviton scatters at a radius ρ then
an observer at r < ρ would see radiation “at infinity”,
whereas an observer at R > ρ would include the energy of
the backscattered graviton in the definition of the mass.
Thus as observers reduce their distance to the center of
the black hole system the mass parameter will diminish.
In this sense the mass parameter is “asymptotically free”.

APPLICATIONS

For a gravitationally bound system of typical size R
we define a velocity parameter by v ≡ Rω. For low fre-
quency radiation, with rsω ≤ v ≪ 1 where rs = 2GM̄
is the gravitational radius, the RG running of Iij(ω, µ)
is an O[(rsω)2] effect. On the other hand, the running
of the mass mode is suppressed by v4 relative to this ef-
fect. Thus, to capture the leading logarithms of the form
v4(rsω)2n ln

n v in the mass, we may solve the coupled
RG equations by first inserting the solution to Eq. (20),
assuming that M̄ is µ-independent [4],
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)βI(GM̄0ω)2

Iij(ω, µ0), (21)

where βI = −214/105 the beta function coefficient in
Eq. (20) and M̄0 is the time-averaged mass, renormalized
at the scale µ0. By time averaging Eq. (19), we find the

running mass M̄(µ) evolves according to the equation

µ
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dµ
ln M̄ = −2G2⟨I(3)ij I(3)ij ⟩µ, (22)
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with rs = 2GM̄0. Taking µ/µ0 ∼ Rω = v, the terms
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and the term linear in the logarithm agrees with the re-
sult of [11] obtained by different methods.
This result can be used to determine logarithmic terms

in the graviton emission amplitude from the system. In
particular, the single (ℓ = 2) emission amplitude to order
rsω is given by (see e.g. [4])
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is A0(ω) = i
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Pl = 32πG. Using
renormalization group invariance, we may evaluate the
running quantities Iij(ω) and M̄ at a scale µ ∼ ω in or-
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The logarithmic corrections scale as πv4(rsω)2n+1 lnn v,
and we note that at this order, further logarithmic terms
may arise from the subleading renormalization of the
quadrupole moment.
Unlike the first order contributions, the logarithmically

divergent part of
〈
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〉

at order G2 is a conservative ef-
fect. It therefore makes sense to include it in the defi-
nition of a conserved energy E. For post-Newtonian in-
spiralling binary systems with quasi-circular orbits, the
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“asymptotically 

free’’
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conserved energy is commonly expressed as a function of
the orbital frequency Ω. Logarithms in E(Ω) arise first at
fourth post-Newtonian order [11]. There is a direct con-
tributions from the energy we computed here as well as an
indirect contribution due to the the use of the equations
of motion in deriving the relation between orbital radius
and frequency. The equations of motion may be inferred
from energy conservation, by essentially reversing the ar-
guments in [11]. We find the leading contribution linear
in logarithms to be

E(Ω) = −
µ

2

448

15
νx5 lnx+ . . . , (28)

where µ is the reduced mass, ν = µ/M̄0 and x =
(GM̄0Ω)2/3. This is in agreement with the 4PN loga-
rithm computed in [11]. We may also use our result for
the running mass in Eq. (23) or (25) to extract higher
powers of the leading logarithms in E(Ω) by resumming
the leading logarithms to all orders [12], which includes
the lnn x terms at (4+3n) post-Newtonian order includ-
ing their numerical coefficient.

CONCLUSIONS

In this paper, we have set up a formalism for determin-
ing the real-time evolution of the dynamical moments
that describe a system of gravitationally bound black
holes. In order to account for the dissipation of energy
due to radiation in a way that respects causality, the in-in
formulation of quantum field theory must be employed.
We find that the time evolution of the ℓ = 0 mass mode is
inextricably linked to the renormalization of the effective
theory. At second order in the gravitational coupling G
one finds logarithmic ultraviolet divergences even in the
classical theory, which induce non-trivial RG flows. The
RG equation for the mass mode, together with previously
obtained results for the running of the ℓ = 2 moment, re-
sums the leading logarithms in the conservative energy
of the form v4(rsω)2n lnn v.
The results of this paper can be extended in several

of directions. It is clear that the methods introduced
here can also be used to set up evolutions equations for
the higher moments (the center of mass momentum and
angular momentum as well as higher moments) that take

into account radiative losses. To do so would require
computing the similar diagrams to those in Fig. 1, but
with non-zero spatial momentum.
Another direction of research would be to consider the

evolution of quantum black holes within this formalism,
and the consequences of the RG flows for (e.g. Hawking)
radiative processes. In that case, we expect that at lead-
ing order in the multipole expansion, the corresponding
evolution equation for the mass operator will take the
form of a relation between its expectation value and cer-
tain two-point correlators of the quadrupole moments,
some of which have already been obtained in [2] in the
low-frequency limit.
This work is supported by DOE grant DE-FG-02-

92ER40704 (WG) and by NASA grant 22645.1.1110173
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Including Spin Effects (R. Porto)

Introduce spin degrees of freedom 
that live on the world-lines

Si
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State of the art spin-spin potential (Porto, IZR)
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shifting ηab → ηab − uaub

u2 . The inclusion of finite size effects obviously modify the EOM and

the constancy of the SSC upon evolution is not guaranteed. However, from (12) and (14)

it is clear that higher dimensional operators describing the internal structure of the bodies

that are written in terms of Sab will preserve the consistency of the covariant SSC as shown

in [12].

In the NRGR formalism, physically relevant higher dimensional operators are those which

are written in terms of the electric, Eab, and magnetic, Bab, components of the Weyl tensor

[4, 6, 7, 9]. Terms which are proportional to the Ricci tensor, or scalar, can be removed by a

field redefinition since they vanish on–shell [4]. As we mentioned earlier, in order to preserve

the SSC constraint upon evolution one needs to use Sab for the higher dimensional terms in

the wordline action. However, once these terms are written as a functions of the electric and

magnetic part of the Weyl tensor, it is easy to show that using Sab still preserves the SSC,

as a consequence of the SSC itself and the orthogonality relation, Eabub = Babub = 0. For

example, the first higher dimensional operator we encounter is the self–induced quadrupole–

like term, which written in terms of Sab takes the form [1, 7, 13] (q = 1, 2)

LES2 =
C(q)

ES2

2mmp

Eab√
u2

Sa
cScb. (15)

If we now take LES2 and expand Sab in terms of Sab using (9) it is easy to show that the

difference between (15) and

LES2 =
CES2

2mmp

Eab√
u2

Sa
cS

cb, (16)

is proportional to (Sabub)2 and therefore can be set to zero, given that it does not affect the

EOM since it produces a correction which is proportional to the SSC itself. Therefore, we

have a choice: we can use either (15) or (16), as they lead to the same result. In what follows

we will use (16), although we will also provide the equivalent result using (15) in appendix A.

The operator in (16) reproduces the well known LO spin quadrupole contribution to the

potential

V s2

2PN = −C(1)
ES2

m2

2m1r3
(S1 · S1 − 3S1 · nS1 · n) + 1 → 2. (17)

In the case of a rotating black hole CES2 = 1, and this term represents the non–vanishing

quadrupole moment of the Kerr solution. The coefficient for other compact objects can
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FIG. 4: Non–linear finite size contributions to the 3PN spin–orbit potential.
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FIG. 5. Tadpole diagram
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The factor of two goes into the definition of T as −2 d
dhL. This way of doing things is formally

the same as we did before, however, now we are dipole expanding later rather than before.

The exponential is the graviton wave function. To go from a diagram to the stress energy,

we thus: multiply by 2i.

At order v2 beyond the leading order, there are both new terms from T ij as well as

corrections to T 00. The graph from figure (5) gives
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hr
00e

−ik⃗·x⃗a

= −
i

2

∑

a

(

V

Mpl

)

hr
00e

−ik⃗·x⃗a (486)

V = −
M1M2

32πM2
pl

1

r
= −

GM1M2

r
(487)

∫

ddk

(2π)d
1

(k2)α
e−ik·x =

1

(4π)d/2
Γ(d/2− α)

Γ(α)

(

x2

4

)α−d/2

. (488)

∫

d3k

(2π)3
1

(k2)
e−ik·x =

1

(4π)3/2
Γ(1/2)

Γ(1)

(

x2

4

)−1/2

.

=
1

4π | x⃗ |
. (489)

Note there is no factor of two which would arise from putting the external line on either

89

FIG. 6. Tadpole diagram

world line, since we are summing over worldlines. For this diagram it is obvious that the

graviton wave function should be evaluated at xa, i.e. the line from which it was emitted.

The resuting contribution to T00 is

T 2
00 =

∑

a

V eik⃗·x⃗a (490)

In addition we have radiation off of the potential graviton as shown in (6). This diagram

gives for the h00 contribution

Fig. = i
∑

a

mamb

4m2
P l

e−ik·xa

∫

[d3q]
i

q2
i

(q + k)2

[

−
3

8
k · q −

3

8
q2
]

e−iq·xab,

= i
∑

a

mamb

4m2
P l

e−ik·xa

∫

[d3q]
i

q2
i

(q + k)2

[

−
3

16
((k + q)2 − k2 − q2)−

3

8
q2
]

e−iq·xab,

= i
∑

a

mamb

4m2
P l

e−ik·xa
3

16

∫

[d3q]

(

1

q2
−

k2

(q2(q + k)2
+

1

(q + k)2

)

e−iq·xab

(491)

Let us see how the graviton wave function works. We have

∫

d4ze−ik·ze−i(x1−z)·qe−i(z−x2)·p = (2π)4e−i(x1−x2)·qeix2·k (492)

I could have flipped x1 and x2.
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Insertion of spin 
operators



Other topics uncovered

• Radiation Reaction Forces (Galley, Leibovich,Porto, 
IZR) 

• Dissipation (Goldberger, IZR) 

• Spin-Orbit Couplings (Levi, Steinhoff) 

• Modifications of Gravity 

• Analytically solving EOM via DRG.

Just the beginning of  new field, PP 
perspective significant utility


