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Tideal
µν = (ε + P)uµuν − Pgµν ;T µν = Tideal

µν +Tdiss
µν ;

Israël & Stewart, Ann. Phys. (1979);  
Baier et al., JHEP (2008);  
G. S. Denicol et al., PRD (2012);  
G. S. Denicol et al., PRC (2014);  
Jeon & Heinz, Int. J. Mod. Phys. E (2015)

¢To first order in the velocity gradient: Navier-Stokes 
¢To second order: 

shear and bulk viscositiesη,
¢Resistance to deformation, and to volume expansion 
¢A fundamental property of QCD

The success of fluid dynamics modelling at RHIC and at the LHC: 
The existence of collectivity

¢Viscous relativistic fluid dynamics

Tdiss
µν = π µν − ΔµνΠ

Δµν = gµν − uµuν

τΠ
!Π +Π = −ζθ −δΠΠΠθ + λΠππ

µνσ µν

τπ !π
〈µν 〉 +π µν = 2ησ µν −δπππ

µνθ +ϕ7πα
〈µπν 〉α

−τπππα
〈µσ ν 〉α + λπΠΠσ

µν

ζ
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Matter behaves collectively. Is it in thermal equilibrium?

Calculating transport coefficients

¢Kubo relation:

η = 1
20
lim
ω→0

1
ω
∫d 4xeiωt 〈[Sij (t, !x),Sij (0,

!
0)]〉θ(t)

Sij = T ij −δ ijP

For finite-temperature QCD, can be calculated  
¢Perturbatively: 

¢On the lattice: 

¢Using FRG techniques 

¢Using strong-coupling AdS/CFT techniques:
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FIG. 4: The ratio η/s for the low temperature hadronic phase and for the high temperature quark-

gluon phase. Neither calculation is very reliable in the vicinity of the critical or rapid crossover

temperature.

12

Csernai, Kapusta, McLerran PRL (2006)

Arnold, Moore, Yaffe JHEP (2003)

Prakash, Prakash, Venugopalan, Welke

Phys. Rep. (1993)

Lattice calculation of the QGP viscosities Sunao Sakai
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Figure 3: Ratio of η /s in RHIC regions.

bulk viscosity is large near the critical temperature and decreases rapidly with T[10]. Our results
do not contradict this. In the case of the standard action, the bulk viscosities still have large errors
that they cannot be determined.

It will be interesting to carry out phenomenological studies on RHIC data taking into account
these viscosities in the fluid model.

2.1 Discussions

• The renormalization factor Z of the energy momentum tensor is discussed by Meyer[9]:
Z = 1− g2/2(cσ − cτ). If the parametrization of Z factor given by Ref.[9] is used, the viscosities
calculated by the standard action decrease by about 30%. Z factor can also be written as follows:
Z = ∂γ/∂ξ [14], where ξ is the renormalized anisotropy and γ is the bare anisotropy. In the case
of Iwasaki’s improved action, ξ ∼ γ over a wide range of β and ξ ; therefore the Z factor is close
to 1. If the Z factor is taken into account, the difference between η obtained from improved action
and standard action decreases.

•We have attempted to fit G12β by other parametrizations of ρ(ω) than that given in Eq.1.6. If
we apply the formula for ρ proposed in Ref.[11], the fit is not satisfactory and ρ does not satisfy
the constraint ωρ(ω) > 0[12]. If we truncate the Taylor expansion of ρ(ω) after the lowest 3

5

KSS

Sakai, Nakamura LAT2007

Calculating transport coefficients, II

η
s
= 15
16π

fπ
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Calculating transport coefficients, III

3

The minimal value ⌘/s(T

min

) = 0.14 is well above the
AdS/CFT bound, where the error bars represent the
combined systematic errors from MEM and the FRG cal-
culation. The lattice data [12, 13] is in good agreement
with our results, supporting the reliability of both meth-
ods. The inset in Fig. 3 shows the comparison to the
one-loop calculation [9], illustrating the very good agree-
ment around T

c

. This confirms the argument concern-
ing the optimisation of the RG scheme around T

c

, which
was put forward in [9]. Consistent with this reasoning,
only at larger temperatures the deviation between the
two calculations becomes significant and the relative size
of the two-loop contribution grows with temperature. For
large temperatures the dominant two-loop contributions
arise from the Maki-Thompson and the Eight, see Fig. 3,
that resum classes of ladder diagrams. This is consistent
with the conventional picture in perturbative expansions
where ladder resummations are required to obtain the
correct result for the viscosity [25, 26]. Note that dia-
grams with overlapping loops are potentially suppressed
as the spectral functions are peaked in a narrow region
in momentum space. Due to the additional phase space
suppression, we expect that diagrams with more than two
loops are negligible. We have checked this suppression in
a first assessment of three-loop diagrams.

For understanding the physical picture underlying the
temperature behaviour, we provide a global fit function
for ⌘/s (T ). Additionally, such an analytic fit function
is well-suited for phenomenological applications. This
parametrisation has to cover temperature ranges cor-
responding to vastly different physical situations. At
large temperatures T � T

c

the degrees of freedom are
gluons which can eventually be treated perturbatively.
By contrast, at small temperatures T . T

c

YM theory
can effectively be described as a glueball resonance gas

result
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FIG. 2: Full Yang-Mills result (red) for ⌘/s in comparison
to lattice results [12, 13] (blue) and the AdS/CFT bound (or-
ange). In addition, the plot shows the analytic fit given in (13)
and its two components. The ratio ⌘/s shows a minimum at
Tmin ⇡ 1.26Tc with a value of 0.14.

FIG. 3: Relative contributions from different diagram types
to the two-loop viscosity as a function of temperature. The
squint contribution is orders of magnitude smaller and not
shown. The inset shows the comparison to the one-loop result
[9].

(GRG). Finally, there is a transition region between these
two asymptotic regimes whose description requires non-
perturbative techniques.

In the high temperature regime, perturbation theory
is applicable and ⌘/s is given as a function of the strong
coupling ↵

s

only. It turns out that the hard-thermal
loop (HTL) resummed data [27] is well-described by the
functional form

⌘

s

(↵

s

) =

a

↵

�

s

, (11)

with an overall coefficient a and a scaling exponent � ⇡
1.6. We aim at extracting a non-perturbative extension
of the above parametrisation based on our data. In the
region T

c

� 3T

c

strong correlations become important
and perturbation theory breaks down. This raises the
question of a suitable running coupling as there is no
unique definition of ↵

s

beyond two-loop. A quasi-particle
picture suggests that an appropriate choice of ↵

s

can be
deduced from a heavy quark potential [28, 29].

An analytic expression for a coupling that generates a
linearly rising static quark potential at large distances is
given by [30]

↵s,HQ(z) =
1

�

0

z

2 � 1

z

2

log z

2

, (12)

where z denotes a dimensionless momentum variable. At
large momenta it approaches the one-loop running cou-
pling, where �

0

= 33/(12⇡) denotes the coefficient in
the one-loop beta-function of pure SU(3) Yang-Mills the-
ory. The scale identification is implemented by regarding
↵s,HQ as a function of z = c T/T

c

with a scale identifica-
tion factor c. By construction, the divergence of (12) at
zero momentum leads to a vanishing contribution of (11)
to ⌘/s at zero temperature. As an estimate for a lower

4

bound for a reasonable high-temperature fit, we consider
the trace anomaly as a hint from QCD thermodynamics,
which starts to develop a T

4 behaviour for T & 2T

c

[31].
Using T > 3T

c

as a conservative estimate, our data is
well-described by the scaling form (11) with the running
coupling (12) and parameters a = 0.15 and c = 0.66. One
should note that whereas the heavy quark potential cou-
pling takes a rather large value ↵s,HQ(cT/Tc

)|
T=Tc ⇡ 1.77

at T

c

, the vertex coupling ↵s,vert(Tc

) ⇡ 0.76 correspond-
ing to a value of ↵MS

s,vert(Tc

) ⇡ 0.35, after conversion to the
MS scheme [32], is comparably small. This supports the
validity of resummation arguments at moderately large
temperatures but also underlines the non-uniqueness of
the definition of a running coupling in the nonperturba-
tive regime around T

c

. It turns out that the fit (11) can
be extended to even lower temperatures T & 1.8T

c

, where
it is still in very good agreement with our data, see Fig. 2.
Note, that the fitting with the vertex coupling ↵

s,vert fails
for temperatures below 3T

c

. These findings hint at the
validity of a quasi-particle picture even at considerably
low temperatures.

Below the critical temperature the effective degrees of
freedom change from gluons to glueballs. The glueball
spectrum can be calculated using the formalism put for-
ward in this work [33]. Hence, the present YM calculation
is also capable of describing glueball resonances. There-
fore one expects an algebraic decay of ⌘/s with tempera-
ture similar to a hadron resonance gas [5, 6]. Due to the
small number of data points and the comparably large
error bars below T

c

, no precise determination of the ex-
ponent � in the power law is possible. We construct a
global fit function by superposing a power law behaviour
at small temperatures with the extrapolated high tem-
perature behaviour (11), i.e. a global parametrisation of
the form

⌘

s

(T ) =

a

↵

�

s,HQ(c T/Tc

)

+

b

(T/T

c

)

�

. (13)

With a = 0.15, b = 0.14, c = 0.66 and � = 5.1 this
fit describes our data very well, see Fig. 2. The best-fit
value � = 5.1 lies in the expected range for a hadron
resonance gas [6], where for example a pion gas leads to
an exponent of 4.

The analytic fit function (13) for ⌘/s in YM theory
enables us to provide a first estimate of ⌘/s in full QCD,
again based on the idea of superposing a low and a high
temperature behaviour term. The procedure consists of
three separate steps. Firstly, one has to take into account
the difference in scales and the running couplings in YM
and QCD. This involves replacing the coefficient �

0

in
(12) by its QCD value, �

0,QCD = (33� 2N

f

)/(12⇡). Ad-
ditionally, one has to set a scale by fixing the ratio of the
running couplings in YM and QCD at a certain point.
In our setup the characteristic scale is the critical tem-
perature T

c

. For the phase transition to the confinement

QCD result
HRG/pert
KSS
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FIG. 4: Estimate for ⌘/s in QCD which shows a minimum
at Tmin ⇡ 1.3Tc at a value of 0.17. The inset shows the
comparison to the YM results for temperatures normalised
by the respective critical temperatures.

phase to take place, the strong coupling usually needs to
exceed a certain critical value ↵

s

(T ) = ↵

crit

. On general
grounds one can argue that the critical values in YM the-
ory and QCD are of comparable size. This argument is
supported by the fact that the values of ↵

crit

for the ver-
tex couplings tend to coincide. Consequently, we impose
the condition

↵

Nf=0

s,HQ (cT/T

c

)

���
T=Tc

= ↵

Nf=3

s,HQ (cQCDT/Tc

)

���
T=Tc

. (14)

This matching condition fixes the scale factor to the value
cQCD = 0.79. Secondly, one has to take into account
genuine quark contributions that are not encoded in the
change of the running couplings. Denoting the quark
contributions to viscosity and entropy as �⌘ and �s re-
spectively, we write

⌘

s

���
QCD

=

⌘YM +�⌘

sYM +�s

=

⌘

s

���
YM,↵

YM
s !↵

QCD
s

·

0

@
1 +

�⌘

⌘YM

1 +

�s

sYM

1

A
,

(15)

and estimate the ratios �⌘/⌘YM and �s/sYM using lead-
ing order perturbative results. For N

f

= 3 we find
�⌘/⌘YM ⇡ 2.9 [34, 35] and �s/sYM ⇡ 21

32

N

f

⇡ 2.0

[36, 37], leading to an overall correction factor of ap-
proximately 4/3. Finally, in the low temperature regime
one has to replace the pure glueball resonance gas by
a hadron resonance gas, which also decays algebraically
with temperature. In this work we use the data given in
[38]. In summary, the final fit for QCD takes the form
(13), but with the parameter aQCD ⇡ 4/3 a for the high-
temperature part and bQCD ⇡ 0.16, �QCD ⇡ 5 for the
HRG fit, replacing the corresponding YM values. Addi-
tionally the full QCD ↵

Nf=3

s,HQ (cQCDT/Tc

) with cQCD = 0.79

replaces the pure-glue beta-function, whereas the pertur-

Christiansen, Haas, Pawlowski, Strodthoff PRL (2015)
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of the two-loop contribution grows with temperature. For
large temperatures the dominant two-loop contributions
arise from the Maki-Thompson and the Eight, see Fig. 3,
that resum classes of ladder diagrams. This is consistent
with the conventional picture in perturbative expansions
where ladder resummations are required to obtain the
correct result for the viscosity [25, 26]. Note that dia-
grams with overlapping loops are potentially suppressed
as the spectral functions are peaked in a narrow region
in momentum space. Due to the additional phase space
suppression, we expect that diagrams with more than two
loops are negligible. We have checked this suppression in
a first assessment of three-loop diagrams.

For understanding the physical picture underlying the
temperature behaviour, we provide a global fit function
for ⌘/s (T ). Additionally, such an analytic fit function
is well-suited for phenomenological applications. This
parametrisation has to cover temperature ranges cor-
responding to vastly different physical situations. At
large temperatures T � T
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FIG. 2: Full Yang-Mills result (red) for ⌘/s in comparison
to lattice results [12, 13] (blue) and the AdS/CFT bound (or-
ange). In addition, the plot shows the analytic fit given in (13)
and its two components. The ratio ⌘/s shows a minimum at
Tmin ⇡ 1.26Tc with a value of 0.14.

FIG. 3: Relative contributions from different diagram types
to the two-loop viscosity as a function of temperature. The
squint contribution is orders of magnitude smaller and not
shown. The inset shows the comparison to the one-loop result
[9].

(GRG). Finally, there is a transition region between these
two asymptotic regimes whose description requires non-
perturbative techniques.

In the high temperature regime, perturbation theory
is applicable and ⌘/s is given as a function of the strong
coupling ↵

s

only. It turns out that the hard-thermal
loop (HTL) resummed data [27] is well-described by the
functional form

⌘

s

(↵
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) =

a

↵
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s

, (11)

with an overall coefficient a and a scaling exponent � ⇡
1.6. We aim at extracting a non-perturbative extension
of the above parametrisation based on our data. In the
region T

c

� 3T

c

strong correlations become important
and perturbation theory breaks down. This raises the
question of a suitable running coupling as there is no
unique definition of ↵

s

beyond two-loop. A quasi-particle
picture suggests that an appropriate choice of ↵

s

can be
deduced from a heavy quark potential [28, 29].

An analytic expression for a coupling that generates a
linearly rising static quark potential at large distances is
given by [30]

↵s,HQ(z) =
1

�

0

z
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z
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log z
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, (12)

where z denotes a dimensionless momentum variable. At
large momenta it approaches the one-loop running cou-
pling, where �

0

= 33/(12⇡) denotes the coefficient in
the one-loop beta-function of pure SU(3) Yang-Mills the-
ory. The scale identification is implemented by regarding
↵s,HQ as a function of z = c T/T

c

with a scale identifica-
tion factor c. By construction, the divergence of (12) at
zero momentum leads to a vanishing contribution of (11)
to ⌘/s at zero temperature. As an estimate for a lower

4

bound for a reasonable high-temperature fit, we consider
the trace anomaly as a hint from QCD thermodynamics,
which starts to develop a T

4 behaviour for T & 2T

c

[31].
Using T > 3T

c

as a conservative estimate, our data is
well-described by the scaling form (11) with the running
coupling (12) and parameters a = 0.15 and c = 0.66. One
should note that whereas the heavy quark potential cou-
pling takes a rather large value ↵s,HQ(cT/Tc

)|
T=Tc ⇡ 1.77

at T

c

, the vertex coupling ↵s,vert(Tc

) ⇡ 0.76 correspond-
ing to a value of ↵MS

s,vert(Tc

) ⇡ 0.35, after conversion to the
MS scheme [32], is comparably small. This supports the
validity of resummation arguments at moderately large
temperatures but also underlines the non-uniqueness of
the definition of a running coupling in the nonperturba-
tive regime around T

c

. It turns out that the fit (11) can
be extended to even lower temperatures T & 1.8T

c

, where
it is still in very good agreement with our data, see Fig. 2.
Note, that the fitting with the vertex coupling ↵

s,vert fails
for temperatures below 3T

c

. These findings hint at the
validity of a quasi-particle picture even at considerably
low temperatures.

Below the critical temperature the effective degrees of
freedom change from gluons to glueballs. The glueball
spectrum can be calculated using the formalism put for-
ward in this work [33]. Hence, the present YM calculation
is also capable of describing glueball resonances. There-
fore one expects an algebraic decay of ⌘/s with tempera-
ture similar to a hadron resonance gas [5, 6]. Due to the
small number of data points and the comparably large
error bars below T
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, no precise determination of the ex-
ponent � in the power law is possible. We construct a
global fit function by superposing a power law behaviour
at small temperatures with the extrapolated high tem-
perature behaviour (11), i.e. a global parametrisation of
the form
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s,HQ(c T/Tc

)

+

b

(T/T

c

)

�

. (13)

With a = 0.15, b = 0.14, c = 0.66 and � = 5.1 this
fit describes our data very well, see Fig. 2. The best-fit
value � = 5.1 lies in the expected range for a hadron
resonance gas [6], where for example a pion gas leads to
an exponent of 4.

The analytic fit function (13) for ⌘/s in YM theory
enables us to provide a first estimate of ⌘/s in full QCD,
again based on the idea of superposing a low and a high
temperature behaviour term. The procedure consists of
three separate steps. Firstly, one has to take into account
the difference in scales and the running couplings in YM
and QCD. This involves replacing the coefficient �
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in
(12) by its QCD value, �

0,QCD = (33� 2N
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)/(12⇡). Ad-
ditionally, one has to set a scale by fixing the ratio of the
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FIG. 4: Estimate for ⌘/s in QCD which shows a minimum
at Tmin ⇡ 1.3Tc at a value of 0.17. The inset shows the
comparison to the YM results for temperatures normalised
by the respective critical temperatures.

phase to take place, the strong coupling usually needs to
exceed a certain critical value ↵

s

(T ) = ↵

crit

. On general
grounds one can argue that the critical values in YM the-
ory and QCD are of comparable size. This argument is
supported by the fact that the values of ↵

crit

for the ver-
tex couplings tend to coincide. Consequently, we impose
the condition

↵

Nf=0

s,HQ (cT/T

c

)
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T=Tc

= ↵

Nf=3

s,HQ (cQCDT/Tc

)

���
T=Tc

. (14)

This matching condition fixes the scale factor to the value
cQCD = 0.79. Secondly, one has to take into account
genuine quark contributions that are not encoded in the
change of the running couplings. Denoting the quark
contributions to viscosity and entropy as �⌘ and �s re-
spectively, we write

⌘
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���
QCD

=

⌘YM +�⌘

sYM +�s

=

⌘
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���
YM,↵

YM
s !↵

QCD
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·
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�⌘

⌘YM
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(15)

and estimate the ratios �⌘/⌘YM and �s/sYM using lead-
ing order perturbative results. For N

f

= 3 we find
�⌘/⌘YM ⇡ 2.9 [34, 35] and �s/sYM ⇡ 21

32

N

f

⇡ 2.0

[36, 37], leading to an overall correction factor of ap-
proximately 4/3. Finally, in the low temperature regime
one has to replace the pure glueball resonance gas by
a hadron resonance gas, which also decays algebraically
with temperature. In this work we use the data given in
[38]. In summary, the final fit for QCD takes the form
(13), but with the parameter aQCD ⇡ 4/3 a for the high-
temperature part and bQCD ⇡ 0.16, �QCD ⇡ 5 for the
HRG fit, replacing the corresponding YM values. Addi-
tionally the full QCD ↵

Nf=3

s,HQ (cQCDT/Tc

) with cQCD = 0.79

replaces the pure-glue beta-function, whereas the pertur-

¢Constraints set by calculations not yet stringent
¢Treat the transport coefficients as the parameters

of a long-wavelength effective theory (fluid
dynamics)

¢Fix them by looking at data with relativistic hydro

Christiansen, Haas, Pawlowski, Strodthoff PRL (2015)
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ψ n

(ε + P) ∂
!v
∂t

= −
!
∇P

Assessing collectivity with the differential 
single-particle spectrum

d 3N
dyd 2pT

= 1
π

d 2N
dydpT

2 1+ 2 vn
n=1

∞

∑ (pT )cosn(φ −ψ n )
⎡
⎣⎢

⎤
⎦⎥

v1 = Directed flow 

v2 = Elliptic flow 

v3 = Triangular flow

∇P(⇔) >∇P(!)

Quantifying the azimuthal asymmetries

Anisotropies in coordinate space generate those in momentum space 
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MUCH WORK HAS BEEN DONE STUDYING THE EFFECTS OF SHEAR 
VISCOSITY. WHAT ABOUT BULK?
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FIG. 5: The trace anomaly calculated in lattice QCD with p4 and asqtad actions on Nτ = 6 and
8 lattices compared with the parametrization given by Eqs. (4.2) and (4.3). The solid, dotted

and dashed lines correspond to parametrizations s95p−v1, s95n−v1 and s90f−v1 respectively, as
discussed in the text.
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of state obtained from Eqs. (4.2) and (4.3). The vertical lines indicate the transition region (see
text). In the right panel we also show the speed of sound for the HRG EoS and EoS with first
order phase transition (thin dotted) line, the EoS Q

hadron gas, and its minimum value is that of HRG speed of sound3. It is quite simple to
understand why this happens: To achieve smaller speed of sound than the speed of sound in
hadron gas, the trace anomaly should be larger than in HRG. As one can see in Fig. 4, the
present lattice data clearly disfavors such a scenario. In Figure 6 we indicate the transition
region from hadronic matter to deconfined state by vertical lines. We define the transition

3 Similar EoS was presented already in Refs. [45, 46].
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¢For a non-conformal fluid, the bulk 
viscosity is not zero 

¢Around, and sightly above, Tc, the bulk 
viscosity will matter

Huovinen and Petreczky, Nucl. Phys. A (2010)

T µν = −Pgµν +ωuµuν + ΔT µν

The dissipative terms, to second order: ΔT µν = Fµν [η,ζ ,χ ]
¢Some calculations now incorporate all of these 

¢The hydro description is still very much in evolution

S. Ryu et al., PRL (2015); J. E. Bernhard et al., arXiv/1605.03954

Kharzeev, Tuchin PLB (2007); JHEP (2008)
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FIG. 2: (Color online) Multiplicity (a), average transverse momentum (b), and flow harmonic coe�cients (c) as a function
of centrality. The bands around the dashed lines show the e↵ect of Tswitch on the observables. The points correspond to
measurements by the ALICE collaboration [49, 50], with bars denoting the experimental uncertainty.

momentum are calculated without a lower pT cut [50].
All resonances and hadrons included in UrQMD are con-
sidered in our analyses and we neglect all weak decays.
The solid curves correspond to the simulations that in-
clude bulk and shear viscosities, while the dashed lines
correspond to the calculations with only the shear vis-
cosity. The band around the dashed curves shows how
the results are modified when Tswitch is varied from 135
MeV to 165 MeV. For hpT i and vn, the upper section of
the band corresponds to the calculations with the lowest
Tswitch while for multiplicity it corresponds to ones with
the highest Tswitch. The points correspond to measure-
ments by the ALICE collaboration [49, 50].

As expected, the simulations without bulk viscosity are
still able to well describe the centrality dependence of
the flow harmonic coe�cients v2,3,4{2}. However, these
calculations overestimate the hpT i of pions, kaons, and
protons by almost 30%. This happens because the IP-
Glasma model gives rise to an initial state with large
gradients of pressure and the subsequent fluid-dynamic
expansion accordingly produces a significant radial flow.
Therefore, in order to describe the data the transverse
momentum of produced particles must be considerably
reduced.

Including hadronic re-scatterings by itself does not re-
duce the hpT i, modifying mostly the intermediate pT re-
gion of the pion spectra [51, 52]. Moreover, we can see
from the bands around the dashed lines in Fig. 2 that
increasing the switching temperature will not help fixing
the multiplicity of pions, and is not enough to reproduce
the correct values of hpT i. Finally, reducing ⌘/s alone
not only is unable to su�ciently suppress the hpT i, but
also ends up destroying the good description of the flow
harmonic coe�cients.

Including bulk viscosity leads to a suppression of hpT i
and can improve our description of the data. This is be-

cause the bulk viscous pressure acts as a resistance to
the expansion or compression of the fluid. In heavy ion
collisions, the expansion rate is mostly large and posi-
tive, leading to a bulk viscous pressure that reduces the
e↵ective pressure of the system and, consequently, slows
down the acceleration of the fluid.

As shown in Fig. 2, the calculations with bulk viscous
pressure are indeed able to provide a good description of
all the pT –integrated observables. The calculated average
transverse momentum of pions, kaons, and protons are
within the error bars of the ALICE measurements [50] for
most of the centrality classes considered. The pion and
proton multiplicities measured by ALICE [50] are well de-
scribed by the model, which however systematically over-
predicts the multiplicity of kaons by ⇠ 10%. Finally, we
see that the inclusion of bulk viscosity does not spoil the
description of the flow harmonic coe�cients v2,3,4{2} as
a function of centrality. We note that the bulk viscosity
reduces v2,3,4{2} by more than 10% but this e↵ect is com-
pensated by decreasing the shear viscosity over entropy
density ratio from ⌘/s = 0.16 to ⌘/s = 0.095, leading to
a very similar quality of description. Within this study,
the inclusion of bulk viscosity can therefore reduce the
value of shear viscosity extracted from data by almost
50%.

We now study pT –di↵erential observables within the
best fit configuration including shear and bulk viscosi-
ties. Figure 3 shows the pT –spectra of pions, kaons, and
protons and v2,3,4{2}(pT ) of charged hadrons for the 0–
5% and 30–40% centrality classes. The solid lines cor-
respond to the calculations with bulk and shear viscos-
ity discussed above while the dashed lines correspond to
the same calculations without the e↵ect of hadronic re-
scatterings. Note that the pT –spectra display reason-
able agreement with the data which is in line with the
good description of the multiplicity and hpT i of pions,

¢ The bulk viscosity reduces the average pT: it acts as a negative pressure Π ~ −ζθ
4
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FIG. 3: (Color online) Transverse momentum spectra (upper panels) of pions, kaons, and protons and harmonic flow coe�cients
(lower panels) as a function of the transverse momentum. Two centrality classes are considered: 0–5% (left panels) and 30–
40% (right panels). The bands denote the statistical uncertainty of the calculation. The full and open symbols correspond to
measurements by the ALICE [49] and CMS [53, 54] collaboration respectively, with bars denoting the experimental uncertainty.

kaons, and protons, displayed in Fig. 2. The vn{2}(pT )
of charged hadrons shows more deviations from data, in
particular the ALICE data [49], which is systematically
smaller than the CMS measurement [53, 54] at high pT .

We find that hadronic re-scatterings have an almost
negligible e↵ect on pion spectra (the di↵erence between
the red dashed curve and the solid one is barely visible in
the plot) and only a↵ects the di↵erential flow harmonics
of charged hadrons at high pT . On the other hand, they
play an important role in the description of kaon and,
especially, proton spectra. Without taking into account
all of these e↵ects, it would not be possible to globally
describe these observables. These findings are consistent
with those from Refs. [51, 52].

4. Conclusions. In this letter, we discussed the e↵ect
of bulk viscous pressure on multiplicity, average trans-
verse momentum, and azimuthal momentum anisotropy
of charged hadrons using a state-of-the-art simulation
of ultrarelativistic heavy ion collisions. It includes IP-
Glasma initial conditions, which in combination with hy-
drodynamics are known to provide a good description
of the flow harmonic coe�cients, and UrQMD, which
models the hadronic re-scatterings that follow the fluid-
dynamical evolution of the system. This fluid-dynamical
evolution also considers several non-linear terms absent
from several previous studies. The inclusion of bulk vis-

cosity was found to have a large e↵ect on the average
transverse momentum of charged hadrons and on the el-
liptic flow coe�cient. In fact, when using the IP-Glasma
initial conditions, the bulk viscosity is essential to de-
scribe the pT –spectra of charged hadrons, and leads to
a considerably better description of the data. A similar
quality of description involving only shear viscosity could
not be obtained in our current model.
This work constitutes the first phenomenological in-

vestigation which shows that the bulk viscosity of QCD
matter is not small, at least around the phase transi-
tion region. Our calculations suggest that ⇣/s ⇡ 0.3 or
larger around Tc. We also showed that the inclusion of
bulk viscosity considerably modifies the optimum value
of shear viscosity required to describe the data, reducing
it by almost 50%. Therefore, the e↵ects of bulk viscos-
ity can not be neglected when extracting any transport
coe�cient from the data. The e↵ects of bulk viscosity
on ultracentral collisions, already briefly investigated in
Ref. [46], and on several other experimental observables
will be the subject of future studies.
Acknowledgments. The authors thank M. Luzum,
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FIG. 1. The temperature dependence of the bulk viscosity
to entropy density ratio, as used in this work. The points
on the low temperature side are the results of a calculation
from Ref. [32], while the high-temperature results are from
Ref. [33].

sis is put on photon emission from the expanding QCD
medium, referred to as “thermal photons”.

The aim of this work is to present an up-to-date calcu-
lation of thermal photons using the latest developments
in hydrodynamical simulation of heavy ion collisions. Un-
derstanding the current status of thermal photon produc-
tion in heavy ion collisions will help guide future e↵ort at
identifying and constraining alternative photon produc-
tion mechanisms.

II. HYDRODYNAMICAL MODEL

The relativistic fluid dynamics background that pro-
vides the time-dependent environment in which the
photon-generation mechanisms evolve, is the same here
as that used for hadrons in Ref. [8]. We summarize its
main features again here, for convenience. The initial
state of the nuclear collision are modelled using the IP-
Glasma approach [29], which builds on the “impact pa-
rameter dependent saturation model” (IP-Sat) [30, 31]
that constrains the distribution of initial colour sources
drawing from electron-proton and electron-nucleus colli-
sion data. The gluon fields are then evolved in space and
time using classical Yang-Mills equations: [Dµ, F

µ⌫ ] = 0,
up to a proper time ⌧

0

of order of the inverse of the sat-
uration scale. The energy density, ✏, and the flow veloc-
ities, uµ, from the Yang-Mills evolution are then used to
initialize the hydrodynamical evolution. This is achieved
by solving uµ(⌧0)T

µ⌫
CYM

(⌧
0

) = ✏(⌧
0

)u⌫(⌧
0

) where T

µ⌫
CYM

is
the classical Yang-Mills energy-momentum tensor. As in
Ref. [8], ⌧

0

= 0.4 fm is used in this work. The IP-Glasma
initial conditions are boost-invariant, and the subsequent
hydrodynamical evolution is 2 + 1D as well.

The hydrodynamic evolution involves a dissipative

term in the stress-energy tensor:

Tµ⌫
diss

= ⇡

µ⌫ ��µ⌫⇧ , (2)

where �µ⌫ = g

µ⌫ � u

µ
u

⌫ . In the above, g

µ⌫ =
diag(1,�1,�1,�1) is the Minkowski tensor, ⇡µ⌫ is the
shear-stress tensor, and ⇧ is the bulk pressure term. The
time-evolution of these last two quantities is obtained by
solving relaxation-type equations [34, 35]:

⌧

⇧

⇧̇+⇧ = �⇣✓ � �

⇧⇧

⇧✓ + �
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, (4)
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A
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,

where
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1

2


�µ

↵�
⌫
� +�⌫

↵�
µ
� � 2

3
�µ⌫�↵�

�

is the double, symmetric, and traceless projection oper-
ator. The expansion rate of the fluid is ✓ = @µu

µ and
the shear tensor �µ⌫ = @

hµ
u

⌫i. In the present work, the
shear-stress tensor and the bulk pressure are initialized
to zero at time ⌧

0

.
The second-order transport coe�cients ⌧

⇧

, �
⇧⇧

, �
⇧⇡,

⌧⇡, ⌘, �⇡⇡, '7

, ⌧⇡⇡, and �⇡⇧ are related to the shear vis-
cosity ⌘ and bulk viscosity ⇣ using formulae derived from
the Boltzmann equation near the conformal limit [35].
Importantly, the hydrodynamic evolution stage is fol-

lowed by a phase where discrete particles are pro-
duced through the Cooper-Frye procedure [36]. Late
stage hadrons further interact and freeze-out dynamically
through the UrQMD approach and algorithms [37].
Since viscous hydrodynamics is used, the medium is

not exactly in thermal equilibrium. Consequently, when-
ever specific particle distributions are invoked – in the
Cooper-Frye scheme or for thermal photon production
– these will receive viscous corrections. In the present
work, the momentum distribution fB/F (P,X) is derived
in Appendices (A) and (B), and is given by

fB/F (P,X) = f

(0)

B/F (P ) + �f

shear

B/F (P,X) + �f

bulk

B/F (P,X) ,

(5)

where

�f

shear

B/F (P,X) = f

(0)

B/F (P )(1 + �B/F f
(0)(P ))

⇡

µ⌫
P

µ
P

⌫

2T 2(✏+ P)

(6)

and

�f

bulk

B/F (P,X)= �f

(0)

B/F (P )(1 + �B/F f
(0)(P ))
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3
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T
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FIG. 1. The temperature dependence of the bulk viscosity
to entropy density ratio, as used in this work. The points
on the low temperature side are the results of a calculation
from Ref. [32], while the high-temperature results are from
Ref. [33].

sis is put on photon emission from the expanding QCD
medium, referred to as “thermal photons”.

The aim of this work is to present an up-to-date calcu-
lation of thermal photons using the latest developments
in hydrodynamical simulation of heavy ion collisions. Un-
derstanding the current status of thermal photon produc-
tion in heavy ion collisions will help guide future e↵ort at
identifying and constraining alternative photon produc-
tion mechanisms.

II. HYDRODYNAMICAL MODEL

The relativistic fluid dynamics background that pro-
vides the time-dependent environment in which the
photon-generation mechanisms evolve, is the same here
as that used for hadrons in Ref. [8]. We summarize its
main features again here, for convenience. The initial
state of the nuclear collision are modelled using the IP-
Glasma approach [29], which builds on the “impact pa-
rameter dependent saturation model” (IP-Sat) [30, 31]
that constrains the distribution of initial colour sources
drawing from electron-proton and electron-nucleus colli-
sion data. The gluon fields are then evolved in space and
time using classical Yang-Mills equations: [Dµ, F

µ⌫ ] = 0,
up to a proper time ⌧

0

of order of the inverse of the sat-
uration scale. The energy density, ✏, and the flow veloc-
ities, uµ, from the Yang-Mills evolution are then used to
initialize the hydrodynamical evolution. This is achieved
by solving uµ(⌧0)T

µ⌫
CYM

(⌧
0

) = ✏(⌧
0

)u⌫(⌧
0

) where T

µ⌫
CYM

is
the classical Yang-Mills energy-momentum tensor. As in
Ref. [8], ⌧

0

= 0.4 fm is used in this work. The IP-Glasma
initial conditions are boost-invariant, and the subsequent
hydrodynamical evolution is 2 + 1D as well.

The hydrodynamic evolution involves a dissipative

term in the stress-energy tensor:

Tµ⌫
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= ⇡
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where �µ⌫ = g
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⌫ . In the above, g

µ⌫ =
diag(1,�1,�1,�1) is the Minkowski tensor, ⇡µ⌫ is the
shear-stress tensor, and ⇧ is the bulk pressure term. The
time-evolution of these last two quantities is obtained by
solving relaxation-type equations [34, 35]:
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ator. The expansion rate of the fluid is ✓ = @µu

µ and
the shear tensor �µ⌫ = @
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⌫i. In the present work, the
shear-stress tensor and the bulk pressure are initialized
to zero at time ⌧
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, ⌧⇡⇡, and �⇡⇧ are related to the shear vis-
cosity ⌘ and bulk viscosity ⇣ using formulae derived from
the Boltzmann equation near the conformal limit [35].
Importantly, the hydrodynamic evolution stage is fol-

lowed by a phase where discrete particles are pro-
duced through the Cooper-Frye procedure [36]. Late
stage hadrons further interact and freeze-out dynamically
through the UrQMD approach and algorithms [37].
Since viscous hydrodynamics is used, the medium is

not exactly in thermal equilibrium. Consequently, when-
ever specific particle distributions are invoked – in the
Cooper-Frye scheme or for thermal photon production
– these will receive viscous corrections. In the present
work, the momentum distribution fB/F (P,X) is derived
in Appendices (A) and (B), and is given by

fB/F (P,X) = f

(0)

B/F (P ) + �f

shear
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η / s = 0.095

The inclusion of bulk viscosity affects the 
extraction of shear viscosity (here, ≈50%).

Uncertainty on these extracted values: MADAI-style statistical analysis:

MADAI.MSU.EDU; Sangaline and Pratt, PRC (2016); J. E. Bernhard et al., 
arXiv/160503954; G. Denicol, QM 2015

WHAT ABOUT PHOTONS?

UPDATE ON THE “PHOTON FLOW PUZZLE”

http://madai.msu.edu
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pQCD Photons

¢Calculated at NLO in pQCD 
¢ INCNLO, P. Aurenche et al., Eur. PJC (2000) 
¢ CTEQ6.1m, BFG-2, Isospin, EPS09

pp

J.-F. Paquet, PhD Thesis (2015)
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Electromagnetic thermal emissivity

ω d 3R
d 3k

= − gµν

(2π )3
ImΠµν

R (ω ,k) 1
eβω −1

¢ Partonic rates @ LO: Arnold, Moore, Yaffe, JHEP (2001); 
Partonic rates @ NLO: J. Ghiglieri et al., JHEP (2013); 
Partonic rates [Lattice]: J. Ghiglieri et al., arXiv:1604.07544

¢ Hadronic rates:  Turbide et al., PRC (2004); Heffernan et al., 
PRC (2015)

X +Y → Z + γ
ρ →Y + Z + γ
K * →Y + Z + γ}X,Y ,Z ∈{ρ,π ,K *,K}

ππ → ππγ , Σ→ Λγ , f1(1285)→ ρ 0γ ...

+ viscous corrections
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“Viscous Thermal Photons” from a hot ensemble of hadrons

f0 (u
µ pµ ) =

1
(2π )3

1
exp[(uµ pµ − µ) /T ] ±1

In-medium hadrons:

q0
d 3R
d 3q

=
d 3p1

2(2π )3E1

d 3p2
2(2π )3E2

d 3p3
2(2π )3E3

(2π )4 M 2 δ 4 (...)∫
f (E1) f (E2 ) 1± f (E3)[ ]

2(2π )3

f → f0 +δ f , δ f = f0 (1± (2π )
3 f0 )p

α pβπαβ
1

2(ε + P)T 2

¢ Recalculate all the rates 
¢ Integrate rates with viscous hydro

M. Dion, MSc Thesis (2011), Dion et al., PRC (2011);  
Shen et al., PRC (2014), Paquet et al., (2016)
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Rate/viscous 
correction Ideal I+Shear I+S+Bulk

QGP: 2->2 AMY Chen et al., PRC 
(2015)

 Paquet etal., PRC 
(2016)

QGP: LPM-
Brem. AMY

Hadronic: 
Meson 

reactions

• Turbide et al. , PRC 
(2004) 

• van Hees et al., 
PRC (2011)

• Dion et al., PRC 
(2011) 

• Paquet et al., PRC 
(2016)

Paquet etal., PRC 
(2016)

Hadronic: 
Meson-Meson 

Brem.

• Liu et al., NPA 
(2007) 

• Linnyk et al., PRC 
(2015)

Hadronic: 
Baryons

• Rapp et al., ANP 
(2000) 

• Turbide et al., PRC 
(2004)

Where we are with “viscous photon” rates (no NLO)

(An incomplete reference list)
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in c and [c
min

, c

max

] is the final (large) centrality class
in which the measurement is reported. At the LHC the
sub-bins are [64] 0 � 5%, 5 � 10%, 10 � 20%, 20 � 30%
and 30� 40%, while 10% bins are used at RHIC [65].

The quantity v

�
n{EP}[c

min

, c

max

] — Eq. (27) — is the
one that should be compared to PHENIX and ALICE
measurements. All photon anisotropy calculations pre-
sented in this paper are computed with Eq. (27) using
the bins just listed.

VI. RESULTS AND DISCUSSION

We now show and discuss the result of integrating the
photon rates discussed in Sections III B and IV, with the
hydrodynamic approach discussed in Section II. Prior to
doing this, an important clarification is needed. The
model used here is a hybrid approach, in the sense that
it is not purely hydrodynamics: it has a viscous fluid-
dynamics stage that is followed by a transport phase –
modelled with UrQMD – with dynamic decoupling. The
UrQMD afterburner is important to a successful theoret-
ical interpretation of the measured proton spectra and
v

2

[8, 66]. However, extracting the photons via the vec-
tor meson spectral density [26] from a transport model
is still very much a topical subject of current research.
More generally, electromagnetic emissivities are typically
calculated in conditions near thermal equilibrium, as dis-
cussed earlier in this paper, and a knowledge of the lo-
cal temperature and of other thermodynamic variables is
usually absent from most transport formulations. One
resolution of this situation has been to coarse-grain the
transport final states, and to assign local temperatures
to cells on a space-time grid using the equation of state
[67, 68]. Such procedures are numerically-intensive, but
will be studied within our framework in detail in the fu-
ture. The point of view adopted in this work is that,
apart from proton observables, hydrodynamics does pro-
vide a realistic environment for the bulk of hadronic ob-
servables, especially if the bulk viscosity is included [8].
Therefore, for the calculation of photons, the contribu-
tion of the UrQMD phase of the spatiotemporal evolu-
tion is modelled by letting the fluid-dynamical evolu-
tion proceed past the switching temperature from hy-
dro to UrQMD (the “particlization temperature” [69]),
T

switch

= 145 MeV, down to a more typical hydro freeze-
out temperature of T = 105 MeV. In hydrodynamical ap-
proaches in general, the freeze-out temperature is a free
parameter of the model: more words about the depen-
dence of the photon signal on this parameter will appear
later in this section.

A. RHIC

The direct photon spectrum and v

2

were measured
at RHIC by the PHENIX collaboration [10–12, 70].
These measurements were made in Au-Au collisions at
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FIG. 4. The result of a hydrodynamic calculation of direct
photon spectra, for Au - Au collisions at RHIC, in the 0 - 20
% (top panel) and 20 - 40% (bottom panel) centrality range.
The di↵erent curves are explained in the text, the data are
from Ref. [11].

p
sNN = 200 GeV for centralities 0-20% and 20-40%.

Comparison of the hydrodynamical model’s results for
direct photon spectra are shown in Fig. 4. The prelim-
inary, minimum-bias direct photon spectrum measure-
ment from STAR [71] is shown in Fig. 5, and is com-
pared with both the hydrodynamical calculations and the
PHENIX measurements from Ref. [11]. The dashed lines
represent the thermal contributions, that is the sum of all
contributions of thermal origin. The prompt photons are
calculated in NLO QCD, as explained earlier. The con-
tribution of non-cocktail photons (Section III C) is also
shown.
The curves labeled “direct” represent the sum of all

10

FIG. 5. The result of a hydrodynamic calculation of direct
photon spectra, for Au - Au collisions at RHIC, in minimum
bias centrality range. The data are from Refs. [11, 71].

sources considered in this work (Section III). One ob-
serves that the calculation, with the contributions enu-
merated in the text, and the experimental tend to con-
verge for values of pT & 2.5 GeV. There, the calcula-
tion almost entirely consists of the pQCD component.
For intermediate transverse momenta (as defined by this
figure, pT ⇡ 1.5 GeV), the calculation underestimates
the PHENIX data central points roughly by a factor
of 3. Agreement of the calculations with the preliminary
STAR data (Fig. 5) is considerably better, well within
systematic uncertainties.

In the low pT region, calculation and data are reunited
again, but bear in mind the strong caveats regarding the
trustworthiness of the pQCD calculations at such low
transverse momenta. As supported by a direct compari-
son with pp photon data, the prompt photon curve shown
in Figs. 4 and 5 should hold down to pT ⇡ 1 GeV. While
one does not expect a sudden breakdown of the formalism
used here, it does becomes less predictive as the photon
momentum goes down. The theoretical interpretations
of photon production in nucleus-nucleus collisions would
rest on much firmer ground if a fundamental measure-
ment of soft photons from pp collisions, extending to val-
ues of transverse momenta compared to those in Figs. 4
and 5 existed. Such a measurement, while challenging,
would provide a valuable baseline for phenomenological
modelling, and would further our understanding of QCD
in its strongly coupled regime.

Figure 6 shows the calculated photon elliptic flow, com-
pared with data measured by the PHENIX collaboration.
The photon anisotropy was evaluated with Eq. (27). The
elliptic flow shows the now characteristic shape, with the
turnover at pT & 2 GeV driven by the pQCD photons.
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FIG. 6. Hydrodynamic calculation of the direct photon v
2

,
for Au - Au collisions at RHIC, in the 0 - 20 % (top panel)
and 20 - 40% (bottom panel) centrality range . The data are
from Ref. [12].

As was the case for the photon spectra the calculation of
the photon elliptic flow systematically undershoots the
central data points. However, and this also holds for
the spectra, taking into account the statistical and sys-
tematic uncertainties greatly reduces the tension between
theory and experiment. Thermal photons, represented by
the dashed curves, are shown separately to highlight that
the thermal contribution does exhibit a large v

2

, but that
this momentum anisotropy is then suppressed by prompt
photons.
As can be expected from their small contribution to

the direct photon spectra (Fig. 4), non-cocktail photons
do not contribute significantly to the direct v

2

. They are
not shown in Figure 6.

B. LHC

The direct photon spectrum and v

2

in Pb-Pb colli-
sions at

p
sNN = 2760 GeV are presented in Figs. 7 and

Paquet et al., PRC (2016)
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FIG. 5. The result of a hydrodynamic calculation of direct
photon spectra, for Au - Au collisions at RHIC, in minimum
bias centrality range. The data are from Refs. [11, 71].

sources considered in this work (Section III). One ob-
serves that the calculation, with the contributions enu-
merated in the text, and the experimental tend to con-
verge for values of pT & 2.5 GeV. There, the calcula-
tion almost entirely consists of the pQCD component.
For intermediate transverse momenta (as defined by this
figure, pT ⇡ 1.5 GeV), the calculation underestimates
the PHENIX data central points roughly by a factor
of 3. Agreement of the calculations with the preliminary
STAR data (Fig. 5) is considerably better, well within
systematic uncertainties.

In the low pT region, calculation and data are reunited
again, but bear in mind the strong caveats regarding the
trustworthiness of the pQCD calculations at such low
transverse momenta. As supported by a direct compari-
son with pp photon data, the prompt photon curve shown
in Figs. 4 and 5 should hold down to pT ⇡ 1 GeV. While
one does not expect a sudden breakdown of the formalism
used here, it does becomes less predictive as the photon
momentum goes down. The theoretical interpretations
of photon production in nucleus-nucleus collisions would
rest on much firmer ground if a fundamental measure-
ment of soft photons from pp collisions, extending to val-
ues of transverse momenta compared to those in Figs. 4
and 5 existed. Such a measurement, while challenging,
would provide a valuable baseline for phenomenological
modelling, and would further our understanding of QCD
in its strongly coupled regime.

Figure 6 shows the calculated photon elliptic flow, com-
pared with data measured by the PHENIX collaboration.
The photon anisotropy was evaluated with Eq. (27). The
elliptic flow shows the now characteristic shape, with the
turnover at pT & 2 GeV driven by the pQCD photons.

FIG. 6. Hydrodynamic calculation of the direct photon v
2

,
for Au - Au collisions at RHIC, in the 0 - 20 % (top panel)
and 20 - 40% (bottom panel) centrality range . The data are
from Ref. [12].

As was the case for the photon spectra the calculation of
the photon elliptic flow systematically undershoots the
central data points. However, and this also holds for
the spectra, taking into account the statistical and sys-
tematic uncertainties greatly reduces the tension between
theory and experiment. Thermal photons, represented by
the dashed curves, are shown separately to highlight that
the thermal contribution does exhibit a large v

2

, but that
this momentum anisotropy is then suppressed by prompt
photons.
As can be expected from their small contribution to

the direct photon spectra (Fig. 4), non-cocktail photons
do not contribute significantly to the direct v

2

. They are
not shown in Figure 6.

B. LHC

The direct photon spectrum and v

2

in Pb-Pb colli-
sions at

p
sNN = 2760 GeV are presented in Figs. 7 and
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FIG. 4. (Color online) Centrality dependence of the direct
photon invariant yields as a function of pT in Au+Au col-
lisions at

p
sNN = 200 GeV. The solid curves represent a

power-law fit to PHENIX 200 GeV p+p results [8, 32], scaled
by Nbin. The bands on the curves represent the uncertain-
ties in the parameterization and in Nbin. The error bars and
boxes represent the statistical and systematic uncertainties,
respectively.

from a Glauber model for 0-10%, 10-40%, 0-80% and 40-
80% Au+Au collisions at

p
sNN = 200 GeV are 941 ± 26,

391± 30, 292 ± 20, and 57 ± 14, respectively. For 1 <

pT < 3 GeV/c, the Au+Au results are higher than Nbin

scaled p+ p results, while at pT > 6 GeV/c the Au+Au
yield is consistent with the scaled p+ p expectation. We
note that for 1 < pT < 2 GeV/c, the data points in 0-
10% Au+Au collisions have larger uncertainties and are
also consistent with the scaled p+ p expectations.

A comparison between STAR Au+Au data and model
calculations from Rapp et al. [10, 33] and Paquet
et al. [34] is shown in Fig. 5. For the direct photon
production both models include the contributions from
QGP thermal radiation, in-medium ⇢ meson and other
mesonic interactions in the hadronic gas, and primordial
contributions from the initial hard parton scattering. In
Refs. [10, 33] an elliptic thermal fireball evolution is em-
ployed for the bulk medium. Non-thermal primordial
photons from Nbin collisions are estimated from either
a pQCD-motivated xT -scaling ansatz or a parameteri-
zation of PHENIX p + p data. The sum of the thermal
medium and primordial contributions for the former case
is shown in Fig. 5. Using a parameterization of PHENIX
p + p reference data would lead to slightly higher direct
photon yields. In addition, a (2+1)-D hydrodynamic evo-
lution (beam-direction independent) is employed for the
bulk medium by Rapp et al. and the results are consis-
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FIG. 5. The direct photon invariant yields as a function of pT
in Au+Au collisions at

p
sNN = 200 GeV compared to model

predictions from Rapp et al. [10, 33] and Paquet et al. [34] .
The statistical and systematic uncertainties are shown by the
bars and boxes, respectively.

tent with those from the fireball evolution. In Ref. [34]
a (2+1)-D hydrodynamic evolution is employed for the
bulk medium. Comparison of the model and data shows
that in the pT range 1-3 GeV/c the dominant sources
are from thermal radiation while, as pT increases to 5-6
GeV/c, the initial hard-parton scattering becomes dom-
inant. The comparison shows consistency between both
model calculations and our measurement within uncer-
tainties for all the other centralities except 40-80% cen-
trality which includes peripheral collisions, where hydro-
dynamic calculations might not be applicable.

Since the centrality binning is di↵erent between STAR
and PHENIX, it is challenging to directly compare the
invariant pT spectra in each centrality bin without in-
troducing additional systematic uncertainties. Instead,
we integrate the direct virtual photon yields in di↵erent
pT ranges, study their centrality dependences, and com-
pare the data from STAR and PHENIX as well as the
theoretical model calculations described above. For the
STAR measurements, we use two pT bins: 1-3 GeV/c
and 1.5-3 GeV/c. For the PHENIX measurements [8],
we use 1-3.5 GeV/c and 1.4-3.5 GeV/c. Di↵erent ranges
are selected due to the availability of the data. Theo-
retical model calculations show that the contribution of
the yield in the pT range 3-3.5 GeV/c is 0.4% to the
yield in the range of 1-3.5 GeV/c . The contributions in
the pT ranges 3-3.5 GeV/c and 1.4-1.5 GeV/c are 25%
to the yield in the range 1.4-3.5 GeV/c. Figure 6 shows
the comparison of the data and the theoretical model

STAR arXiv:1607.01447

V. Novitzky HP 2015

• MB: STAR 0-80%, PHENIX 0-92%

• Apparent tension between STAR 

and PHENIX photon data
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FIG. 7. The direct photon spectrum for Pb-Pb collisions at
the LHC 0 - 20% (top panel) and 20 - 40% (bottom panel)
centrality range. The di↵erent curves are explained in the
text, and the data are from the ALICE Collaboration [15].

8 respectively. The calculations are compared with mea-
surements from the ALICE collaboration [14, 15, 64]. As
for RHIC, the contribution to the spectrum of prompt,
thermal and non-cocktail photons, along with their sum
(direct photons), are shown separately in Fig. 7. The el-
liptic flow of thermal photons and of the total number of
direct photons is plotted in Fig. 8. The general features of
the photon data set at the LHC is reminiscent of that at
RHIC, but important di↵erences emerge when comparing
with theoretical calculations. For both LHC observables
— spectrum and v

2

— there is less tension between data
and theory than at RHIC. In fact, the theory results are

FIG. 8. The direct photon v
2

at 0 - 40% centrality. Data are
from the ALICE Collaboration [14, 64].

in agreement with the experimental results when con-
sidering the statistical and systematic uncertainties. As
previously, the prompt contribution begins to take over
at around pT ⇡ 3 GeV, but otherwise lies systematically
below the thermal sources.

C. E↵ect of bulk viscosity

The calculation of direct photons presented in this
work is the first one to include the e↵ect of bulk viscosity
on both the medium evolution and the photon emission
rates. Considering that the introduction of bulk viscosity
was shown to have a large e↵ect on the description of the
hadronic observables [8], it is important to highlight its
e↵ect on photon production.
In Fig. 9, the direct photon spectrum and v

2

are shown
with and without bulk viscosity for

p
sNN = 2760 GeV

Pb-Pb collisions at the LHC. Since the inclusion of
bulk viscosity modifies the shear viscosity necessary to
describe the hadronic momentum anisotropies [8], two
direct photon calculations without bulk viscosity are
shown: one with ⌘/s = 0.095, which is the shear viscos-
ity necessary to describe the hadronic vn in the presence
of bulk viscosity [8], and one with ⌘/s = 0.16, for which
a good description of hadronic vn can be achieved with
⇣/s = 0. It can be seen that the two calculations that
do not include bulk viscosity are similar, both for the
spectrum and the v

2

.
The e↵ect of bulk viscosity on the spectrum of direct

photons is small, and consists of a slight softening of the
spectrum. Like the spectrum, the v

2

increases at low pT

and decreases at high pT . This changes the shape of v
2

,
whose maximum value is shifted toward lower pT . This
is a distinctive photonic signal of the finite bulk viscosity
of QCD around the transition region.
The e↵ect of bulk viscosity on direct photons can be

divided in two separate contributions: its e↵ect on the
photon emission rates (Section IV), and its e↵ect on the
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centrality range. The di↵erent curves are explained in the
text, and the data are from the ALICE Collaboration [15].

8 respectively. The calculations are compared with mea-
surements from the ALICE collaboration [14, 15, 64]. As
for RHIC, the contribution to the spectrum of prompt,
thermal and non-cocktail photons, along with their sum
(direct photons), are shown separately in Fig. 7. The el-
liptic flow of thermal photons and of the total number of
direct photons is plotted in Fig. 8. The general features of
the photon data set at the LHC is reminiscent of that at
RHIC, but important di↵erences emerge when comparing
with theoretical calculations. For both LHC observables
— spectrum and v

2

— there is less tension between data
and theory than at RHIC. In fact, the theory results are
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in agreement with the experimental results when con-
sidering the statistical and systematic uncertainties. As
previously, the prompt contribution begins to take over
at around pT ⇡ 3 GeV, but otherwise lies systematically
below the thermal sources.

C. E↵ect of bulk viscosity

The calculation of direct photons presented in this
work is the first one to include the e↵ect of bulk viscosity
on both the medium evolution and the photon emission
rates. Considering that the introduction of bulk viscosity
was shown to have a large e↵ect on the description of the
hadronic observables [8], it is important to highlight its
e↵ect on photon production.
In Fig. 9, the direct photon spectrum and v

2

are shown
with and without bulk viscosity for

p
sNN = 2760 GeV

Pb-Pb collisions at the LHC. Since the inclusion of
bulk viscosity modifies the shear viscosity necessary to
describe the hadronic momentum anisotropies [8], two
direct photon calculations without bulk viscosity are
shown: one with ⌘/s = 0.095, which is the shear viscos-
ity necessary to describe the hadronic vn in the presence
of bulk viscosity [8], and one with ⌘/s = 0.16, for which
a good description of hadronic vn can be achieved with
⇣/s = 0. It can be seen that the two calculations that
do not include bulk viscosity are similar, both for the
spectrum and the v

2

.
The e↵ect of bulk viscosity on the spectrum of direct

photons is small, and consists of a slight softening of the
spectrum. Like the spectrum, the v

2

increases at low pT

and decreases at high pT . This changes the shape of v
2

,
whose maximum value is shifted toward lower pT . This
is a distinctive photonic signal of the finite bulk viscosity
of QCD around the transition region.
The e↵ect of bulk viscosity on direct photons can be

divided in two separate contributions: its e↵ect on the
photon emission rates (Section IV), and its e↵ect on the

(n.b. F. Bock et al., arXiv:1606.06077)
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FIG. 9. E↵ect of bulk viscosity on the direct photon spec-
trum (top panel) and v

2

(bottom panel) in Pb-Pb collisions
at

p
sNN = 2760 GeV. ALICE measurements [13, 14, 64] are

shown for reference.

spacetime evolution of the medium. The e↵ect of bulk
viscosity on the emission rates is illustrated in Fig. 10
by showing the photon spectrum and v

2

with and with-
out corrections to the rates due to bulk viscosity. The
e↵ect of the shear viscous correction to the photon rates
is shown as well, for reference.

Viscous corrections to the rates have a small e↵ect on
the direct photon spectrum. This can be understood
from the fact that viscous corrections are larger at higher
pT , where prompt photons dominate over thermal ones.

The direct photon v

2

, on the other hand, is suppressed
at higher pT by both shear and bulk viscosity corrections
to the photon rates. The suppression is of the order of
20 � 30%. Recall however that not all photon emission
rates are corrected for the e↵ect of shear and bulk vis-
cosities, as listed in Table II. In consequence, the results
shown in Fig. 10 most likely underestimate the e↵ect of
viscosity on the photon rates.

The e↵ect of bulk viscosity on the spacetime descrip-
tion of the medium is illustrated in Fig. 11. The change

FIG. 10. E↵ect of viscosity corrections to the photon emis-
sion rates for the direct photon spectrum (top panel) and v

2

(bottom panel) in Pb-Pb collisions at
p
sNN = 2760 GeV.

in spacetime volume induced by the inclusion of bulk vis-
cosity is shown for di↵erent ranges of temperature on the
left, while the e↵ect of bulk viscosity on the flow velocity
distribution, as quantified by u

⌧ =
p

1 + (ux)2 + (uy)2,
is shown on the right. The e↵ect of bulk viscosity is
clear: it reduces the transverse expansion of the medium
at low temperature, but considerably increases its space-
time volume. Since thermal photon emission is propor-
tional to the spacetime volume, the increase in volume
translates into a larger number of emitted photons. On
the other hand the slower transverse expansion implies a
softer photon spectrum, with more soft photons emitted
but less hard ones. It is the combination of these two
e↵ects that produce an overall softening of the photon
spectrum in the presence of bulk viscosity.

D. E↵ect of photon emission rates

Calculations of direct photons in heavy ion collisions
do not always use the same photon emission rates in the
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FIG. 11. Event-average spacetime volume hdV
4
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and event-average flow velocity hu⌧ iT (right) for hydrodynam-
ical model with and without bulk viscosity in Pb-Pb collisions
at

p
sNN = 2760 GeV.

evaluation of thermal photons, which has a large im-
pact on the level of agreement with data. The photon
rates used in this work were summarized in Table II. The
contribution to photon emission of a ⇡-⇢-! system [28]
has just been published and was not included in previ-
ous calculations of direct photons. More importantly,
parametrizations for the photon emission rate evaluated
with the ⇢ spectral function, along with additional emis-
sion from ⇡ + ⇡ bremsstrahlung, were made available in
Ref. [27]. In consequence, calculations of direct photons
made before this point often included only photon emis-
sion from a meson gas. The importance of the di↵erent
hadronic photon emission channels on photonic observ-
ables is shown in Fig. 12. Since the e↵ects of shear and
bulk viscosity have not yet been evaluated for all these
photon emission rates, corrections to the photon rates
due to viscosities are not included for any emission rates
in this comparison.

It is clear from Fig. 12 that including only photon emis-
sion from a gas of mesons leads to a considerable under-
estimation of the direct photon v

2

. The photon channels
evaluated with the ⇢ spectral function are especially im-
portant.

On a last note, it is relevant to highlight that QGP and
hadronic photon emission rates that are altogether di↵er-
ent from those used in the present work have been investi-
gated over the past years. For completeness, the results
of folding the hydrodynamical description of heavy ion
collisions presented in this work with two of these rates
are presented. The first rate is the “semi-QGP” photon
emission rate [24], which includes confinement e↵ects on
photon emission. The second rate is the hadronic rate
from Zahed and Dusling [72], which is evaluated using a
di↵erent approach than the hadronic rates used in this
work. Once again, viscous corrections to the photon rates
are not included in this comparison.

The semi-QGP photon rate is considerably smaller
than the QGP rate, which results in a 30% suppression of
the direct photon spectrum, shown on the top of Fig. 13.
The v

2

, shown on the lower part of the figure, does not
change significantly: an intuitive way of understanding

FIG. 12. Importance of di↵erent hadronic photon production
channels on the direct photon spectrum (top) and v

2

(bottom)
in Pb-Pb collisions at

p
sNN = 2760 GeV.

this result is to note that while a suppression of the pho-
ton rate at high temperature will increase the thermal

photon v

2

, it will reduce the contribution of thermal pho-
tons with respect to prompt photons. The two e↵ects
largely cancel out.

An important consequence of the suppression of the
QGP rate studied in Ref. [24] is that it does not match
well anymore the hadronic rate in the deconfinement re-
gion, as was the case with the QGP rate used previously
in this work (Fig. 3). This fact has yet to be addressed
in a satisfactory fashion; it highlights the importance of
understanding the photon rates in the transition region.

The hadronic rate from Ref. [72] is around 40%-100%
larger than the one used in the present work. This results
in a larger direct photon spectrum and a larger v

2

, as il-
lustrated in Fig. 13. Since the hadronic rates being com-
pared do not include the same photon production chan-
nels, this di↵erence is not unexpected. Further studies of
these hadronic emission rates themselves will be required
to establish if the two approaches can be found to agree
for comparable production channels.

uτ = 1+ (ux )2 + (uy )2

¢ The inclusion of bulk viscosity slows down the 
transverse expansion 

¢ Shifts v2 to lower pT 
¢ Slightly larger spacetime volume in the 

late stages
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Collectivity in small systems?

CMS Collab., PRL 2015

PHENIX Collab., arXiv:1507.06273

Kozlov et al., NPA (2014)

LHC

pPb 5.02 TeV

RHIC

¢ Magnitude and behaviour of flow coefficients consistent 
with fluid-dynamical modelling


¢ Pair correlation variable             confirmed by 
measurements (CMS)


¢ Some tension between AA and pA hydro calculations

¢ Initial state correlations; details of the shape of the 

proton/deuteron

rn (pT
a , pT

b )
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Soft hadrons @ RHIC and @ LHC

¢ Reasonable agreement between theory and measurement for 
spectra, centrality tracking, and flow 


¢  
< pT > values in agreement within uncertainties

5

FIG. 4. Identified particle averaged transverse momentum (a), and charged hadron anisotropic flow coe�cients (b), compared
to the CMS measurements [3, 4]. Charged hadron vn{2} is integrated from pT = 0.3 to 3.0 GeV. The mapping between
centrality class boundaries and the number of particle tracks, hN trki and No✏ine

trk

is taken from Table 1 in Ref. [4].

collision system dNch

d⌘

��
|⌘|<0.5

hpT i(⇡+) (GeV) hpT i(K+) (GeV) hpT i(p) (GeV) vch
2

{2} vch
3

{2}

0-5% p+Au @ 200 GeV 11.8(1) 0.52(1) 0.72(2) 0.98(3) 0.037(1) 0.0091(3)

0-5% d+Au @ 200 GeV 17.7(1) 0.50(1) 0.70(1) 0.95(2) 0.054(1) 0.0114(4)

0-5% 3He+Au @ 200 GeV 22.9(1) 0.49(1) 0.69(1) 0.93(2) 0.059(1) 0.0116(4)

TABLE I. The global observables of hadronic particle production and their anisotropic flow coe�cients in (p, d, 3He)+Au
collisions at 200 GeV. Statistic errors to the last digit of the numbers are indicated in the parenthesis.

to p+Pb collisions at 5.02 TeV. The elliptic flow coef-
ficients in d+Au and 3He+Au collisions, on the other
hand, are comparable with v2{2} in p+Pb collisions be-
cause of larger initial eccentricities in these systems.

Now, we take a closer look at pT -di↵erential observ-
ables. The charged hadron anisotropic flow coe�cients,
v2,3{SP}(pT ), are compared with experimental measure-
ments in Fig. 5 and Fig. 6 for small collision systems
at RHIC and LHC energies, respectively. At the top
RHIC energy, our hybrid approach with ⌘/s = 0.08
for T > 155 MeV successfully provides a consistent de-
scription of the PHENIX anisotropic flow measurements
in 0-5% p+Au, d+Au, and 3He+Au collisions. Com-
pare with results from pure hydrodynamic simulations
(dashed lines), we find the transport phase in the late
stage increases the high pT charged hadron vn{SP} and
improves the agreement with experimental data. Pre-
diction of pT -di↵erential triangular flow v3{SP}(pT ) in
p+Au and d+Au collisions are shown for future compar-
isons. In Fig. 6, a same level of agreement of charged
hadron v2,3{SP}(pT ) is achieved in the top 2% p+Pb
collisions at 5.02 TeV with an e↵ective ⌘/s = 0.10 for
T > 155 MeV. The mild increase of the e↵ective ⌘/s in
our simulations suggests a small temperature dependence
of ⌘/s(T ) in high temperature regions. We notice that
as the collision system lives longer the role of hadronic
cascade become smaller as the increase of the collision

energy.
In Fig. 7, identified particle spectra are compared with

experimental measurements in 0-20% d+Au collisions at
200 GeV and minimum bias p+Pb collisions at 5.02 TeV.
In 0-20% d+Au collisions, our hybrid calculations pro-
vide a good description of the soft hadron spectra up
to 1.5 GeV. For pT > 1.5 GeV, one would expect the
contributions from recombinations with jet shower par-
tons gradually become important. The agreement with
experimental measured spectra extends to higher pT in
minimum bias p+Pb collisions at 5.02 TeV. This is be-
cause a stronger radial flow is developed which blue shifts
the produced soft hadrons toward higher pT regions.
By comparing hybrid results with pure hydrodynamic

simulations, shown as the dashed lines in Fig. 7, we find
that the spectra of pions and kaons remain almost un-
changed with hadronic cascade. The proton yields in
pT < 0.5 GeV are reduced due to baryon anti-baryon
annihilations in the transport phase. The fact that the
high pT region of proton spectra remains the same sug-
gests the hadronic rescatterings play a minor role in the
dilute gas phase. Hence, the observed increase of the
proton mean hpT i in Fig. 4 is mainly originated from the
baryon anti-baryon annihilation.
Finally, the mass ordering in the identified particle el-

liptic flow is investigated in Fig. 8. Our hydrodynamic
model quantitatively produced the mass splitting be-
tween pion and proton v2{SP}(pT ) measured in 0-5%

6

FIG. 5. Charged hadron pT -di↵erential anisotropic flow coe�cients, v
2,3{SP}, compared with the PHENIX measurements for

0-5% (p, d, 3He)+Au collisions at 200 GeV [6, 7]. The preliminary elliptic flow data are extracted from J. Nagle’s talk slides
in Quark Matter 2015.

FIG. 6. Charged hadron anisotropic flow v
2,3{SP} compared

with the CMS [4] and the ATLAS measurements [5] in 0-2%
p+Pb collisions at 5.02 TeV.

d+Au collisions at 200 GeV and 0-20% p+Pb collisions
at 5.02 TeV. Within hydrodynamic framework, the larger
di↵erence between pion and proton elliptic flow in p+Pb
collisions at 5.02 TeV can be understood as the conse-
quence of a stronger radial flow blue shifts the proton v2
to high pT regions at higher collision energy. By compar-
ing with the results pure hydrodynamic simulations, we
find most of the mass splitting is developed in the hydro-
dynamic phase where temperature is above 155 MeV. It
suggests that a strongly-coupled QGP core in the small
collision systems can be the origin of the mass ordering in
measured identified particle v2. Predictions of pion and
proton elliptic flow coe�cients in p+Au and 3He+Au
collisions are shown in Figs. 8c and 8d for future com-
parisons. The mount of mass splitting is found to be
comparable among the three collisions systems at the top
RHIC energy.

FIG. 7. Identified particle spectra compared with experimen-
tal measurements in 0-20% d+Au collisions at 200 GeV [39]
(a) and minimum bias p+Pb collisions at 5.02 TeV [4] (b).

C. Shen et al., PRL (2016), and in preparation
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Pushing the limits of hydrodynamics? pA systems

… and help from photons

One indicator, the Knudsen number, Kn Kn = ℓmicro

Lmacro

For a dilute gas ℓmicro = λmfp ~ τπ = 5
η
ε + P

For Lmacro, use the local fields       to construct all possibilities ε,uµ

1
Lmacro
θ = θ , 1

Lmacro
ε = 1

ε
∇µε∇

µε are the larger ones

Kn = τπ

L
, L = min Lmacro

θ , Lmacro
ε( )

θ = ∇µu
µ( )

Denicol et al., PRD (2012); Niemi, Denicol, arXiv:1404.7327
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Pushing the limits of hydrodynamics? pA systems

… and help from photons

One indicator, the Knudsen number, Kn Kn = ℓmicro

Lmacro

For a dilute gas ℓmicro = λmfp ~ τπ = 5
η
ε + P

For Lmacro, use the local fields       to construct all possibilities ε,uµ

1
Lmacro
θ = θ , 1

Lmacro
ε = 1

ε
∇µε∇

µε are the larger ones

Kn = τπ

L
, L = min Lmacro

θ , Lmacro
ε( )

Kn >1
Kn ~1
Kn <1

Tdec = 165 MeV
Stop at

θ = ∇µu
µ( )

Denicol et al., PRD (2012); Niemi, Denicol, arXiv:1404.7327
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Photon results

¢ For minimum bias p+Pb collisions, thermal photons are suppressed w.r.t. 
prompt photons, but are still visible in the total yield


¢ Prompt photons: NLO pQCD

¢ There is however a clear photon elliptic flow, and a photon triangular 

flow

Min. bias
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Photon results

¢ In the 0-20% centrality range, the thermal photons compete with the 
prompt, up to intermediate pT


¢ Larger elliptic and triangular flows

0-20%

Glauber
Glauber-Gribov
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Photon results

¢ In the 0-10% centrality range, the thermal photons compete with the 
prompt, up to intermediate pT


¢ Larger elliptic and triangular flows

0-10%
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Photon results

¢ In the 0-1% centrality range, a clear thermal photon signal over the 
prompt photon contribution; a factor of 3 @ 1.5 GeV


¢ There is a clear photon elliptic flow, and a photon triangular flow

¢ Tdec is kept high: arguably even a lower limit to the thermal 

contributions

0-1%
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Photon results

¢ In the 0-1% centrality range, a clear thermal photon signal over the 
prompt photon contribution


¢ There is a clear photon elliptic flow, and a photon triangular flow

¢ Tdec is kept high: arguably a lower limit to the thermal contributions

0-1%
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Comparing against what is currently known, 
and some predictions

¢ Thermal radiation can leave a measurable imprint even on min. bias

¢ An additional empirical support to the existence of a medium with 

collectivity features

RpPb
γ

C. Shen et al., PRL (2016)
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Comparing against what is currently known, 
and some predictions

¢ Thermal radiation can leave a measurable imprint even on min. bias

¢ An additional empirical support to the existence of a medium with 

collectivity features

RpPb
γ

C. Shen et al., PRL (2016)
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More fluid-dynamical insights from EM radiation

ELECTROMAGNETIC RADIATION AS A PROBE OF THE . . . PHYSICAL REVIEW C 94, 014904 (2016)

In the Cooper-Frye formalism, one first needs to specify
the local momentum distribution of hadrons. For an ideal
hadron resonance gas, these would correspond to Fermi-Dirac
or Bose-Einstein distributions, with the appropriate mass and
degeneracy factors. For dissipative systems, this is no longer
the case and the distribution function should be generalized to
also include nonequilibrium corrections. Here, we use [32]

f i
k = f i

0k + δf i
k ; δf i

k = f i
0k

!
1 + af i

0k

" πµν

2(ε + P )T 2
ki
µki

ν,

(4)

where the index i specifies the hadron species, ki
µ is

that hadron’s four-momentum, and a = 1(−1) for bosons
(fermions). The chemical potentials µi

PCE(T ) arising from the
partial chemical equilibrium prescription are implicitly present
throughout this work, both in the Cooper-Frye formalism and
in the production rates of electromagnetic radiation, discussed
in the next section.

III. PRODUCTION RATES OF
ELECTROMAGNETIC PROBES

The production rate of electromagnetic radiation from a
QCD plasma is known only in very specific limits of the
QCD phase diagram. At low temperatures, the emission rate
has been described using effective Lagrangians with hadronic
degrees of freedom [13,33–35]. For weakly coupled and high
temperature plasma, the rate has been computed perturbatively
at next-to-leading order for photons [36] and dileptons [37–
39]. Electromagnetic emission rates that take into account
deviations from local thermodynamic equilibrium—essential
when the emitting medium is a viscous fluid—have been
published recently [9,10,16,40,41], although they have not yet
been extended to include next-to-leading order processes.

Since EM rates are known only for the low and high
temperature limits of the QCD medium, the approach taken
in this paper is to use each rate in their own temperature limits.
In the crossover region, here taken to be in the temperature
range T = 184–220 MeV [20], we use rates that are a linear
interpolation of hadronic and QGP rates.

For the strong coupling constant, we used a constant value
of gs = 2, corresponding to αs ≈ 0.32. The rates used for
photons and dileptons are described in more details in the
following subsections.

A. Dileptons

The dilepton production rate can be written as

d4Rℓ+ℓ−

d4q
= −L(M)

M2

α2
EM

π3

Im'R
EM (M,|q|; T )
eq0/T − 1

;

L(M) =
#

1 + 2m2
ℓ

M2

$%

1 − 4m2
ℓ

M2
, (5)

where M2 = qµqµ, q0 =
&

M2 + |q|2, and Im'R
EM is the

imaginary part of the retarded virtual photon self-energy.
At low temperatures, we use the vector meson dominance

model (VDM), first proposed by Sakurai [42], to relate the real

and virtual photon self-energy to hadronic degrees of freedom.
According to the VDM, the imaginary part of the retarded
photon self-energy Im'R

EM is related to the imaginary part of
the retarded vector meson propagator ImDR

V via

Im'R
EM =

'

V =ρ,ω,φ

#
m2

V

gV

$2

ImDR
V , (6)

where V = ρ,ω,φ denote the corresponding vector mesons,
and gV is the coupling constant between a vector meson V
and a photon. In the Schwinger-Dyson formalism the retarded
propagator can be related to the vector meson self-energy [43].
The finite temperature piece of the self-energy has been
computed through the forward scattering amplitude method
first devised by Eletsky et al. [34], which includes two con-
tributions: (i) resonance scatterings through experimentally
observed particles and (ii) nonperturbative Regge physics.
The vacuum piece of the self-energy is computed using
chiral effective Lagrangians. Recently, this method has been
extended to include a viscous correction [16] assuming that
viscosity modifies the thermal particle distribution according
to Eq. (4). The full self-energy can be expressed as ' =
'0 + δ', with δ' being responsible for the viscous correction
to the dilepton rate.

Another approach is to use chiral effective Lagrangians [13]
to study the in-medium properties of vector mesons. However,
the approach in Ref. [13] has not yet been generalized to a
viscous description of the medium, and hence will not be used
in this study.

The QGP dilepton emission rate used in this work is
calculated from kinetic theory using the Born approximation,
since the viscous correction to this rates are known. The rate
is given by

d4Rℓ+ℓ−

d4q
=

(
d3p1d

3p2

(2π )6Ep1Ep2

f (1)
p1

f (2)
p2

q2

2
σδ4(q − p1 − p2),

σ =
16πα2

EM

!)
q ′ e2

q ′

"
Nc

3q2
, (7)

FIG. 1. Event averaged shear-stress tensor for bπ = 5,10,20 in
the local rest frame of the fluid cell located at x = y = 2.6̄7 fm,
z = 0 fm. Results with bπ = 5 are in red, bπ = 10 in dark green and
bπ = 20 in light green. Different types of lines are used for various
components of πµν . The full line is reserved for π xx , dashed line for
π yy , dotted line for π zz and dash-dotted line is used for π xy .
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FIG. 2. Pion transverse momentum spectra (left panel) and charged hadron differential elliptic flow (right panel) as a function of transverse
momentum, for different values of shear relaxation time. Here, and in all subsequent figures of this paper, the colored bands represent the
statistical uncertainty associated with 200 hydrodynamical events.

where σ is the cross section for q + q̄ → ℓ− + ℓ+. The QCD
number of colors is denoted Nc, and the sum over q ′ spans over
the quark flavors, which we limit to the three lightest: q ′ =
u,d,s. Naturally, the single particle momentum distribution
functions, f i

p , includes viscous corrections, which we assume
to be of the same form as the one shown in Eq. (4). The QGP
rate can thus be expressed as

d4Rℓ+ℓ−

d4q
= d4Rℓ+ℓ−

0

d4q
+ d4δRℓ+ℓ−

d4q
,

d4δRℓ+ℓ−

d4q
= qµqνπ

µν

2T 2(ε + P )
b2(q0,|q|; T ), (8)

where the expression for b2(q0,|q|; T ) can be found in
Refs. [16,41].

B. Photons

At low temperatures, we assume that the photon production
can be computed by effectively describing the medium as a gas
of light mesons [33,44], via a massive Yang-Mills Lagrangian

coupled with the vector dominance model.1 In this case,
thermal photon production can be computed within a kinetic
description:

k
d3Rγ

d3k
=

!
d3p1

2Ep1 (2π )3

d3p2

2Ep2 (2π )3

d3p3

2Ep3 (2π )3

1
2(2π )3

× (2π )4δ(4)(P1 + P2 − P3 − K)|M|2f (1)
p1

f (2)
p2

×
"
1 ± f (3)

p3

#
. (9)

This formula captures the 2 → 2 photon production process in
relativistic kinetic theory, with M being the zero-temperature
matrix element corresponding to the photon emission process.
Contributions due to photon absorption by the medium are ne-
glected. Some particle decays (1 → 3 processes), are included
as well in our calculation, with Eq. (9) modified accordingly
for such process. The deviation from local equilibrium is taken
into account through the presence of δf i

p , as in Eq. (4), in the
hadron momentum distribution functions f i

p [9].

1The contribution from baryons and ππ bremsstrahlung, which are
known to be significant (see, e.g., Ref. [12]), are not included since
viscous δfp corrections are not yet known for these rates.

FIG. 3. Transverse momentum spectra (left panel) and differential elliptic flow (right panel) of thermal photons as a function of transverse
momentum, for different values of shear relaxation time.
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FIG. 2. Pion transverse momentum spectra (left panel) and charged hadron differential elliptic flow (right panel) as a function of transverse
momentum, for different values of shear relaxation time. Here, and in all subsequent figures of this paper, the colored bands represent the
statistical uncertainty associated with 200 hydrodynamical events.

where σ is the cross section for q + q̄ → ℓ− + ℓ+. The QCD
number of colors is denoted Nc, and the sum over q ′ spans over
the quark flavors, which we limit to the three lightest: q ′ =
u,d,s. Naturally, the single particle momentum distribution
functions, f i

p , includes viscous corrections, which we assume
to be of the same form as the one shown in Eq. (4). The QGP
rate can thus be expressed as
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Refs. [16,41].

B. Photons

At low temperatures, we assume that the photon production
can be computed by effectively describing the medium as a gas
of light mesons [33,44], via a massive Yang-Mills Lagrangian

coupled with the vector dominance model.1 In this case,
thermal photon production can be computed within a kinetic
description:
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relativistic kinetic theory, with M being the zero-temperature
matrix element corresponding to the photon emission process.
Contributions due to photon absorption by the medium are ne-
glected. Some particle decays (1 → 3 processes), are included
as well in our calculation, with Eq. (9) modified accordingly
for such process. The deviation from local equilibrium is taken
into account through the presence of δf i

p , as in Eq. (4), in the
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1The contribution from baryons and ππ bremsstrahlung, which are
known to be significant (see, e.g., Ref. [12]), are not included since
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FIG. 3. Transverse momentum spectra (left panel) and differential elliptic flow (right panel) of thermal photons as a function of transverse
momentum, for different values of shear relaxation time.
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FIG. 4. Differential elliptic flow of thermal photons emitted by the QGP (left panel) and emitted by the hadronic medium (HM) (right
panel) as a function of transverse momentum, for different values of shear relaxation time.

At high temperatures, we use the photon emission rate of
a weakly interacting QGP. We use the full leading order rate
as computed in Ref. [45], which include photon production
through Compton scattering, quark-antiquark annihilation and
soft bremsstrahlung. For the first two processes, we further
include the correction due to the anisotropic momentum distri-
bution associated with the use of viscous hydrodynamics [10].

For both the QGP and hadron gas, the emission rates can
be written in the form

k
d3Rγ

d3k
= k

d3R
γ
0

d3k
+ k

d3δRγ

d3k
(10)

which allows for a straightforward separation of the ideal and
viscous contributions to the rate, with the viscous correction
δR ∝ πµνKµKν

(ε+P ) given in Ref. [10].

IV. RESULTS AND DISCUSSION

A. Effect of the shear relaxation time on EM probes

In this section we investigate the effect of the shear
relaxation time τπ on EM probes. The effects of τπ are studied
using the parametrization of the relaxation time given by
Eq. (3). Different relaxation times are modeled through the
parameter bπ , which here is chosen to have three possible
values bπ = 5,10,20. The value bπ = 5 has been obtained
in kinetic theory [25]. The initialization of πµν is taken to

be πµν(τ0) = 0. The goal of this section is to compare the
sensitivity of electromagnetic probes to τπ , relative to that of
hadronic probes. Indeed, given that EM probes are produced
throughout the entire evolution of the medium, they should
display a larger sensitivity to the value of bπ , and therefore to
the size of τπ .

We begin by looking at the dimensionless ratio π̄µν =
πµν/(ε + P ) in the local rest frame for the three values of
τπ . Averaged over 200 hydrodynamical events for each value
of τπ , π̄µν as a function of τ − τ0 is displayed in Fig. 1 for
a given transverse position (see caption of Fig. 1 for details).
Two important features in this plot, namely the rapid increase
of π̄µν for small bπ at early times and the smaller decay rate
of π̄µν at late times for large bπ , will have different effects
on hadronic and electromagnetic probes. We start by studying
the effects of bπ on hadronic emission. In Fig. 2, we show the
pion transverse momentum spectra (left panel) and the elliptic
flow of charged hadrons (right panel) for our three choices of
relaxation time.2 We can see that changes in the relaxation time
have little effect on these observables. This is consistent with
the small differences seen in π̄µν at late times. In Fig. 3, we

2The v2 of charged hadrons is always computed using the root mean
square value of the v2 computed in each of the 200 hydrodynamical
simulations.

FIG. 5. Differential elliptic flow of thermal dileptons for M = mρ (left panel) and M = 1.5 GeV (right panel) as a function of transverse
momentum, for different values of shear relaxation time.

014904-5
Thermal dileptons have access to regions opaque to hadrons

π π

G. Vujanovic et al., PRC (2016) 
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Conclusions
¢ EM radiation & fluid-dynamical modelling: a powerful 

combination. Photon is a penetrating, soft probe

¢ Photons, some of the things I didn’t talk about:


¢ Uncertainty of rates near Tc:

¢ Semi-QGP, Pisarski et al.; Gale et al., PRL (2015)

¢ PHSD, Linnyk, Bratkovskaya, Cassing, PNPP (2016)

¢ Enhancement near Tc, van Hees, He, Rapp, NPA (2015)


¢ Influence of the early chemistry

¢ A. Monnai, PRC (2014)

¢ V. Vovchenko et al., arXiv:1604.06346

¢ P. Moreau et al., arXiv:1512.02875


¢ Pre-equilibrium photons

¢ M. Grief et al., in preparation


¢ Uncertainty in pQCD photon calculations

¢ M. Klasen et al., JHEP (2013)


¢ …
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Where and when did I first meet Ulrich?
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Where and when did I first meet Ulrich?

Quark Matter 1987

NordKirchen, Germany … almost 30 years ago
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1987…
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Top 5 movies of 1987

1. Beverly Hills Cop III 

2. Dirty Dancing

3. Dragnet 

4. Fatal Attraction

5. Full Metal Jacket

1987…
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Top 5 movies of 1987
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2. Dirty Dancing

3. Dragnet 

4. Fatal Attraction

5. Full Metal Jacket

Top 5 songs of 1987

1. "Open Your Heart" ... Madonna 

2. "Livin' on a Prayer" ... Bon Jovi 

3. "Jacob's Ladder" ... Huey Lewis and the News 

4. "Lean on Me" ... Club Nouveau 

5. "Nothing's Going to Stop Us Now" ... Starship 

1987…



Charles Gale 
McGill

ULtra-RelatIvistiCH HEavy IoNZ 2016

Top 5 movies of 1987

1. Beverly Hills Cop III 

2. Dirty Dancing

3. Dragnet 

4. Fatal Attraction

5. Full Metal Jacket

Top 5 songs of 1987

1. "Open Your Heart" ... Madonna 

2. "Livin' on a Prayer" ... Bon Jovi 

3. "Jacob's Ladder" ... Huey Lewis and the News 

4. "Lean on Me" ... Club Nouveau 

5. "Nothing's Going to Stop Us Now" ... Starship 

Top 5 non-fiction books of 1987
1. "The Eight-Week Cholesterol Diet" by Robert Kowalski
2. "Talking Straight" by Lee Iacocca
3. "A Brief History of Time" by Stephen Hawking
4. "Trump" by Donald Trump
5. "Gracie: A Love Story" by George Burns

1987…
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Top Selling US Autos and Prices 1987

Ford Escort $6,895 
Ford Taurus $11,808 
Honda Accord $10,925 
Chevrolet Cavalier $7,395 
Chevrolet Celebrity $11,010 
Hyundai $5,395 
Oldsmobile Ciera $11,420 
Nissan Sentra $6,449 
Ford Tempo $9,056 
Chevrolet Corsica / Berreta $9,955 
Pontiac Grand AM $10,269 
Toyota Camry $11,248 
Chevrolet Caprice $12,510 
Honda Civic $6,195 
Ford Mustang $9,209 

1987…
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Physics?


QM 1987:  3 “hydro talks”/51


Concluding remarks (M. Gyulassy): 
“As emphasized by Feinberg, local 
equilibration may result from 
strong multiparticle interactions. 
In that case, simple 
hydrodynamics             , may 
provide a better dynamical 
framework than current two 
body kinetic arguments would 
indicate.”


∂µT
µν = 0

1987…
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Physics?


QM 1987:  3 “hydro talks”/51


Concluding remarks (M. Gyulassy): 
“As emphasized by Feinberg, local 
equilibration may result from 
strong multiparticle interactions. 
In that case, simple 
hydrodynamics             , may 
provide a better dynamical 
framework than current two 
body kinetic arguments would 
indicate.”


∂µT
µν = 0

Happy Birthday!

1987…
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Much progress in the calculation of the initial state

IP-Glasma

MC-Glauber

Schenke, Tribedy, and Venugopalan, PRL (2012)

Gale, Jeon, Schenke, Tribedy, and Venugopalan, PRL (2013)

Energy density

Fluctuations in the nucleon positions

Fluctuations in the nucleon positions +


Fluctuations in the colour fields
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Fluid-dynamical simulation

¢ Event-by-event simulations

¢ Initial state entropy density fluctuates according 

to a Gamma distribution

C. Shen et al., arXiv:1409.8164

¢ Temperature-dependent shear viscosity

H. Niemi et al., PRL (2011)

¢ Owing to compact fireball sizes (v.s. AA) pA 
collisions have larger pressure gradients, driving 
a larger expansion rate



Charles Gale 
McGill

ULtra-RelatIvistiCH HEavy IoNZ 2016

14

FIG. 17. Panels (a-c): Colored contour plots for evolution of temperature, the Kundsen number, and the inverse Reynold’s
number in one fluctuating 0-1% p+Pb collisions at 5.02 TeV. Black contour lines indicate isothermal surfaces. Panels (d-f):
Analogous plots for one fluctuating event in 0-5% 3He+Au collision at 200 GeV.
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