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𝜓 2𝑆 → 𝐽/𝜓 + 𝜋+ 𝜋−

(PRL 34, 1181)4



• Positronium (𝑒+𝑒−)
• Heavy Quarkonium

What is heavy quarkonium?

S-wave P-wave

2𝑆+1𝐿𝐽 1𝑆0 3𝑆1 1𝑃1
3𝑃𝐽(𝐽=0,1,2)

Charmonium 𝜂𝑐 𝐽/𝜓 ℎ𝑐 𝜒𝑐𝐽

Bottomonium 𝜂𝑏 Υ ℎ𝑏 𝜒𝑏𝐽

𝑐ത𝑏 𝐵𝑐 𝐵𝑐∗
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PDG 2016

589 MeV

𝑣𝑐2 ~ 0.3

3097 MeV
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563 MeV

𝑣𝑏2 ~ 0.1

9460 MeV
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Parity & Charge Conjugation
• Discrete Symmetry

• Spin:
• 𝑆 = 0 symmetric
• 𝑆 = 1 antisymmetric

• Parity:
• Orbital Angular Momentum
• Intrinsic parity:

• 𝑄(fermion)=+1, ത𝑄(anti-fermion)= -1

• Interchange of space and spin is equivalent to
charge conjugation.

𝐶 = −1 𝑆+1𝑃 = −1 𝐿+𝑆

−1 𝑆+1

−1 𝐿

−1
𝑃 = −1 𝐿+1
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Ground state: 𝐿 = 0

S-wave P-wave
2𝑆+1𝐿𝐽 1𝑆0 3𝑆1 1𝑃1 3𝑃𝐽(𝐽=0,1,2)

Charmonium 𝜂𝑐 𝐽/𝜓 ℎ𝑐 𝜒𝑐𝐽
Bottomonium 𝜂𝑏 Υ ℎ𝑏 𝜒𝑏𝐽

𝑆 0 1 0 1
𝐿 0 0 1 1
𝐽 0 1 1 𝐽 = 0, 1, 2

𝑃 = −1 𝐿+1 − − + +
𝐶 = −1 𝐿+𝑆 + − − +

𝐽𝑃𝐶 0−+ 1−− 1+− 𝐽++
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𝑱/𝝍 width is narrow

• 𝐽/𝜓 (𝐽𝑃𝐶 = 1−−)

• 𝜂𝑐 (0−+)
𝜒𝑐𝐽 (𝐽++)

𝐶 𝑔 = −1

𝚪𝐭𝐨𝐭𝐚𝐥 Br(leptonic) Br(hadronic)
𝐽/𝜓 93 keV 2 × 6% 88%
𝜂𝑐 32 MeV 1.6 × 10−4 ~1
𝜒𝑐0 11 MeV 2.2 × 10−4 ~1
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Narrow-width Resonance

(PRL 33, 1404)

1974, BNL

(PRL 33, 1406)

1974, SLAC
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Prompt vs. Non-prompt
• Non-prompt = from B decay

→ Large theoretical uncertainties
• Prompt = direct + feed-down
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Quarkonium Theory
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Physical Scales

𝑣𝑏2 ~ 0.1
𝑣𝑐2 ~ 0.3

𝑚𝑐𝑣𝑐2 ~ 𝑚𝑏𝑣𝑏2 ~ 500 MeV

ΛQCD ≪ 𝑚𝑄𝑣2 ≪ 𝑚𝑄𝑣 ≪ 𝑚𝑄

𝑚𝑄 𝑚𝑄𝑣 𝑚𝑄𝑣2

heavy quark 
mass

momentum kinetic energy

soft hard
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Two aspects of QCD
• Perturbative QCD (hard process):

• 𝛼𝑠(𝑚𝑄) is small.
• Creation/Annihilation of 𝑄 ത𝑄 pair is perturbative.

• Nonperturbative QCD (soft process):
• 𝛼𝑠 𝑚𝑄𝑣 , 𝛼𝑠 𝑚𝑄𝑣2 are not small.
• Wavefunction of 𝑄 ത𝑄 pair is nonperturbative.

• We require a theory that respects both contributions
simultaneously.

• Separation of hard and soft scales
→ Factorization: Γ(𝐻) or 𝜎(𝐻) = hard × soft
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Color-singlet model
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• Γ(𝐽/𝜓 → 𝑒+𝑒−) = 𝑐[𝑐 ҧ𝑐(3𝑆1
1 ) → 𝑒+𝑒−] × |𝑅(0)|2

• Γ(𝜒0 → hadrons) = 𝑐[𝑐 ҧ𝑐(3𝑃0
1 ) → 𝑔𝑔] × |𝑅′(0)|2

• 𝑐: perturbative expansion of 𝛼𝑠(hard)
• 𝑅(0): radial wave function at the origin which can be

determined by potential model, experiments, etc. (soft)

Factorization Assumption
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Failure in factorization at NLO

LO

NLO

(hard)

(hard)

3𝑃0
1

3𝑃0
1
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Failure in factorization at NLO

PRD 46, R1914(R)

NLO

includes

(hard)

(hard)

(soft)

• Γ(𝜒𝑐0 → hadrons) = 6𝛼𝑠2 +
8𝑛𝑓
9𝜋

log𝑚𝑐
𝜇
+ ⋯ 𝛼𝑠3 × |𝑅′ 0 |2

𝑚𝑐
4

• The short-distance factor is infrared sensitive at NLO.
→ CSM factorization fails.

3𝑃0
1 3𝑃0

1
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NRQCD
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Fock-state of 𝝌𝒄𝟎
• |𝜒𝑐0〉 = |𝑐 ҧ𝑐(3𝑃0

1 )〉: color-singlet state only (CSM)

• |𝜒𝑐0〉 = |𝑐 ҧ𝑐(3𝑃0
1 )〉 + |𝑐 ҧ𝑐(3𝑆1

8 ) + 𝑔soft〉 + ⋯
in NRQCD higher Fock states are included.

𝑐 ҧ𝑐 states different from 3𝑃0
1 may contribute.

• Higher Fock states are suppressed in powers of 𝑣.

• If the short-distance coefficients are enhanced,
for example, by powers of 1/𝛼𝑠, then higher Fock
states may contribute significantly.
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Color-singlet NRQCD 
long-distance matrix 

elements (ME)
• 𝑂1 𝐻 ≡ 〈𝐻|𝑂[2𝑆+1𝐿𝐽

1 ]|𝐻〉,    𝐻: quarkonium

• 〈𝐽/𝜓|𝑂[3𝑆1
1 ]|𝐽/𝜓〉 ~ 𝑅 0 2

• 〈𝜂𝑐|𝑂[1𝑆0
1 ]|𝜂𝑐〉 ~ 𝑅 0 2

• 〈𝜒𝑐0|𝑂[3𝑃0
1 ]|𝜒𝑐0〉 ~ 𝑅′ 0 2
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Color-octet NRQCD 
long-distance ME

• 𝑂8[𝑛] 𝐻 ≡ 〈𝐻|𝑂[2𝑆+1𝐿𝐽
8 ]|𝐻〉,    𝐻: quarkonium

• 〈𝐽/𝜓|𝑂[3𝑆1
8 ]|𝐽/𝜓〉, …

• 〈𝜂𝑐|𝑂[1𝑃1
8 ]|𝜂𝑐〉, …

• 〈𝜒𝑐0|𝑂[3𝑆1
8 ]|𝜒𝑐0〉, …
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NRQCD operators

PRD  51, 1126 25



NRQCD factorization

• Γ(𝜒𝑐0 → hadrons) = 𝑐1〈𝜒𝑐0|𝑂[3𝑃0
1 ] 𝜒𝑐0

+𝑐8〈𝜒𝑐0|𝑂[3𝑆1
8 ] 𝜒𝑐0 + …

• 𝑐1

• 𝑐8

+ …𝛼𝑠2(𝑚𝑐)

𝛼𝑠2(𝑚𝑐)

𝛼𝑠3(𝑚𝑐)+

IR divergence of 𝑐1 is originated 
from the 1-loop correction 
to 〈𝜒𝑐0|𝑂[3𝑆1

8 ] 𝜒𝑐0
→ completely cancels after renormalizing
the octet matrix element at NLO
→ 𝒄𝟏 is then free of IR divergence26
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QCD Lagrangian

Ψ: 4-component Dirac spinor for 𝑄, ത𝑄

Parameters: 𝛼𝑠, 𝑚𝑞 ≈ 0, 𝑚𝑄

Degrees of freedom: gluons, 𝑞, ത𝑞, 𝑄, ത𝑄

ℒQCD = ℒlight + ഥΨ 𝑖𝛾𝜇𝐷𝜇 − 𝑚𝑄 Ψ
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NRQCD Lagrangian

• Hard scale of order 𝑚𝑄 or higher integrated out

• Light degrees of freedom are identical to full QCD
• Nonrelativistic 𝑄 is annihilated by Pauli spinor field 𝜓
• Nonrelativistic ത𝑄 is created by Pauli spinor field 𝜒

𝛿ℒ = 𝛿ℒbilinear + 𝛿ℒ4−fermion
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Gauge-covariant derivative

𝐷𝜇 = 𝜕𝜇 + 𝑖𝑔𝐴𝜇 = 𝐷𝑡, −𝑫

𝐷𝑡 =
𝜕
𝜕𝑡
+ 𝑖𝑔𝜙 and 𝑫 = 𝛁 − 𝑖𝑔𝑨

𝐴𝜇 = 𝐴𝑎
𝜇𝑇𝑎

𝑖𝑔𝐺𝜇𝜈 = [𝐷𝜇, 𝐷𝜈]

𝑇𝑎 = 1
2
𝜆𝑎 : SU(3) generators (𝑎 = 1,… , 8)

𝑇𝑎, 𝑇𝑏 = 𝑖𝑓𝑎𝑏𝑐𝑇𝑐

tr 𝑇𝑎𝑇𝑏 =
1
2
𝛿𝑎𝑏
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𝜹ℒ𝐛𝐢𝐥𝐢𝐧𝐞𝐚𝐫
• ℒ𝐡𝐞𝐚𝐯𝐲: 𝜓† …𝜓, 𝜒† …𝜒 terms of LO in 𝑣
• 𝜹ℒ𝐛𝐢𝐥𝐢𝐧𝐞𝐚𝐫: 𝜓† …𝜓, 𝜒† …𝜒 terms of higher orders

in 𝑣
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NRQCD Feynman Rules

Bodwin and Chen, PRD 60 054008
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𝑸ഥ𝑸𝒏 → Quarkonium

𝐸1 𝐸1
3𝑆1

1,8 3𝑃𝐽
8 3𝑆1

1→ → → 1𝑆0
8

𝑀1

𝐸1 𝐸1
3𝑃𝐽

1,8 3𝑆1
8 3𝑃𝐽

1→ → → 1𝑃1
8

𝑀1

𝐽/𝜓

𝜒𝑐𝐽

33



𝜹ℒ𝟒−𝐟𝐞𝐫𝐦𝐢𝐨𝐧

• 𝜹ℒ𝟒−𝐟𝐞𝐫𝐦𝐢𝐨𝐧 involves 𝑄 ത𝑄 annihilation decay
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Velocity-scaling rules (VSR)
• Δ𝑝 Δ𝑥 ~ 1, Δ𝑝 ~ 𝑚𝑣 → ∫ 𝑑3𝑥 ~ 1/ 𝑚𝑣 3

• ∫ 𝑑3𝑥 𝜓† 𝑥 𝜓 𝑥 = 1 → 𝜓† 𝑥 𝜓 𝑥 ~ 𝑚𝑣 3

• 𝛻𝜓 𝑥 ~ 𝑚𝑣 𝜓(𝑥)
• Equation of motion

𝑖𝜕𝑡 − 𝑔𝜙 𝑥 +
𝛻2

2𝑚
𝜓 𝑥 = 0

The virial theorem implies that

𝜕𝑡𝜓 ~ 𝑔𝜙𝜓 ~
𝛻2

2𝑚
𝜓 ~𝑚𝑣2𝜓

• Therefore, 𝑔𝜙 ~𝑚𝑣2

• In a similar manner, VS of an NRQCD operator can 
be estimated. 35



VSR Table
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Eric Braaten, Topical Seminar on Frontier of Particle Physics 2010:Charm and Charmonium Physics (Aug 27-31, 2010)
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Eric Braaten, Topical Seminar on Frontier of Particle Physics 2010:Charm and Charmonium Physics (Aug 27-31, 2010)
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Eric Braaten, Topical Seminar on Frontier of Particle Physics 2010:Charm and Charmonium Physics (Aug 27-31, 2010)
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Eric Braaten, Topical Seminar on Frontier of Particle Physics 2010:Charm and Charmonium Physics (Aug 27-31, 2010)
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Eric Braaten, Topical Seminar on Frontier of Particle Physics 2010:Charm and Charmonium Physics (Aug 27-31, 2010)
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Matching
• Determination of short-distance coefficients (SDC) in

the (squared) amplitude 𝐴NRQCD𝐻 (𝑚𝑄 , 𝛼𝑠, 𝑐𝑖)
• SDC must be insensitive to long-distance (LD) effects:
𝐴NRQCD
𝑄 ത𝑄 (𝑚𝑄 , 𝛼𝑠, 𝑐𝑖) and 𝐴NRQCD𝐻 (𝑚𝑄 , 𝛼𝑠, 𝑐𝑖) must 

share identical SDC
• Compute corresponding 𝑄 ത𝑄 matrix elements using

perturbative NRQCD: 𝐴NRQCD
𝑄 ത𝑄 (𝑚𝑄 , 𝛼𝑠, 𝑐𝑖)

• Compute the scattering amplitude using perturbative
QCD: 𝐴QCD

𝑄 ത𝑄 (𝑚𝑄 , 𝛼𝑠)
• Determine SDC from the matching condition:

𝐴NRQCD
𝑄 ത𝑄 (𝑚𝑄 , 𝛼𝑠, 𝑐𝑖) = 𝐴QCD

𝑄 ത𝑄 (𝑚𝑄 , 𝛼𝑠) 42



• Tree-level matching of the pole in heavy quark
propagator.

- full QCD

- NRQCD

- then          and    . 

Example of matching

43



Determination of NRQCD ME

• 〈𝑄 ത𝑄|𝑂[2𝑆+1𝐿𝐽
1 or 8 ]|𝑄 ത𝑄〉 is calculable perturbatively

• 〈𝐻|𝑂[2𝑆+1𝐿𝐽
1 or 8 ]|𝐻〉 is nonperturbative

• Color-singlet case: some ME is calculable on the lattice or
predictable using potential models.

• Color-octet case: some ME is calculable on the lattice
(difficult). Potential model is not applicable.

• Comparing the factorization formula with empirical values,
one can fit the data to determine ME. The number of
measurables is limited → one must terminate the series for
NRQCD factorization formula at a certain order in 𝑣.
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𝐽/𝜓 → 𝑒+𝑒−

46



Relativistic Corrections to 
at order  

In collaboration with Geoffrey Bodwin (Argonne), 
Hee Sok Chung and Chaehyun Yu (Korea U.)

Jungil Lee
(Korea University)

PRD 74, 014014 (2006)
PRD 77, 094017 (2008)
PRD 79, 014007(2009)
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Outline

• Charmonium

• NRQCD

• 1-loop corrections to
at leading and sub-leading orders in

• Renormalization of NRQCD operator

• Matching

• Summary
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Charmonium

• Simplest bound state of quarks:
bound state of a charm quark and an
charm antiquark.

• The lightest mesons in      and      states
are the        and the    .
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Nonrelativistic QCD

• NRQCD is an effective theory of QCD.

• NRQCD factorization separates
short-distance perturbative effects from
long-distance non-perturbative effects.

• NRQCD involves a series expansion in   ,
where       is the typical heavy-quark
momentum at the meson rest frame.
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Phenomenological importance of

• One method of determining long-
distance non-perturbative effects is to
use the leptonic decay rate.

• Leptonic decay rate is one of the most
accurate measurements involving       .

(PDG2016)
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NRQCD factorization formula for

• Comparing the theoretical expression with 
experimental data, we can determine the 
NRQCD matrix element. At leading order,

• Determination of the NRQCD matrix 
element is very important in processes 
involving the       .
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• Leading-order NRQCD ME fails to predict
𝑒+𝑒− → 𝐽/𝜓 + 𝜂𝑐 at B factories

• Relativistic and 𝛼𝑠 corrections resolve the
problem.

• Relativistic corrections are resummed to all
orders in 𝑣.

Impact of the resummation of 
relativistic corrections
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Impact of the resummation of 
relativistic corrections

• In a previous work, the        matrix
element was determined by using the
Cornell potential model and the
resummation of relativistic corrections.
(Bodwin, Kang, Lee, PRD74, 014014,
Bodwin, Chung, Kang, Lee, Yu, arXiv:0710.0994 [hep-ph])
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• In the previous work, the order-
correction has only been included at leading
order in   .

• For a more accurate determination of the
NRQCD matrix element, we evaluate the
relativistic corrections at order     .

• UV and IR singularities are dimensionally
regularized with                  .
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1-loop corrections at 
leading order in 

• The QCD amplitude is

• UV and IR poles cancel.
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1-loop corrections at 
leading order in 

• The remaining Coulomb terms are
canceled by the loop corrections in
NRQCD.
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1-loop corrections at 
sub-leading orders in 

• In QCD loop corrections, IR divergence
remains uncanceled.

IR divergence

Coulomb interaction
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1-loop corrections at 
sub-leading orders in 

• The remaining IR poles and non-analytic
dependence on      in perturbative QCD
calculations must be canceled by
NRQCD counterparts.
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Corrections to 
(a)      temporal
(b)   spatial
(c)     spatial
(d)   temporal
(e)      quark propagator 
correction

Corrections to

(f)   temporal

1-loop corrections to
NRQCD matrix elements

• The following diagrams contribute at
order-

60



NRQCD Feynman Rules

Bodwin and Chen, PRD 60 054008
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1-loop corrections to
NRQCD matrix elements

• Integral involving real parts of IR poles:

• Integral involving imaginary parts of IR poles:

• Typical integral involving Coulomb interaction:
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Renormalization of
NRQCD matrix elements

• The UV pole associated with the real part of
the IR pole must be subtracted using
renormalization of the NRQCD operator.

• In the MS scheme,

: NRQCD factorization scale
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Matching

• Matching the NRQCD amplitude onto the
QCD amplitude, we see that the remaining
IR poles and the Coulomb interaction
terms exactly cancel.
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Matching

• The amplitude can now be written as

with the short-distance coefficients
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Matching

• Averaging over the angles of the relative
momentum, we pull out the S-wave
contribution.
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• The decay rate is
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Order-𝛼𝑠 coefficient of EM 
currents, resumed to 𝑣2𝑛

LO       NLO    N2LO    N3LO

All Order

MEs are from Bodwin, Chung, Kang, Lee and Yu (PRD 77, 094017)
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Summary

• As a heuristic demonstration of the NRQCD
factorization formula that separates the LD and SD
factors, we have considered the 1-loop QCD
corrections to the spin-triplet S-wave decay into a
lepton pair in which relativistic corrections are
resummed to all orders.

• The IR divergence and the non-analytic dependence on
the momentum are canceled by 1-loop corrections of
the matrix elements.

• The UV divergence is subtracted by using the
renormalization of the NRQCD operator.
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𝐽/𝜓 hadroproduction
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Hadroproduction of 𝑱/𝝍
and 

NRQCD factorization
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NRQCD Factorization

𝐻𝑝

𝑝

𝑖

• For a heavy quarkonium process, factorization was proved
in inclusive decay and conjectured in production:

ො𝜎 𝑖𝑗 → 𝐻 + 𝑋 = ෝ𝝈 𝒊𝒋 → 𝑸ഥ𝑸𝒏 + 𝑿 × 𝑶𝒏
𝑯

Nonperturbative NRQCD matrix elements (MEs) 〈𝑂𝑛𝐻〉
are determined from experimental data. 

Bodwin, Braaten, Lepage, PRD (1995)

ො𝜎 𝑖𝑗 → 𝑸ഥ𝑸𝒏 + 𝑋 〈𝓞𝒏
𝑯〉

𝑗

𝑸ഥ𝑸𝒏
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𝑱/𝝍
polarization 

puzzle
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Leading NRQCD MEs in 𝒗 expansion

≃
2

⊗

〈𝒫[𝑄 ത𝑄 𝑛 → 𝐽/𝜓]〉

2𝐽/𝜓 𝑐
ҧ𝑐

ෝ𝝈 (𝑯) ≃ ෍
𝒏

ෝ𝝈 [𝑸ഥ𝑸 𝒏 ] ⊗ 〈𝓞𝒏
𝑱/𝝍〉

SD[𝜶𝒔] LDME[𝒗], global

𝑐

ҧ𝑐

𝑣2 ≃ 0.25

𝒏:𝑸ഥ𝑸 quantum number
Color singlet: 𝟑𝑺𝟏

𝟏 (𝒗𝟎): determined from 𝑱/𝝍 → ℓ+ ℓ−

Color octet: 𝟑𝑺𝟏
𝟖 𝒗𝟒 , 𝟏𝑺𝟎

𝟖 𝒗𝟑 , 𝟑𝑷𝑱
𝟖 𝒗𝟒 : fit from data

𝒗𝟐 ≃ 𝟎. 𝟐𝟓 for 𝐜ത𝒄 bound states

Double Expansion
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LO NRQCD explains 𝝈[𝒑ഥ𝒑 → 𝑱/𝝍 + 𝑿] at the Tevatron

𝟑𝑺𝟏
[𝟏] 𝟑𝑺𝟏

[𝟖] 𝟑𝑷𝑱
[𝟖] + 𝟏𝑺𝟎

[𝟖]

𝒅𝝈
𝒅𝒑𝑻𝟐

∝ 𝜶𝑺𝟑

𝒑𝑻𝟖
𝜶𝒔𝟑𝒗𝟒

𝒑𝑻𝟒
𝜶𝒔𝟑𝒗𝟒

𝒑𝑻𝟖
,

𝜶𝒔𝟑𝒗𝟑

𝒑𝑻𝟖

𝟑𝑺𝟏
[𝟏]

𝟑𝑺𝟏
[𝟖]

𝟑𝑷𝑱
[𝟖] + 𝟏𝑺𝟎

[𝟖]

• Because 𝟑𝑺𝟏
[𝟖] dominates at large 𝒑𝑻

[Braaten and Fleming, PRL (1995)],
one can determine 〈𝒪𝐽/𝜓[ 3𝑆1

[8]]〉
from large 𝑝𝑇 data and then
determine 〈𝒪𝐽/𝜓[ 3𝑃𝐽

[8]]〉 and

〈𝒪𝐽/𝜓[ 1𝑆0
[8]]〉 from lower 𝑝𝑇 data.

• Transverse polarization is predicted
at large 𝒑𝑻.

• As an independent test, one can
test this with polarization data.

Transverse
Polarization

Leading
Power in 𝒑𝑻−𝟏
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14-year old puzzle of 
𝑱/𝝍 polarization at the Tevatron

Longitudinal, 𝜆𝜃 = −1

Transverse, 𝜆𝜃 = 1

PRD, 2000 PRL, 2013
• NRQCD predicts transverse polarization at large 𝑝𝑇

that confronted CDF data.
• Further predictions with higher-order QCD correction failed

to explain the large 𝑝𝑇 data. 
• The dominance of 𝟑𝑺𝟏

[𝟖] [Braaten, Fleming, PRL(1995)] 
or NRQCD factorization may FAIL.

NLO(𝛼𝑠4)
𝜆𝜃 Wang et al.

BKL

𝒑𝑻 ≥ 𝟕 GeV,
prompt

LO(𝛼𝑠3)
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𝑸ഥ𝑸[ 𝟑𝑺𝟏
𝟖 ] dominance at large 𝒑𝑻

[Braaten, Fleming, PRL(1995)]  may be wrong

• By computing the color-singlet contribution to the
NNLO QCD correction to the fragmentation function for
𝒈∗ → 𝑸ഥ𝑸[ 𝟑𝑺𝟏

𝟖 ], we have found a clue to have

a large cancellation between 𝑸ഥ𝑸[ 𝟑𝑺𝟏
𝟖 ] and 𝑸ഥ𝑸[ 𝟑𝑷𝑱

𝟖 ].
• 𝒈∗ → 𝑸ഥ𝑸[ 𝟏𝑺𝟎

𝟖 ] dominates at large 𝒑𝑻 that replaces
previous belief since 1995.

• ෝ𝝈 𝒊𝒋 → 𝑸ഥ𝑸𝒏 + 𝑿 is required to be computed to NNLO
in 𝛼𝑠 for leading power (LP) contribution.

Bodwin, Kim, Lee, JHEP (2012)

𝟑𝑺𝟏
𝟖 𝟑𝑷𝑱

𝟖 𝟑𝑺𝟏
𝟏
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Leading-power 
factorization

81



Leading-power factorization

• LP factorization formula at leading power in 1/𝑝𝑇2 for
quarkonium H production is given by

: single parton production cross section (PPCS)

: single parton fragmentation function, nonperturbative
: light-cone momentum of parent parton
: light-cone momentum of daughter hadron 
: Factorization scale 82



NRQCD and LP factorization 

• One can apply NRQCD factorization to
LP factorization formula,

• Here,  𝐷𝑖→𝑄 ത𝑄(𝑛) is perturbative

• By making use of this formula,
we evaluated LP contributions to 𝐽/𝜓 production
at NNLO in 𝛼𝑠 and their all-order leading-log (LL)
resummation
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LP 𝑱/𝝍 production processes
• Order 𝛼𝑠3 diagrams:

• Order 𝛼𝑠4 diagrams:
NLO 𝟑𝑺𝟏

𝟖

LO   𝟏𝑺𝟎
𝟖

LO   𝟑𝑷𝑱
𝟖

LO 𝟑𝑺𝟏
𝟖

LO 𝟑𝑺𝟏
𝟖

LO PPCS

NLO PPCS
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Results Order

NLO

Our 
result higher

(LL resum)
[NEW]
NNLO+
higher(LL)

LP 𝑱/𝝍 production processes

• Order 𝛼𝑠5 diagrams:
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Resolution 
of the puzzle
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𝑱/𝝍 differential cross section

• 𝜒2/d.o.f=0.085
• CO LDMEs are determined as

0.099 ± 0.022 GeV3 0.011 ± 0.010 GeV5 0.011 ± 0.010 GeV3 87



𝑸ഥ𝑸[ 𝟏𝑺𝟎
𝟖 ] dominates at large 𝒑𝑻

𝟏𝑺𝟎
[𝟖] dominates

at large 𝒑𝑻 [NEW]

3𝑆1
[8] dominates 

at large 𝑝𝑇 [OLD]
(1995~)

𝟑𝑺𝟏
[𝟖]

• Due to the large cancellation between 𝟑𝑺𝟏
[𝟖] and 𝟑𝑷𝑱

[𝟖], 
𝟏𝑺𝟎

[𝟖] dominates in 𝑱/𝝍 production at large 𝒑𝑻.

Cho, Leibovich (1995)
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𝑱/𝝍 polarization puzzle 
RESOLVED!

At the Tevatron, 
𝑝𝑇 ≥ 10 GeV data fit well.

At the LHC, 
𝑝𝑇 ≥ 10 GeV data fit perfectly.
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Summary
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Summary

• Replaced the 𝟑𝑺𝟏
[𝟖] (1995~) with 𝟏𝑺𝟎

[𝟖] that
dominates 𝐽/𝜓 production at large 𝑝𝑇.

• Resolved 14-year-old 𝐽/𝜓 polarization puzzle by
computing NNLO LP contribution.

• Our results for direct 𝐽/𝜓 were extended to the
prompt case that contains feeddowns from higher 
resonances like 𝜒𝑐𝐽 and 𝜓(2𝑆).

• Bottomonium like Υ(𝑛𝑆) and 𝜒𝑏𝐽(𝑛𝑃) can also be
studied.
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Thank you
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