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Motivations

There has been a number of key theoretical results recently 1n

the quest of achieving the best possible predictions and
description of events at the LHC.

Perturbative QCD applications to LHC physics 1n
conjunction with Monte Carlo developments are VERY

active lines of theoretical research 1n particle
phenomenology.

In fact, new dimensions have been added to
Theory < Experiment interactions

CERN School, University of Chinese Academy of Science p) Fabio Maltoni
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Plan

Three lectures:

l1. Intro and QCD fundamentals
2. QCD 1n the final state
3. From accurate QCD to useful QCD

CERN School, University of Chinese Academy of Science 3
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tools & techniques: Fixec Order
showers, Monte Carlo’s (MC)

recent progress: mergmg MQ
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QCD : the fundamentals

( A 200d theory 1IC < <

2. From QED to QCD: the importance of color
3. Renormalization group and asymptotic freedom

4. Infrared safety

CERN School, University of Chinese Academy of Science 5 Fabio Maltoni
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Strong interactions

Strong interactions are characterised at moderate energies by a single”
dimensionful scale, As, of few hundreds of MeV:

on= 1/A& =10 mb
rhEAs
R=1/As=1fm

No hint to the presence of a small parameter! Very hard to understand and
many attempts...

*neglecting quark masses..!!!

CERN School, University of Chinese Academy of Science 6 Fabio Maltoni
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Strong interactions

Nowadays we have a satisfactory model of strong interactions based

on a non-abelian gauge theory, 1.e.. Quantum Chromo Dynamics.

Why 1s QCD a good theory?

1. Hadron spectrum
Scaling
QCD: a consistent QFT

Low energy symmetries

A

MUCH more....

CERN School, University of Chinese Academy of Science 7
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Hadron spectrum

e Hadrons are made up of spin 1/2 quarks, of different flavors (d,u,s,c,b,

t])

e Each flavor comes 1n three colors, thus quarks carry a flavor and and

color index
o (.f)
)
® The global SU(3) symmetry acting on color 1s exact:
Z iy «<— Mesons
k

Zeijk%%% <— Baryons

ijk

v — Z Uik
k
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Hadron spectrum

Note that physical states are classified in multiplets of the FLAVOR SU(3)f group!

3f®3f:8f@1f

CERN School, University of Chinese Academy of Science 9 Fabio Maltoni
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Hadron spectrum

Note that physical states are classified in multiplets of the FLAVOR SU(3)f group!

3r®3r®3r =105 B8 © 3y D 1a

uuu

s =0 ik p s=0 &~
320 =7
=1
s=—1 > e Nt ’
A
q:]_ §s=—2
s = —2
= =0
s=-3
q=—1 q=70

We need an extra quantum number (color) to have the A++ with similar properties
to the X*0. All particles in the multiplet have symmetric spin, flavour and spatial

wave-function. Check that nq - ngbar = n x Nc¢, with n integer.
CERN School, University of Chinese Academy of Science 10 Fabio Maltoni
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Scaling

s=(P+k)® cms energy?
Q° = —(k—k")? momentum transfer?
v =Q?/2(P-q) scaling variable
v=(P-q)/M =FE —E" energy loss
y=(P-q)/(P-k)=1—FE"/E rel. energy loss
1l —=x

W?=(P+q)?=M?>+ Q% recoil mass

X

dOelastic ( do ) 2 2
—\ 55 °Felas ic(q )5(1_33) dx
dq2 dq2 point t

dginelastic < do ) 2 2
— | 75 - Fielastic(@, ) do
dq2 dq2 Soint elastic

What should we expect for F(g2,x)?

CERN School, University of Chinese Academy of Science ] Fabio Maltoni
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Scaling

Two plausible and one crazy scenarios for the |q?| — (Bjorken) limit:

1.Smooth electric charge distribution: (classical picture)
erlastic(qz) ~ innelastic(qz) <<]|
1.e., external probe penetrates the proton as knife through the butter!

2. Tightly bound point charges inside the proton: (bound quarks)

F2e|astic(q2) ~| and F2inelastic(q2) <<|

1.e., quarks get hit as single particles, but momentum is immediately redistributed as they are
tightly bound together (confinement) and cannot fly away.

3. And now the crazy one: (free quarks)

F2e|astic(q2) <<| and innelastic(qz) ~ |

1.e., there are points (quarks!) inside the protons, however the hit quark behaves as a free
particle that flies away without feeling or caring about confinement!!!

CERN School, University of Chinese Academy of Science 12 Fabio Maltoni
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Scaling
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dQO.EXP 1

N, —

dxdy ()?

Remarkable!!! Pure dimensional analysis!
The right hand side does not depend on As!
This 1s the same behaviour one may find in a
renormalizable theory like in QED.

Other stunning example 1s again e"e- — hadrons.

This motivated the search for a
weakly-coupled theory at high
energy!

13 Fabio Maltoni
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Asymptotic freedom

Among QFT theories in 4 dimension only the non-Abelian gauge theories are “asymptotically
free”.

It becomes then natural to promote the global color SU(3) symmetry into a local symmetry where
color is a charge.

This also hints to the possibility that the color neutrality of the hadrons could have a dynamical
origin

0(5¢

Perturbative region

QZ

In renormalizable QFT’s scale invariance 1s broken by the renormalization procedure and couplings
depend logarithmically on scales.

CERN School, University of Chinese Academy of Science | 4 Fabio Maltoni
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The QCD Lagrangian

4 ) é

4 ) )
1 a U - . N a
L= _ZF,U,I/FC/I:L T Z TPff) (Za - mf)%(f) o %(f) (gstijAa)wj(‘f)
Silie f Interaction
Fields

[t %] = i fabete — Algebra of SU(N)

1
tr(t?t?) = 55“1’ — Normalization

Very similar to the QED Lagrangian.. we’ll see in a moment where the
differences come from!

CERN School, University of Chinese Academy of Science 15 Fabio Maltoni
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The symmetries of the QCD Lagrangian

Now we know that strong interacting physical states have very good symmetry properties
like the isospin symmetry: particles in the same multiplets (n,p) or (x*,7",n) have nearly
the same mass. Are these symmetries accounted for?

Lo =Y 07 [0 = ms)oi; — gty Aa]
f

w(f) — Z Ufflw(f,) Isospin transformation acts only f=u,d.
f/

It 1s a stmple EXERCISE to show that the lagrangian 1s invariant if my=mg or my, mg¢—0.
It 1s the second case that 1s more appealing. If the masses are close to zero the QCD
lagrangian is MORE symmetric:

CHIRAL SYMMETRY

CERN School, University of Chinese Academy of Science 16 Fabio Maltoni
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The symmetries of the QCD Lagrangian

{ (f) (2 — gst® Au) Yy ) ¢(f) (1d — gst” Aa) l(éf)} ¢L:%(1_75)¢

fr =2
B (f) 7(f) ¢R=1(1+75)¢
S ({300 + i) z

Do these symmetries have counterpart in the real world?

(f) idr £t (f )
L ¢ Z Ut -The vector subgroup is realized in nature as the 1sospin

/! -The corresponding U(1) 1s the baryon number conservation
(f) _, pi¢r § : e, -The axial Ua(1) is not there due the axial anomaly
R R YR L . .

I -The remaining axial transformations are spontaneously

broken and the goldstone bosons are the pions.

SUL(N) X SUR(N) X UL(l) X UR(l)

This 1s amazing! Without knowing anything about the dynamics of confinement we correctly

describe 1sospin, the small mass of the pions, the scattering properties of pions, and many other

features.
CERN School, University of Chinese Academy of Science |7 Fabio Maltoni
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Why do we believe QCD 1s
a good theory of strong interactions?

e (QCD 1s a non-abelian gauge theory, 1s renormalisable, 1s asymptotically free,
1s a one-parameter theory [Once you measure os (and the quark masses) you
know everything fundamental about (perturbative) QCD].

® |t explains the low energy properties of the hadrons, justifies the observed
spectrum and catch the most important dynamical properties.

® [t explains scaling (and BTW anything else we have seen up to now!!) at high
energies.

e |t leaves EW interaction in place since the SU(3) commutes with SU(2) x
U(1). There 1s no mixing and there are no enhancements of parity violating
effect or flavor changing currents.

ok, then. Are we done?

CERN School, University of Chinese Academy of Science 18 Fabio Maltoni
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Why do many people care about QCD?
At “low" energy:
. QCD Thermodynamics with application to
cosmology, astrophysics , nuclel.
57 PhY early universe
)(ALICE quark-gluon plasma
RHIC
Te~ 170 MeV crossover X <yy>-~0
T
quark matter
<yny> > 0
hadronic fluid cmsmvfr | ~—
superfluid/superconducting
® phases ?
ng="0 113}0 2SC <yy>>10 CFL
vacuuim nuclear matter netitron star cores

CERN School, University of Chinese Academy of Science

L~ 922 MeV
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Why do many people care about QCD?

At “low" energy:

. QCD Thermodynamics with application to
cosmology, astrophysics , nuclel.

2. Confinement still to be proved 10%% (millenium)
prize by the Clay Mathematics Institute.

Yang—Mills Existence and Mass Gap. Prove that for any compact simple gauge
group G, a non-trivial quantum Yang—Mills theory erists on R* and has a mass gap
A > 0. Exmistence includes establishing ariomatic properties at least as strong as
those cited in [45, 35].

CERN School, University of Chinese Academy of Science 20 Fabio Maltoni
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Why do many people care about QCD?

At “low” energy:

1. QCD Thermodynamics with application to
cosmology, astrophysics , nuclel. =

2. Confinement still to be proved 10°$ (millenium) 05l
prize by the Clay Mathematics Institute. o Jlal |

3. Measurement of quark masses, mixings and CP
violation parameters essential to understand the
Flavor structure of the SM. Requires accurate Ak

predictions of non-perturbative form factors and B ey s
matrix elements. Need for lattice simulations,

CERN School, University of Chinese Academy of Science 2] Fabio Maltoni
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Why do WE care about QCD?

proton - (anti)proton cross sections

At high energy:

QCD is a necessary tool to
decode most hints that Nature is
giving us on the fundamental
issues! |

*Measurement of as, sin®Ow give -

information on possible patterns |
of unification.

*Measurements and discoveries
at hadron colliders need
accurate predictions for QCD
backgrounds!

BTW, 1s this really true?

CERN School, University of Chinese Academy of Science
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Discoveries at hadron colliders
peak shape discriminant
pp—>H—=4 pp—gg.gq,qq— jets+ir PP WW

350MSPIm nary F 7TVL 51m ;¥s=8TeV,L= 196m
2 - | | II-Datiz i S I o B B L B L B BN B I
g 305_ Bzx _ %350;— ATLAS Preliminary - pas i
E Oerzz s A A
g E I:lmH=126 GeVE : :EEEE 2505_ - — evev + 0 jet H [125 GeV] _E

20F E 2002

|
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Background directly measured
from data. TH needed only for
parameter extraction
(Normalization, acceptance,...)
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hard

Background shapes needed.
Flexible MC for both signal
and background tuned and
validated with data.

CERN School, University of Chinese Academy of Science 23
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very hard

Background normalization and
shapes known very well.
Interplay with the best

theoretical predictions (via
MC) and data.
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Motivations for QCD predictions

e Accurate and experimental friendly predictions for collider physics range
from being very useful to strictly necessary.

eConfidence on possible excesses, evidences and eventually discoveries
builds upon an intense (and often non-linear) process of description/
prediction of data via MC’s.

eMeasurements and exclusions always rely on accurate predictions.

ePredictions for both SM and BSM on the same ground.

no QCD = no PARTY !

CERN School, University of Chinese Academy of Science 24 Fabio Maltoni
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QCD : the fundamentals

1. QCD is a good theory for strong interactions: facts

|_d | A

| - a A

"" . .' . er"— ! ' "'
I . é

3. Renormalization group and asymptotic freedom

4. Infrared safety

CERN School, University of Chinese Academy of Science 25 Fabio Maltoni
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From QED to QCD

w4+ (i — m)p — eQi Ay

where F,uu — aqu/ — 8VAM

?
- — :
P —m+ i€
AVAVAVAVAVAY _ "

p? + i€
>\/\/\, = —iev,Q

CERN School, University of Chinese Academy of Science 26
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From QED to QCD

VWe want to focus on how gauge invariance is realized in practice.
Let's start with the computation of a simple process e"e” =YY. There are two diagrams:

> -
(WY,
Y Y = Dy + Dy

—h vk —<

el

1
iM =M, "€’ =D+ Dy = e? (U(Q)Q/Q% s

Gauge invariance requires that:
X7,V *U M

CERN School, University of Chinese Academy of Science 27 Fabio Maltoni
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From QED to QCD

Muyki'uE;V = D1 —+ DQ = 62 (@(Q_)Q/Q

Only the sum of the two diagrams i1s gauge invariant. For the amplitude to be gauge
invariant it 1s enough that one of the polarizations 1s longitudinal. The state of the other
gauge boson 1s irrelevant.

Let’s try now to generalize what we have done for SU(3). In this case we take the
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*. Then the
currentis ina 3 ® 3" =1 @ 8. The singlet is like a photon, so we identify the gluon with

the octet and generalize the QED vertex to :

: _ J
with [ta7 tb] _ Zfa,bctc ngtw ’)/
So now let’s calculate qq — gg and we obtain N

. M = (t°1%);; D1 + (tt%);; D5 !
My = (t"t")i; My, — g° f*°t5; D

CERN School, University of Chinese Academy of Science 28 Fabio Maltoni
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From QED to QCD

To satisfy gauge invariance we still need:
I v 2 2% - v _H 2 2Y
kyea" My = kgey M»" = 0.

But in this case one piece 1s left out

ki MY = —gif“bctfj@i(é)s/zui(Q)
ki MY = i(—gs f*"€5) (—igst5;0i(@)7uui ()

We indeed see that we interpret as the normal vertex
times a new 3 gluon vertex:

_gsfabcv,u1,u2,u3 (pl 9 p27p3)

CERN School, University of Chinese Academy of Science 29 Fabio Maltoni
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From QED to QCD

—igs D3 = (—igsty;v:(0)7"u;(q)) <_—;) X
ROV b
(=g Vi p(—p, k1, k)€l (ki) eb (k2))

How do we write down the Lorentz part for this new interaction? We can impose

1. Lorentz invariance : only structure of the type guv pp are allowed

2. fully anti-symmetry : only structure of the type remain gulu2 (kl)u3 are allowed...
3. dimensional analysis : only one power of the momentum.

that uniquely constrain the form of the vertex:

VMLUQMS (p17p27p3) — VO [(pl _p2),u3.g,ul,u2 T (p2 _p3>,u1g,u2,u3 + (p3 _pl),ugg,ug,m]

With the above expression we obtain a contribution to the gauge variation:
_ ko - € _
U

ko Da — 2 abctcv — (=
1Dy =g°f o (U(@)aula) = 5

The first term cancels the gauge variation of D1+ D2 1f V0=1, the
second term 1s zero IFF the other gluon 1s physical!!

(@) ¥ 1u(q)

One can derive the form of the four-gluon vertex using the same heuristic method.

CERN School, University of Chinese Academy of Science 30 Fabio Maltoni
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The QCD Lagrangian

By direct inspection and by using the form non-abelian covariant derivation, we can check that

indeed non-abelian gauge symmetry implies self-interactions. This 1s not surprising since the gluon
itself 1s charged (In QED the photon 1s not!)

L= = Fi Fi |+ SN (19— mp )y

Matter Interaction

: a a a abc Ab pc
Interact. F,,=0uA, — 0,4, —gf""A A

CERN School, University of Chinese Academy of Science

3 Fabio Maltoni



AEPSHEP 2016

How many colors?

- [ R oy IR
0% T (28) 4 ﬁl -
: (I
10° g ¢ Erf 1||l'. S
- _' I|L -
R w jﬁ \\m
TE” - " :_ -ﬂr 'L"-.I i v.,{._ﬂ#'*‘lf +';‘
T | s ]
E oy F 3
B ‘:+' ]
o L . | |
1 10 10°
V'8 [GeV]
3 —|— —
2 M o(e — hadrons
M~ N2 [Q2 - Q3 I r=2 )~ N X
: fx olete™ — putp)
e —2(N./3) q=u,d
I'rp = 3 7.6eV =2(N¢/3) q=u,d,s
Tpxp="77+06 eV =3.7(N/3) q=u,d;s,c,b
CERN School, University of Chinese Academy of Science 32 Fabio Maltoni
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The Feynman Rules of QCD

FTET T d’m[g—l—(lh)pp]l

p tie P “tie
A P B :
= &*° =L
(p +ie)
al b.j
}P_ J dmh

{p’—ri1+ie),i

—g I [(p—q) g™ +{q—1)"e"+{r—p)’e"]

{ell momenta incoming)

A B3 —1g 2 pACIOD [ a8 78 ab Br) )—(
—lg o (2% - g'” ol )(
cy b —1g fmﬂfxﬂﬂ [ 2y .ﬁﬁ ﬁ?] I
A
q g %"
B C
A

—ig (e ("

bii ej
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From QED to QCD: physical states

In QED, due to abelian gauge invariance, one can sum over the polarization of the external photons

using:
poxv
E 67, € = “Yuv
pol

I In fact the longitudinal and time-like component cancel each other, no matter what the choice for
e21s. The production of any number of unphysical photons vanishes.

In QCD this would give a wrong result!!

We can write the sum over the polarization in a convenient form using the vector k=(ko, 0,0,-ko).

Mt v | k,uk’/ + k’/k/i
k- k
phys pol
For gluons the situation is different, since ki- M ~ &+ kz . So the production of two unphysical
gluons is not zero!!

CERN School, University of Chinese Academy of Science X Fabio Maltoni
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From QED to QCD: physical states

In the case of non-Abelian theories 1t 1s therefore important to restrict the sum over polarizations
(and the off-shell propagators) to the physical degrees of freedom.

Alternatively, one has to undertake a formal study of the implications of gauge-fixing in non-
physical gauges. The outcome of this approach 1s the appearance of two color-octet scalar degrees
of freedom that have the peculiar property that behave like fermions.

Ghost couple only to gluons and appear 1n internal loops and as external states (in place of two
gluons). Since they break the spin-statistics theorem their contribution can be negative, which 1s
what 1s require to cancel the the non-physical dof in the general case.

Adding the ghost contribution gives

*
*
J‘l
L4

. = —
“h‘

Z-ggfa,bcta

1

2k1 - ko

v(q)K1u(q)

which exactly cancels the non-physical polarization in a covariant gauge.

CERN School, University of Chinese Academy of Science
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The color algebra

Tr(t*) =0 ~ WO =
Tr(t*t®) = Tro*® . ’D‘D‘S‘OW , = TRr* o000

(t"t")i; = Croy; 7% = Cg*
Z fa,cdfbcd

cd r. = sk
— (FCFC)ab — CA5ab %ZE? | CA

CERN School, University of Chinese Academy of Science 34
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The color algebra
1o b] fabc ) a b b a a b
R I
[};‘va7 Fb] _ Z-fachc CO000 TO000 <0000 70000 0000 T0000

|-loop vertices

C
i fO0C(t°19); = 7At§j A?’«w = Ca/2 ¥ AT

a CA\a
(tbt tb)ij — (CF 9 )tij éjw =-1/2INc*  kDo00

CERN School, University of Chinese Academy of Science 35 Fabio Maltoni
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The color algebra

1 1 | : | "
tijthe = 5(57;15/43' - ﬁc%%z) g = 1/2 *) <-|/NC
< k <

Problem: Show that the one-gluon exchange between quark-antiquark pair can be attractive or
repulsive. Calculate the relative strength.

Solution:a g gb pair can be in a singlet state (photon) or in octet (gluon) : 3 ® 3= @8

3
3

CERN School, University of Chinese Academy of Science 36 Fabio Maltoni
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>r\/\/\, 5(5%553' — ﬁc(sijélk)éki = §5Zj(Nc — ﬁc) = Cray;
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5(5%513' - F&:ﬁlk)tzi = =
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Quarkonium states

T ! '
Ji | (28 :
10° |1;[2:5} || |
h
102 & Err Illll
Fo
R W | KH
10 / _*,,f; L
] ﬁr \ i 4 S | SSNEE SR e p
k. ..".ﬁ';-_:ﬁ'\“‘.‘:ﬂ?wl--a.l . ’
I - 'h-.‘-vM
P
"ih.
"1 a*
10
I 10 0
V'8 [GeV]

Very sharp peaks => small widths (~ 100 KeV) compared to hadronic resonances (100 MeV) =>
very long lived states. QCD is “weak” at scales >> AQCD (asymptotic freedom), non-relativistic
bound states are formed like positronium!

The QCD-Coulomb attractive potential is like: V(1) ~ —Cp as(1/r)
r

CERN School, University of Chinese Academy of Science 37 Fabio Maltoni
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Color algebra: ‘t Hooft double line

LI RN ¢ 5iq5i1

.-'|E3"|
s
E 2
= . g Z i3 iy ot
s '::,':;'95’3? - N 1 Klul M2 (3 5‘]? 5]; 5]§
jﬁgc » , 5'3&}‘ P - H“:: \/§

This formulation leads to a graphical representation of the simplifications occuring in the large Nc
imIt, even though 1t Is exactly equivalent to the usual one.

-
VOO0 = 112 _

In the large Nc limit, a gluon behaves as a quark-antiquark pair. In addition it behaves classically, in
the sense that quantum interference, which are effects of order |/Nc? are neglected. Many QCD

algorithms and codes (such a the parton showers) are based on this picture.

Fabio Maltoni
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Example: VBF fusion

I ] ] ] ] I
- my=120 GeV, p;>20 GeV
0.3 —
WBF i
5 oz _
~ QCD _
R \ ]
B
"_:- _ _
0.1 —
m,,_r-'ﬂ' B —
RN e ‘
5 iy | 1
f= 0.0
A —4 -2 0 2 4

FE:—-- = higgs
ﬁ@

CERN School, University of Chinese Academy of Science 39
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Example: VBF fusion

Consider VBF: at LO there 1s no exchange of color between the quark lines:

Also at NLO there 1s no color exchange! With one little exception....
At NNLO exchange is possible but it suppressed by 1/Nc?

CERN School, University of Chinese Academy of Science 40 Fabio Maltoni
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Unive

QCD : the fundamentals

1. QCD is a good theory for strong interactions: facts

2. From QED to QCD: the importance of color

”. enormalization groupman asymptotic freedom

4. Infrared safety

CERN School, University of Chinese Academy of Science 4] Fabio Maltoni
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Ren. group and asymptotic freedom

Let us consider the process:

eet = hadrons and for a Q% >> As,

At this point (though we willl) we don't have
an idea how to calculate the detalls of such a
Process.

So let's take the most inclusive approach
ever: we Just want to count how many
events with hadrons in the final state there
are wrt to a pair of muons.

Zeroth Level: e+ e- = qq

o(etTe™ — hadrons)

Ry = :NCZQ%
f

o(ete” — putp~)

Very simple exercise. The calculation is
exactly the same as for the Y+H-.

CERN School, University of Chinese Academy of Science
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Ren. group and asymptotic freedom

Let us consider the process:

eet = hadrons and for a Q% >> As,

At this pont (though we willl) we don't have
an idea how to calculate the detalls of such a e
process.

So let's take the most inclusive approach

ever: we Just want to count how many

events with hadrons in the final state there +
are wrt to a pair of muons.

First improvement: e+ e- = qq at NLO
Already a much more difficult calculation!
There are real and wvirtual contributions.
There are:

* UV divergences coming from loops

* IR divergences coming from loops and real
diagrams. Ignore the IR for the moment (they
cancel anyway) We need some kind of trick v
to regulate the divergences. Like dimensional Rl _ RO (1 | S )
regularization or a cutoff M. At the end the T
result iIs VERY SIMPLE:

No renormalization is needed! Electric charge is left untouched by strong interactions!
CERN School, University of Chinese Academy of Science 43 Fabio Maltonl
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Ren. group and asymptotic freedom

Let us consider the process:

eet = hadrons and for a Q% >> As,

At this pont (though we willl) we don't have
an idea how to calculate the detalls of such a e
process.

So let's take the most inclusive approach

ever: we Just want to count how many

events with hadrons in the final state there +
are wrt to a pair of muons.

Second improvement: e+ e- = qq at NNLO
Extremely difficult calculation!
Something new happens:

M? 2
R22R0(1+%+[c+wbolog 2](045) )
T Q T

The result 1s explicitly dependent on the
arbitrary cutoff scale. We need to perform
normalization of the coupling and since QCD
Is renormalizable we are guaranteed that this
fixes all the UV problems at this order.

2
Oés(lu) = Qg + bo log ?OZ%
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Ren. group and asymptotic freedom

2 Q | 1 [« °
(1) Rléen(@s(,u),%):RQ 14 ST‘(_M) | C“I‘?Tb()lOg% ( Slu))

- 11N, —2ny
B 127

>0

Comments:

l. Now Ry s finite but depends on an arbitrary scale M, directly and through O VWe had to
introduce M because of the presence of M.

2. Renormalizability guarantees than any physical quantity can be made finite with the SAME
substitution. If a quantity at LO is AN then the UV divergence will be N A bg log M2 axN* !,

3. R Is a physical quantity and therefore cannot depend on the arbitrary scale pl!' One can show
that at order by order:
d ren remn II’LQ remn
P R = 0= R (as(p), 57) = R (as(Q), 1)
N @
which is obviously verified by Eq. (1). Choosing g = Q the logs ..are resummed!
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Ren. group and asymptotic freedom

2
2) ag(p) = ag + bglog %a% by = 11N527T2nf >0
4. From (2) one finds that:
Blas) = 2008 02 = as(u) = : 3
s) =1 e — —0pQg bo log %

This gives the running of &s. Since bo > O, this expression make sense for all scale p>A.
In general one has:

dag ()
dlog 1?

= —boag(p) — brag(p) — baag(p) + ...

where all bi are finite (renormalization!). At present we know the bi up to b3 (4 loop calculationl!).
bijand by are renormalization scheme independent. Note that the expression for Os( M) changes
accordingly to the loop order. At two loops we have:

1 _1 b1 log log 112 /A*"
bg logu?/A?

CERN School, University of Chinese Academy of Science 46 Fabio Maltoni
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Why 1s the beta function negative in QCD?

(2) (b)

Roughly speaking, quark loop diagram (a) contributes a negative Nf term in bo, while the gluon
loop, diagram (b) gives a positive contribution proportional to the number of colors N, which
is dominant and make the overall beta function negative.

B 11NC — 2’/’Lf
bo = 127 >0
ny

by = ——L <

0 o O
1

apm(p) = 5

bo 1 ~
0705 Ko

CERN School, University of Chinese Academy of Science
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Why 1s the beta function negative in QCD?

; :

Roughly speaking, quark loop diagram (a) contribute:
loop, diagram (b) gives a positive contribution propc
is dominant and make the overall beta function negaf

b() _ 11NC—2nf >O —
127

n
by = — = <0 =

37

1
apn (i) = e
QED
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Why 1s the beta function negative in QCD?

QED

charge screening

as a result the charge
INncreases as you get
closer to the center

DIELECTRIC &> |

CERN School, University of Chinese Academy of Science 49
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Why 1s the beta function negative in QCD?

charge screening
from quarks

...........

v v
B , B

DIAMAGNETIC p<|
(=DIELECTRIC &>1, SINCE pe=1)

1 2
op=—(—1/3+ (2 x 5)2)9'2 = —ng

CERN School, University of Chinese Academy of Science

QC

charge anti-screening
from gluons

PARAMAGNETIC p>|

op = (—1/34+2%)¢* =

gluons align as little
magnets along the
color lines and make
the field increase at
larger distances.

Fabio Maltoni
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Ren. group and asymptotic freedom

Given

1 11N, — 2n;
— 5 by =
bo IQg % 127

s (f4)

[t is tempting to use identify A with As=300 MeV and see what we get for LEP |

R(Mz) = Ry <1 | O‘S(MZ)) = Ro(1 4 0.046)

T

which is in very reasonable agreement with LEP
This example i1s very sloppy since it does not take into account heavy flavor thresholds, higher order
effects, and so on. However it is important to stress that had we measured 8% effect at LEP | we

would have extracted A= 5 GeV, a totally unacceptable value...
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as: Experimental results
0.5 April 2004
I I | I I I : I I I | I I ) =
' Average . ’C“m-xﬂwﬂry o % .g\”
;A};{adruﬂic Jets (},S(Q) Data |2 £ 3
E "E c*e rates | Deep Inelastic Scattering A
—0— _ 0.4 eTe Annthilation cC @
: _:_uﬂma-pmductmn : Hadron Collisions o &
' | Fragmentation Heavy Quarkonia m =
———
[ | [ | :
I il A% M)
ep event shapeg | 0.3 ' OCD 245 MeV ---- 0.1209
Polarized DIS | ~ (}(&4) 210 MeV 0.1182 | 7
: — 1 |
Deep Inelastic Scattelinqr{DISj 150 Mo L
. Tdecays
[ |
Spectroscopy (Lattice)
o 0.2
Y decay sl
[ | [ |
IR N NN R RN SN NN TR N T NN
0.1 0.12 0.14
as(Mz) 0.11
Many measurements at different scales all
leading to very consistent results once ' :
1 10 100
evolved to the same reference scale, Mz Q[GeV]
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Scale dependence

2 ’ 2
R;en(&s(ﬂ),%):RO 14 aSﬂ(-:u) | |:c—|—7'('b010g%:| (Oésﬂ(-:u)>

As we said, at all orders physical quantities do not depend on the choice of the
renormalization scale. At fixed order, however, there 1s a residual dependence due to the
non-cancellation of the higher order logs:

dlogu Z (1) ~ O (& ()N (1))

So possible (related) questions are:
* Is there a systematic procedure to estimate the residual uncertainty in the theoretical prediction?

* Is 1t possible to 1dentify a scale corresponding to our best guess for the theoretical prediction?

BTW: The above argument proves that the more we work the better a prediction becomes!

CERN School, University of Chinese Academy of Science X Fabio Maltoni
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Scale dependence

Cross section for et+e- — hadrons:

127
Otot — (qu) 1—|—A

Let’s take our best TH prediction

A(p) as () 141+ 1.92log(12 /)] (@S(M))

s [

— [—12.8 + 7.82log(1?/s) + 3.671og” (1 /)] (

CERN School, University of Chinese Academy of Science
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Scale dependence

Take as(Mz) = 0.117, Vs = 34 GeV, 5 flavors and let’s plot A(u) as function
of p where p=2r Vs.

First curve A; o oaf — —_ i

0.03f

0.02f

Second curve A»

Possible choice:

Apms = A(po) where at po dA/dp=0 o o o
and error band pE[1/2,2] Principle of mimimal sensrtivity!

Improvement of a factor of two from LO to NLO!
How good is our error estimate?

CERN School, University of Chinese Academy of Science X Fabio Maltoni



AEPSHEP 2016

c
N
s55El
&

What happens at as>?

0.

0.

6

05T

L04r

L0337

0271

.01t

Scale dependence
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Scale dependence

What happens at as>?

0.06F

0.05¢}

0.04)

.03

0.02¢

0.01¢

0

N=3 less scale dependent.
Two places where p 1s stationary.
Take the average, then the previous
estimate was sligthly off.

0\C44 |
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Scale dependence

Bottom line

There 1s no theorem that states the right 95% confidence interval for the
uncertainty associated to the scale dependence of a theoretical predictions.

There are however many recipes available, where educated guesses
(meaning physical). For example the so-called BLM choice.

In hadron-hadron collisions things are even more complicated due to the

presence of another scale, the factorization scale, and in general also on a
multi-scale processes...
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