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Microscopic foundations of ideal fluid dynamics I

Ideal fluid dynamics: fluid is in local thermodynamical equilibrium

—> single-particle distribution function: fox = [exp (—og + BoEww) + a]—l I

where: B9 = 1/T , T temperature, a9 = Bout , p chemical potential,

FEy, = k*u, , with k* particle 4-momentum, u* = «(1, ¥) fluid 4-velocity,

a = £1,0 for fermions/bosons, Boltzmann particles

Boltzmann equation: k"0, fkx = C[f]

—> 0'" and 1°* moment of the Boltzmann equation:

where: N* = / k* fi. particle no. 4-current,
T = / k*E" fi. energy-momentum tensor,

| =95 ¢ 1 d f
=9 Gk 0 9 internal quantum no. degeneracy of momentum state

Note: C = /k [f] =0 and C¥ = /k kYC[f] = 0 for binary elastic collisions

(particle no. and 4-momenta are microscopic collisional invariants)

macroscopic conservation of particle no., energy, and momentum!

set fx = fox (Note: fox is not a solution of the Boltzmann equation!)

Ll

equations of motion closed — 5 egs., 5 unknowns: ayg, Bo, u*(3)
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Microscopic foundations of dissipative fluid dynamics (I)

Consider small deviations from local thermodynamical equilibrium:

Ji = fox + 0 fx I 10fi| < 1

—> irreducible moments of ¢ fi: prhe = /k B K o
where: Akt = Ak Avieve

Abibe projectors onto subspaces orthogonal to u# , formed from A*”
1°**Ve

symmetric in p;, v; , traceless,

AMY = gt — utu¥ 3-space projector onto direction orthogonal to u*
Note: —%2 po = II bulk viscous pressure, p) = n#* particle diffusion current,

pb” = wH¥ shear-stress tensor, matching conditions in Landau frame: p; = p; = pf' =0

—> derive equations of motion for irreducible moments:
y{H1p) = ABIBe g0 a/k E} | SOF Y ik

r 1...V£

1

—> use Boltzmann equation: 5fk — _fOk -
ku

{k*V (fox + 6 fi) — C[f]}

where: A = u’9, A, V¥ =AM,
— system of infinitely many coupled equations for irreducible moments ph1#e,
completely equivalent to Boltzmann equation —> truncation required!
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Microscopic foundations of dissipative fluid dynamics (II)

systematic power counting: Kn = bmp ~ L 0, Knudsen number
fluid
11 nt 7 dad
Re!= — ~ — ~ —— inverse Reynolds number

L

Ll

with pressure p, particle density n

for £ > 3: pf1# ~ O(Kn?, KnRe ') = will be neglected

Ny
linearize collision integral: | Ep k% ... k" C[f] = — 2_:0 A prvie 4 O(§£2)
linearized equations of motion g+ A9 5=3a%9 + 0(p x Kn)
for irreducible moments: ;")’W + AW gt = @M Vra + O(p X Kn)

=
p

ML A g — 2@ e 4 O(p x Kn)

where 0 = 9,u", ot = Vit

diagonalize collision matrix: (Q-1)®AYQ® = diag(x{",...,x",...) = x®
equations of motion for eigenmodes X +x0X =390 + O(X x Kn)
> 2, (m) - ~
X = (1)@ gr-re decouple: x " +xW X1 = FOVHa + O(X x Kn)
s, (wv) _ -
+ xP X = 3o + O(X x Kn)
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Microscopic foundations of dissipative fluid dynamics (III)

—> slowest eigenmodes (w/o r.o.g. Xo, X}, X}"”) remain dynamical,

; (0) (1) (2)
faster ones (z # O). are replaced X, ~ B, Xt B; 0. XM B
by their asymptotic values: ¥ T ’ )

Note: systematic improvement possible by making faster eigenmodes dynamical
G.S. Denicol, H. Niemi, I. Bouras, E. Molnar, Z. Xu, DHR, C. Greiner, PRD 89 (2014) 7, 074005

- (0)

— since gt = QO Xt po~ 00 x + Z Q(O) 6(0) 0
) [3(1)
(1)

,8(2)
(2) ot

2 Q(l)XH ‘I‘ Z Q(l

7j=2

Vi

o = APXE + 3 0
J=

— for 7 = 0: express Xy, X{§', X{§" in terms of II, n*, 71'“” as well as 0, V*a, o¥

— reinsert back, express p;, pi’, p!” in terms of II, n¥, 7" as well as 0, V*a, oH”:

™ pi~ QT+ (¢ — QP¢0) 0
pi ~ Q%)n“ + < Q((l))li0> Via

N-
where (=" Y 790, ;= ¥ Mal, g Eﬁ@@%f”szfWWWﬂm
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Microscopic foundations of dissipative fluid dynamics (IV)

— equations of motion for II. n*, wHv:
q. 9 9

Il + I = (b + K +J + R
T, n<F> 4+ nt* = geVFa + KF + JH + RH

Tp TSHYT 4w = 2m0 0t + KM+ JH + R

Kn?: K=Crwpw” + 8o oy, + (3607 + 6 (Va)2 + ¢ (Vp)2 + 66 V,uaVip + (G Via+ (s Vip,
IKCH =Rio" Vo + Ro o™ Voup 4+ k3 0 VEa + R4 0 VHp + ks w* Vo + Rg AP0 oy, + Ry VHO
KM = iy w)\(u W Mo @ M + T o.)\(u oV 4 M o.)\(u W s Vita VY o
+ 7 V(up V”>p + 77 V¢ V”>p + s VEvY o + o V(uVV>p
Re 'Kn: J = —ln, V,n* — i1, n#*V,,p — 6 0 11 — Ay, n*V a0 + A 7704
TH =1, w?’ n, — 0pp O — Ly VAIL+ £ AP VAT 4+ Ton L VAP — T T Voup — A 0¥ 11,
+ Aol VEFa — Ay ™™V,

T =21, 71')\<” WA — QT — T 7r>\<” o’ + AL o™ — 10, N V) p + £y VERY)

+ A RV where W’ = (VH*u” — VVut) /2
Re™*: R = @1 I + py myum + p3 Ty, G.S. Denicol, H. Niemi, E. Molnar, DHR,
RE = @, T iy, + 5 TI NP PRD 85 (2012) 114047,

R = g ILTH + 7 my* w9 + g nl# n¥) Erratum PRD 91 (2015) 3, 039902
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Microscopic foundations of dissipative fluid dynamics (V) I

Single-particle distribution function:

fi = fox [+ (1 — afox) Z Z 'H(Q [ TR

{=0 n=0

l
where ’H(e) = WX) > a (e) Pk(,,)L , with P(e) Z a(e)E polynomials of order n in Ey,, ,

m=n

with coefficients a®) determined such that % [ (8%%kakp)" PP for (1= afon) = Smn

—> explicitly for £ < 2 :
No
8 fic = fox (1 — afox) (— {’H“” T+ 3 Hig) [~Q0 T+ (G — 20¢) 9}}

+ ’H(l) ntk, + Z ’H(l) [Q(l) nt 4+ <K,n — Q,,(llo)f%) V“a] k,

+ HY kK, + z HE [QF) 7 + 2 (1, — Qo) o] kuk,,)

1
HE = ( Ly Za()a(z)Er)

2 Jyo m=1r

usually: dfix = fox (1 — afox) m "k, k, with energy density €
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Anisotropic fluid dynamics I

Initial gradients in heavy-ion collisions are large

—> deviations from local thermodynamical equilibrium are large!

—> may invalidate dissipative fluid dynamics

Idea: “resum” dissipative corrections into single-particle distribution function,
e.g.: W. Florkowski, PLB 668 (2008) 32; M. Martinez, M. Strickland, PRC 81 (2010) 024906

-1

fOk — [eXp (_64 + Bu\/Eﬁu + 6 E}Z) + CL}

where FEy = —Il#k, , with [# direction of anisotropy, I#l, = -1, Fu, =0,
usually: I* = ~,(v,,0,0,1), v, = (1 — v)~1/2,

£ anisotropy parameter

—> in LR frame of fluid:

£>0

—> 5 conservation equations determine &, G,, u” (3)

—> need additional equation to determine ¢!
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Microscopic foundations of anisotropic dissipative fluid dynamics (I)

fi = fox + 0 fic = for + 0 fi I

If |6 fi| ~ 1, choose fox such that |§fi| < 1
— improved convergence properties of expansion around fOk!

D. Bazow, U.W. Heinz, M. Strickland, PRC 90 (2014) 5, 054910
E. Molnar, H. Niemi, DHR, PRD 93 (2016) 11, 114025

rs

— irreducible moments of & fi: Pt = /k E] E klva ... pred § £,

where: Alwiped = gra i gvi-ve
=iy ’

EriHe projectors onto subspaces orthogonal to both u* and I# , formed from =+ |

Vy"Uyp

symmetric in p;, v; , traceless,
EHY = gt — utu” 4 MY 2-space projector onto direction orthogonal to both u* and I#
— derive equations of motion for irreducible moments:

s{pape}
5 = THLTH O s klvi,,
- u®dy | Ey, B k

s 1/1

. k"‘f}(sfk

—> use Boltzmann equation:

°
A

s 1 A . ~ . A
0fy = —fom g~ {—BuD; (foc + 6 fic) + k*V, (for + 6 fi)

ku

— Clf]}

where: D, = —I*#9, , V* =E*0,
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Microscopic foundations of anisotropic dissipative fluid dynamics (II)

Truncation: so far, no eigenmode analysis, only 14-moment approximation

N A 1 : A
Define In"“‘](aa /Bua 6) = /k: Eku kl (_'=' Bkakﬁ)q .fOk

(2q)!!

—> the 14 moments are:

particle density n=n= I < P10 = 0 (1 Landau matching cond.)
particle diffusion in [#-direction n; = ny —|— Po1 = fllg + po1
energy density e =é= I = p20 = 0 (2"! Landau matching cond.)
heat flow in [#-direction M= M + p11 = I210 + P11
pressure in [*-direction P, = P, = [0 <— poz = 0 (3" Landau matching cond.)
transverse pressure P = PJ_ + 3H = 1201 — 2‘2’ Poo
particle diffusion in transverse direction V! = pj,
heat flow in transverse direction wi., = pho
shear-stress current in [#-direction wi = ph
shear-stress tensor in transverse direction 7/" = pfo
—> Landau frame: M = W, =0 <= pn=—-M, piy=0
—> eliminate all other moments by linear relation:
Ny Np—n
pA,Zl e — (— 1)££| ZO > p ’Yz(n)gm where 72-(£)jm function of &, By, &
n—= m=0

Note: for fo(¢) : 7y = M = 0!
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Microscopic foundations of anisotropic dissipative fluid dynamics (III)

—> 5 conservation equations:

0 = n+n(l,Dut+86) — D+ ng (6 — L) — VI (i, + Dily) + V, VI

0 = é+(é+P)l.Du*+ <é + P, + gn> 0 + Wt (D, — L,V u”) — 716,

0 = (é+ B) 4" + DP + (Pl — P+ §H> 0, + Wt (i, + 2 Dyl + 1,V ,u”) — VW — 716y,

0 = (é + P+ gn 2oq” — vV (1—1 ;3 H) + (111 — P+ 211) 2Dl — EXDIWY, + W (g 0, — l,ﬂ‘:f‘)
+ Wi (a‘l — ) — 7% (4, + Dyl,) + :aV,ﬂrJ_

where = 6;{&“ , 0=V, M, g = 3{uuu} G = ofmv} , Gl =

15HaEY8(9alg — Opla)

+ 9 relaxation equations for II, n;, P, VI, Wt,, «#

for details, see E. Molnar, H. Niemi, DHR, PRD 93 (2016) 11, 114025
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Application to heavy-ion collisions (I)

Bjorken flow:

J.D. Bjorken, PRD 27 (1983) 140 “Pure” anisotropic fluid dynamics
The ’space_*ime_ PEC{UT’G: ((ka =0 <— all pgsllllf = 0)
—> eqs. of motion for irreducible moments

ze , N
O - S "@ " e @" become eqgs. of motion for moments I,,,,:

. 4+ 1)1 i— 1)1, .
O dirii0+ (7 + D Liyjj0 + ( )it jj+2,0 =Gy,

T

—> conservation equations:

Cquiu brium

, , n
t=1,7=0: 9n+—=0
T

e + B,
i=2,j=0: 84T g
T
—> 2 eqgs., 3 unknowns: &, Bu, I3
@—J , F% —> need add. eq. to close eqgs. of motion!

—> 1in principle, eq. of motion for any moment fi+j,j,0 suffices
——> but which one is the best choice?
E. Molnar, H. Niemi, DHR, arXiv:1606.09019 [nucl-th]
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Application to heavy-ion collisions (II)

° ° ° ° o o = IA‘ ] ‘0 - I‘ ] ‘0
assume relaxation-time approximation for collision term: ¢, , ; = — =7 i

where I; j ;o = im0 I;yj 0

—> study the following choices:

. 3P -1 P-1I
(1) i=0,7=2: o p 4 22t T2 0T 7220

T Teq
) ) . I300 — 21399 T300 — Is00
(2) 1=3,73=0: 0:I300+ = -
T Teq
) ) . 31330 T390 — Isq0
3) i=1,5=2: 0;I320+ = -
T Teq
) ) . Tooo — Toz0 Tooo — Tooo
(4) i=0,5=0: 8l + 2 —"020 _ 7000~ 00
T Teq
) ) . 51440 — Ls60 T140 — Iy
(5) 1=0,53=4: 0;lgo+ = -
T Teq
) ) . 51540 Tsa0 — Iy
6) i1 =1,5 =4: 0:Is540+ = -
Teq
) ) ) ) ) . N n — I00
(7) in case particle no. is not conserved: i =1,j=0: 8+ — = ————
T Teq

Note: different moments probe fOk in different regions of momentum space!
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Application to heavy-ion collisions (III)

particle no. conservation: no particle no. conservation:
& =0, Ty=300MeV, Ao=1, Tq=lfm & =0, Ty =300MeV, To = 1fm

. I(‘RS
RS 1 320 |
5530 e IR
S 1 A PUS 1 S IRS ||
j‘RS
540
16 0O ——7%—% ¢ 10 12 14 16
T [fm]
& =10, To =300MeV, dg=1, Toq=1fm & =10, Tp=300MeV, Ty =1fm
1.0_ T T T T T T T I_ 1.0_ T T T T T T I_
i“‘"'"ﬂ '-—’.'_..-""
— 55 ||
- B2 N h
5l IRS ||
%
16 0O ——7%—% ¢ 10 12 14 16

T [fm]

—> all cases (1) — (7) give different results! ——=- which one is the best?
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Application to heavy-ion collisions (IV)

—> comparison of case (1) to solution of Boltzmann equation
W. Florkowski, R. Ryblewski, M. Strickland, PRC 88 (2013) 024903

& =0, THh=300MeV, =1

—_— Tq=Ifm L]
=== dan/s=1 I
== 4an/s =10
----- 4zn /s = 100 py
® exact

e EE .
Rl T NP e PR R LT

54 6 8 10 12 14 16
T [fm]
& =100, Tp=300MeV, Ao =1

— Tq=Ifm |

amm e === dan/s=1 i
—-= 4an/s=10
----- 4zn /s =100 []
*  exact

& =0, Tp=300MeV

—_— Tyq=1fm M

=== dan/s=1 ||
== 4an/s =10

----- 4z /s =100 |4
® exact ™

.
&,
-,
B e e B B B B e o B e B B R A B B

4 6 8 10 12 14 16
T [fm]
é(): 100, Tp =300MeV

i 0| = Teq = 11m =

=== dan/s=1 |/
—-= 4an/s=10

----- 4zn /s =100 |4
*=  exact I
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Application to heavy-ion collisions (V)

—> relaxation eq. for B gives best match to solution of Boltzmann equation!

However: other moments not necessarily also agree well with Boltzmann eq.
E=0, To=300MeV, Ap=1 £y =0, To =300MeV

1.30 1.05
past o e
— : 1.00¢
<: 120- - Q:‘
) =
=% 115 : = 095
S 1.10} — Tq=1fm | = 0.90+
S 1.05: --- 4xan/s=1 i = === 4mn/s=1
& 100 —= 4xn/s=10 | 0.85+ == 4nn/s=10 |
xed I P 4mn/s=10010 | e 4zn /s = 100
095 ————% % 10 1z 14 16 080 ——%—% % 10 12 14 16
7[fm] 7 [fm]
Eo =100, Th =300MeV, Ap=1 Eo =100, Tp =300MeV
1‘5_ T T T T T 1.05 T T T T T T T
100/,  oomemcmccececcaeean.
= R A —
= << 0.90F e -
o8 © 0851 ]
& £ 0.80+ 1
= — g =1fm = — Ty = 1fm
=1 — === 4dxn/s=1 = 0.75; -== dan/s=1
7 ---...___:______:_ —= 4an/s =10 0.70} === 4710 /s =10
{ ..... 4;,1-1]/52 100 0.65- Tt s 4}!1}/5‘: 100 |1
‘ | | | | ‘ - ) 0-60 b RLLLLET) [LITETTIT T
a6 8 10 12 14 16 214 16
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Conclusions and Outlook I

1. Derivation of equations of motion of anisotropic dissipative fluid dynamics
from Boltzmann equation
E. Molnér, H. Niemi, DHR, PRD 93 (2016) 11, 114025

— still need to do eigenmode analysis!

2. Closure of equations of motion of “pure” anisotropic fluid dynamics
— best agreement to solution of Boltzmann equation provided by 2/
but: not all moments agree with solution of Boltzmann equation
E. Molnéar, H. Niemi, DHR, arXiv:1606.09019 [nucl-th]

—> need to improve fOk?!
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Conclusions and Outlook

Happy Birthday, Ulrich!

And many healthy, productive,
and successful years!

...there’s still a lot of fun to have

with interesting, unsolved problems!




