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Fluctuations and face transitions

2



The QCD Phase diagram
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Why cumulants are useful 
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What we always see.... What it really means....

“Tc” ~ 160 MeV



Derivatives
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How to measure derivatives

6

At µ = 0:

Cumulants of Energy measure the temperature derivatives of the EOS
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Cumulants of Baryon number measure the chem. pot. derivatives of the EOS
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Latest STAR result on net-proton 
cumulants

Energy Dependence of Moments of Net-Proton and Net-Charge Multiplicity Distributions at STAR
Xiaofeng Luo
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Figure 3: (Color online) Energy dependence of efficiency corrected cumulant ratios κσ2 = C4/C2 and
Sσ =C3/C2 of net-proton distributions in Au+Au collisions at different centralities (0∼ 5%,5∼ 10%,30∼
40%,70∼ 80%).

unity at 7.7 GeV. The Sσ at 0∼ 5% centrality bin shows a large drop at 7.7 GeV. One may note that
we only have statistical errors shown in the figure, which are still large due to limited statistics. The
systematical errors, which are dominated by the efficiency correction and the particle identification,
are being studied.

Large acceptance is crucial for fluctuations of conserved quantities in heavy-ion collisions
to probe the QCD phase transition and critical point. The signals for the phase transition and/or
CP will be suppressed with small acceptance. In the Fig. 4, we show the energy dependence
of efficiency corrected κσ 2 =C4/C2 and Sσ /Skellam of net-proton distributions with various pT
and rapidity range for 0 ∼ 5% most central Au+Au collisions. The Skellam baseline assumes the
protons and anti-protons distribute as independent Poisson distributions. It is constructed from the
efficiency-corrected mean values of the protons and anti-protons. It is expected to represent the
thermal statistical fluctuations of the net-proton number [24]. The κσ 2 and Sσ /Skellam are to be
unity for Skellam baseline as well as in the Hadron Resonance Gas model. In the two upper panels
of Fig. 4, when we gradually enlarge the pT or rapidity acceptance, the values of κσ 2 show a small
changes close to unity at energies above 39 GeV, while below 39 GeV, more pronounced structure
is observed for a larger pT or rapidity acceptance. In the two lower panels of Fig. 4, when we
enlarge the pT or rapidity acceptance, the Sσ /Skellam shows strong suppression with respect to
unity and monotonically decrease with energy. In contrast to κσ 2, the significantly increase above
unity at 7.7 GeV is not observed in Sσ /Skellam, but shows strong suppression below unity. The
published results are shown as solid red triangles in the figure.

The efficiency-corrected net-charge results are shown in Fig. 5. We did not observe non-
monotonic behavior for Sσ and κσ 2 within current statistics for net-charge. The expectations from
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Figure 2: (Color online) Centrality dependence of various order efficiency corrected cumulants (C1∼C4) for
net-proton, proton and anti-proton distributions in Au+Au collisions at √sNN=7.7 , 11.5, 19.6, 27, 39, 62.4
and 200 GeV. Error bars in the figure are statistical errors only. Blue empty circles represent the efficiency
uncorrected cumulants of net-proton distributions.

proton and anti-proton distributions show a linear dependence on the average number of participant
nucleons (< Npart >). The proton cumulants are always larger than the anti-proton cumulants and
the difference between proton and anti-proton cumulants are larger in low energies than in high
energies. The cumulants of net-proton distributions closely follow the proton cumulants when
the colliding energy decreases. These observations can be explained as the interplay between the
baryon stopping and pair production of protons and anti-protons. At high energies, protons and
anti-protons mainly come from the pair production and the number of protons and anti-protons are
very similar. At low energies, the production of protons is dominated by initial baryon stopping and
the number of protons is far higher than the number of anti-protons. The values of the forth order
cumulant (C4) at 7.7 and 11.5 GeV significantly increase in the 0 ∼ 5% and 5 ∼ 10% centrality
bins with respect to the efficiency uncorrected results. The efficiency correction not only affects
the values but also lead to larger statistical errors, as error(Cn)∼ σ n/εα , where the σ in numerator
is the standard deviation of the particle distributions and the denominator ε is the efficiency number,
α is a positive real number [20].

In Fig. 3, we present the energy dependence of efficiency-corrected cumulant ratios κσ 2 =
C4/C2 and Sσ = C3/C2 of net-proton distributions in Au+Au collisions at different centralities
(0∼ 5%,5∼ 10%,30 ∼ 40%,70 ∼ 80%). For peripheral (70 ∼ 80%) and mid-central (30∼ 40%)
collisions, the κσ 2 values are close to unity and the Sσ show strong monotonic increase when
the energy decreases. For 0 ∼ 5% most-central collisions, the values of κσ 2 are close to unity at
energies above 39 GeV, while below 39 GeV, they start to deviate from unity and show significant
deviation below unity around 19.6 and 27 GeV. Finally, they shows a strong increase and stay above

6

Unfolding makes huge difference in new STAR data!

K1

K2

K3

K4



Things to consider

● Fluctuations of conserved charges ?! 
● Volume Fluctuations  
● Net-protons different from net-baryons 

● Isospin fluctuations 
● “Stopping” fluctuations  
● Higher cumulants probe the tails. Statistics! 
● The detector “fluctuates” !  

● Efficiency effects 
● …….
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From Cumulants to Correlations
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2

II. CUMULANTS AND CORRELATIONS FUNCTIONS

VK: VK: need to check if the ”coupling” is expected to increase with order of cumulant at critical
point. I thought so, this is where the scaling with the correlation length comes from. VK: I think
for this paper we should skip this discussion and concentrate on the signs, centrality and rapidity
dependence

Let us start by introducing the correlation functions, beginning with two particles. The two particle density for
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general the two particle density and correlation function depend on the momenta of both particles. In the following,
we will restrict ourselves to correlations in rapidity and adopt the following notation
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and similarly for higher order particle densities and correlation functions.
The three particle density depends on the one and two-particle densities as well as the two and three-particle

correlation functions
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At the same time, the particle number cumulant, Kn, can be expressed in terms of the factorial moments [6],
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See, e.g., Ref. [XXX] for explicit definitions of higher order correlation functions.

Cumulants

Correlation Function



From Cumulants to Correlations 
(no anti-protons)
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Factorial moments:

Integrated correlations function

and so on…
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See, e.g., Ref. [XXX] for explicit definitions of higher order correlation functions.

Can express correlations Cn in terms of  cumulants Kn

3

where ”N = N ≠ ÈNÍ. Formulas for the higher order cumulants can be found in Ref. [XXX].
Now we can relate the cumulants in terms of the correlation functions and the mean particle number ÈNÍ = F
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Before we apply the above equations to extract the correlation strength from the STAR data, let us make a few
more remarks concerning these correlation functions.

Frequently in the literature, one refers to correlation function where the trivial dependence on the particle den-
sity/multiplicity is removed
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which we shall refer to as reduced correlation functions or simply couplings. For example in terms of the reduced
correlation functions the two particle density would be given as
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The advantage of the reduced correlation functions is that they are directly sensitive to the dynamics, and should
remain constant if the only change is that of the particle abundances. This will prove helpful when studying for
instance the centrality dependence of the correlations.

Also, the correlation functions Cn are often referred to as “factorial cumulants” [7]
Integrating over rapidity we obtain
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Using above definition we can write
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and analogously for K
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.

Finally we should point out that direct relation between correlation functions and cumulants can not be established
if one considers for example net-proton cumulants. In this case the additional knowledge of various factorial moments
is required. The relevant formulas are given in the Appendix

A. Comments

Before we analyze the existing data several comments are warranted.
(i) First it would be interesting to see how couplings scale with multiplicity if the correlations originate from several

independent sources of correlations. Suppose we have Ns sources of particles, each characterized by the multiplicity



Correlations near the critical point
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M. Stephanov, 0809.3450, PRL 102

Scaling of Cumulants Kn with correlation length 

Cumulants from Correlations

Consequently:

Correlations Cn pick up the most divergent pieces of cumulants Kn!



Preliminary Star Data 
(X. Luo, PoS Cpod 2014 (019))
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Significant four particle correlations! 

Four particle correlation dominate K4  
for central collisions at 7.7 GeV 



Correlations
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energies above 19.6 GeV, the values of v2
3{2} linearly increase with the log(psNN ) for all of the four centralities.

Figure 5 right shows psNN dependence of the v2
3{2} scaled by the charged particle multiplicity per participant pair

nch,PP =
2

Npart
dNch/d⌘ for three centralities. Experimentally, the nch,PP has been measured and monotonically increase

with psNN [23], which can be related to the energy density of the system. The v2
3{2}/nch,PP shows a local minimum

around 20 GeV, which is the consequence of a relatively flat trend for v2
3{2} and monotonically increasing trend for the

nch,PP in the energy range 7.7 <psNN< 20 GeV. Physics wise, the v2
3{2}/nch,PP should reflect the ability of the system

to convert the initial geometry fluctuations to the final state. Thus, the local minimum in v2
3{2}/nch,PP could indicate

an anomalous low pressure inside the matter created in the collisions near psNN=20 GeV, where a minimum is also
observed for the slope of net-proton directed flow. Apparently, these observations can be interpreted by softening of
equation-of-state due to presence of the first order phase transition. However, conclusions only can be made after
carrying out careful theoretical and model studies for the dynamical evolution of the system including the physics of
first order phase transition at finite µB.

2.5. Net-proton number fluctuations
Fluctuations of conserved quantities, such as baryon (B), charge (Q) and strangeness (S) numbers, have been

proposed as a sensitive probe to search for the signature of the QCD critical point in heavy-ion collisions [24]. These
fluctuations are sensitive to the correlation length (⇠) [24] and can be directly connected to the susceptibility of the
system computed in theoretical calculations, such as Lattice QCD [25, 26, 27] and HRG models [28]. The STAR
experiment has measured various order fluctuations of net-proton (Np � Np̄, proxy for net-baryon), net-charge and
net-kaon (proxy for net-strangeness) numbers in the Au+Au collisons at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4 and
200 GeV [29, 30, 31].
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Figure 6. (Color online) Left: Energy dependence of �2 of net-proton distributions and Middle: S� divided by Skellam (Poisson) expeca-
tions for 0-5%, 5-10% and 70-80% centralities of Au+Au collisions at psNN=7.7, 11.5, 14.5, 19.6, 27, 39, 62.4, 200 GeV measured by STAR.
The experimental data is compared with Poisson expectations (dashed lines) and the UrQMD transport model calculations (shade bands ). The
statistic and systematic errors are plotted as vertical bar and brackets, respectively. Right: A schematic sketch for theoretically predicted neg-
ative(red)/positive(blue) critical contribution regions for �2 near the QCD critical point and possible chemical freeze-out regions for Au+Au
collisions 14.5 (green), 16.5 (purple) and 19.6 GeV (black).

Figure 6 left shows the e�ciency corrected �2 of net-proton distributions as a function of psNN for 0-5%, 5-10%
and 70-80% centralities of Au+Au collisions measured by STAR [31, 32]. The protons and anti-protons numbers
are measured with transverse momentum 0.4 < pT < 2 GeV/c and at mid-rapidity |y| < 0.5. The �2 shows a clear
non-monotonic variation with psNN for 0-5% centrality with a minimum around 20 GeV. Above 39 GeV, the values of
�2 are close to the unity for both central and peripheral collisions and deviate significantly below unity for the 0-5%
most central collisions at 19.6 and 27 GeV, then become above unity at 0-5% centrality in the energies below 19.6
GeV. Another intriguing structure observed in psNN dependence for the �2 of net-proton distributions in Au+Au
collisons is the so called ”Oscillation”. Namely, the oscillation is a structure that represents two observations, the so
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where ”N = N ≠ ÈNÍ. Formulas for the higher order cumulants can be found in Ref. [XXX].
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Before we apply the above equations to extract the correlation strength from the STAR data, let us make a few
more remarks concerning these correlation functions.

Frequently in the literature, one refers to correlation function where the trivial dependence on the particle den-
sity/multiplicity is removed
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The advantage of the reduced correlation functions is that they are directly sensitive to the dynamics, and should
remain constant if the only change is that of the particle abundances. This will prove helpful when studying for
instance the centrality dependence of the correlations.

Also, the correlation functions Cn are often referred to as “factorial cumulants” [7]
Integrating over rapidity we obtain
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and analogously for K
5
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.

Finally we should point out that direct relation between correlation functions and cumulants can not be established
if one considers for example net-proton cumulants. In this case the additional knowledge of various factorial moments
is required. The relevant formulas are given in the Appendix

A. Comments

Before we analyze the existing data several comments are warranted.
(i) First it would be interesting to see how couplings scale with multiplicity if the correlations originate from several

independent sources of correlations. Suppose we have Ns sources of particles, each characterized by the multiplicity
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For example two particle correlations:

Independent sources such as resonances, cluster, p+p:



Centrality dependence
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Centrality dependence
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C3

C4

7.7 GeV 19.6 GeV



Rapidity dependence
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short range correlations:

Assume:

Long range correlations:



Preliminary Star data are consistent 
with long range correlations
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7.7 GeV 
central

STAR preliminary

19.6 GeV 
central



Energy dependence
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Note: anti-protons are non- negligible above 19.6 GeV
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Expectation from Calculations 

Characteristic “Oscillating pattern” 
is expected for the QCD critical 
point but the exact shape depends 
on the location of freeze-out with 
respect to the location of CP 

   - M. Stephanov, PRL107, 052301(2011) 
   - V. Skokov, Quark Matter 2012 
   - J.W. Chen, J. Deng, H. Kohyyama, arXiv: 
1603.05198, Phys. Rev. D93 (2016) 034037 

20                  200 

N. Xu, CPOD 2016



Sign of Cn
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C2 < 0 
C3 < 0 
C4 > 0



Exclusion plots
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C2 < 0

C3<0

C4>0



Excluding regions of the phase 
diagram
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C2<0, C3<0, C4>0 



Ignore C2
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C3<0 C4>0



Map onto QCD phase diagram
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T

µ

T

µ

C2<0, C3<0, C4>0  C3<0, C4>0 



Summary
• Fluctuations sensitive to phase structure:  

- measure “derivatives” of EOS 
• Cumulants contain information about correlations 
• Preliminary STAR data: 

- Significant four particle correlations at 7.7 and 11.5 GeV 
- Dip in K4/K2 at 19.6 GeV is due to negative two-particle 

correlations 
- Centrality dependence (at 7.7 GeV) indicates independent 

sources for Npart < 150 and “collective” correlations for 
Npart>200. 

- At about the same centrality three- and four particle 
correlations change sign! 
•New dynamics????? Or trivial stuff: Volume fluctuations etc.
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Summary

• Preliminary STAR data continued: 
- For central 7.7 and 11.5 GeV two and three particle 

correlations are negative and four particle are positive. 
•This would rule out a large area around the critical point 

• The STAR data are still preliminary! 
• Other more mundane effects may contribute  
• Correlations help chasing these effects down.
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It’s a long road….

29



30

Happy Birthday, Peter!


