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Outline

Outline of the talk:
» NLO BK equation
» Numerical result: Inr divergence
» Double and single log resummation

» Numerical results: resummation only and resummation +
finite terms
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Motivation

Many ingredients available for NLO small-x calculations:
» NLO BK equation
» NLO JIMWLK equation

NLO ~* impact factor for DIS

NLO single inclusive cross section for forward pA

vV vV

Armed with these, want phanomenology @ NLO!
Buft first need to solve the evolution equation(s)!
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The NLO BK equation

as derived by Balitsky and Chirilli, 2007

Equation
3yS(1) = Foe K@ [S(X)S(Y) S} +
- 9N o 15008(2
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—Z)S(Y") = S(X)S(V)]

Ki@S(Y)[S(X')—S

Notations & approximations
S(x —y) = (TrUf(x)U(y))
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» Here large N. & mean field:
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The NLO BK equation

as derived by Balitsky and Chirilli, 2007

Equation
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Kernels

2 2 v2 w2
K, d {1+QSN°<BInr2u25X R

~ X2y? 4r \Ne N 2 Ny
67 w2 10Np X2 Y2
K — _ 2 X2y/2 +X'2Y2 _ 4[’2(2 _ 21)2
2= (z—2) (z— 2)4(X2Y2 — X2Y?)
I‘4 f2 X2y/2
ain aF In
X2 y/2(X2 yr2 _ X2 y2) X2yr2 ( 7 — Z/)2 X2Yy2
Kf _ 2 X/2y2 4 y/2x2 _ I'2(Z _ Z/)2 | X2Y'2

(z— Z’)4 B (ZfZ’)A(XQY’Q _ X/2y2) n X12y?2
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Kernels

2 2 v2 w2
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K — _ 2 X2y/2 +X'2Y2 o 4[’2(2 _ 21)2
2= (z—2) (z— 2)4(X2Y2 — X2Y?)
r4 f2 X2y/2
i 4= In
X y/2(X2 yr2 _ X2 y2) X2 Y’Q(Z _ Z/)2 X2Yy2
Kf _ 2 X/2y2 4 y/2x2 _ I'2(Z _ Z/)2 | X2Y'2

(z— Z’)4 B (ZfZ’)A(XQY’Q 7X/2y2) n X12y?2

» Leading order
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Kernels

2 2 \2 2
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2= T (z—-2) (z— 2)4(X2Y2 — X2Y?)
r4 f2 X2y/2
4L + In
X2 y/2(X2 yr2 _ X2 y2) X2yr2 ( 7 — Z’)2 X2Yy2
» 2 X/2y2 4 y/2x2 _ I'2(Z _ Z/)2 | X2y/2
f pr—

(z— Z’)4 B (ZfZ’)A(XQY’Q 7X/2y2) n X12y?2

» Leading order
» Running coupling (Terms with 3 function coefficient)
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Kernels

67 w2 10Np X2 Y2
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4 4= In
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K — ?) B X/2y2 4 y/2x2 _ I'2(Z—Z/)2 n X2YI2
= (z—2) (z = 2)A(X2Y2 — X12Y?) X2Y2

» Leading order
» Running coupling derms with 3 function coefficient)
» Conformal logs = vanishforr=0X =Y &X' =Y")
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Kernels

+g—7r—2—E&fQIanlny—2
9 3 9 Ne rZor
v - X2Y"2 4+ X"?Y? — 4r?(z — 2')?
2= (z—2) (z— 2)4(X2Y2 — X2Y?)
rt 7 X2y’
+ + In
X2 Y/2(X2 yr2 _ X2 y2) X2yr2 ( 7 — Z’)2 X12Yy2
K — ?) B X/2y2 4 y/2x2 _ I'2(Z—Z/)2 n X2Y'2
= (z—2) (z = 2)A(X2Y2 — X12Y?) X2Y2

Leading order

Running coupling (Terms with 8 function coefficient)
Conformal logs = vanishforr=0xX =Y &X' =Y’
Nonconformal double log = blows up forr =0

vV V. v Vv
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Running coupling

Absorb the p-terms into
» “Balitsky” running for LO term
» Parent dipole running for NLO terms

Now:
R C)
Freeze coupling in the IR to as(r — oo) = 0.76:
47 Ar

as(r)

~an{leor s (o re) (e} on{(t5))
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Initial condition

)

N =1-8(n)=1-exp l_ UQQEOW " (r/\;@ " e>

2 tunable parameters

,\ifD — basically determines value of as at y =0

» ~: anomalous dimension: shape N(r) ~ r>

» LO phenomenology prefersy > 1aty =0
» At LO this eventually evolves into v ~ 0.8 (running «s)

>

8/16



Large double log

Relative change of N(r) in one step dy diverges for small r

Qs0/Nocp = 19

0.6(—— LO+NLO

o? double log
LO

0.4

0.2

0.0

dyN(r)/N(r)

-0.2

—0.4

Behavior caused by the nonconformal double log term
T.L., H. M&ntysaari 2015
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Double log resummmation
Integral form of BK: double log ~ shift of rapidity variable

2 s Ng 2 2
0,5() = s [ 3avz [1+ S % n | 15,008,(1) - 8,0

<~

—oo [ o [ s 1+ a%"ﬂnff ]1s:008,0- 5,00

y In 22 /r 2
S =as [ &z [ dy’ﬁ 1S//(X08,(Y) = S,/ (1)

Forr<« z~1/&. = "Kinematical constraint” seuf
lancu et al 2015 rewrite as practical rapidity-local form

J (2 sl jn X2 |n ¥ )

2 2 1 T 2

74 Qe InX—Iny — with / dy’
2m asle |n X2 jn 12
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Single log resummation

lancu et al 2015 : there is also a single log,
with DGLAP anomalous dimension A; = 11/12:

2) X2y/2 4 X/2 y2 _ 4r2(z _ Z/)Q X2y/2
— 22 _
9yS(r) = o5 /zz/ [ (z—2) + (z — 2/)A(X2Y2 — X12Y2) n X12Y?2
x [S(X)S(z — Z)S(Y") = S(X)S(Y)] + ...

2 inIx2 V2
5 r min{X=, Y=<}
NogsA]/ZXQYQ In %) 4 oo

Should be resummmed info

Qg NcA]

™

Csubr2 ,,2
min{X2, Y2}

» lancu et al take Cyp = 1 and throw other NLO terms away

» This captures leading logs, but leaves other o2-terms
unknown, and result dependent on arbitrary Cg 11/16

Ksr. = exp {




Full equation

0,S(r) = Boe i @ [S(X)S(Y) — ()]
+§Ql@@5&)@_1ﬁwq_amanyuwpmf

Now solve resummed equation
N,
0yS(r) = G | KouaKsniKsar — Keuo + KI"| @ [S(X)S(¥) = (1)

Nc

+84

Ko @ [S(X)S(z — 2')S(Y') — S(X)S(Y)] + Ne-part

Kpa ~ J1(x)/x would give double log in K; if expanded in as

Kza resums s-function terms in K;

Ksn = exp {—asNcA1# In r?} resums single log

Ksup subtracts as-part of Ksp, which is already in Ko

Kin is rest (nonlog) part in K; 12/16
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Resummation and rest

9yS(r) = 04257/\? {KDLAKSTLKBGI — Ksuo + K{in] ® [S(X)S(Y) — S(n)]
- BNj Ky @ [S(X)S(z — Z)S(Y") — S(X)S(Y)] + Ng-part

Split this intfo three parts
LO (running coupling) %2 Kgy : used so far

Resummation "25 = Ksai [KpraKs — 1] (~ used by lancu et al)

Finite NLO rest: —Kyup + KM and Ko, Ky

» Separation depends on Cgyp iN

2 —

Ksn = exp {— as’:’fA‘ ‘In mirfj{s)“(gfw} rQ‘} 1o /\

» Numerically choose Cyp, to T AN
minimize the finite NLO part: £
result Cyyp = 0.65 <
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Contribution to evolution speed

y=0: finite NLO small

y=10: finite NLO negligible

0.4

0.2

(9,N)/N

0.0

— Total -+ resummation
0.6y - e LO J Gherel

—0.2

Qe

1077 10 1072 107 10°
Qs

107

(9,N)/N

0.6 TR LI GReneen
0.4
02 T,
n.o—______—-“\‘\_,.\.k
—02
0 e
107710 1077 1077 107 107

Qs

Finite NLO terms

» Significant for small y
— phenomenology

» Negligible at y — oo

Qs0/Aqep =2

0.00

e LO
- Resummation only
Total

8

16 32
Qs/Aacp
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Anomalous dimension

5252 i ( acp +e)

Recall initial condition: N(r)=1—-¢e

Define Qs0/Mqep =2

=S

Geometric scaling?
» LO: fast to v ~ 0.8 0
» NLO: stay at initial g

» Solid: initial condition
» Dofted: y = 5NLO
» Dot-dashed: y = 5 LO (rc)
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Anomalous dimension

2e2)

s0

Recall initial condition: N(r):1—e_ 4 '“(m@co+e)

Define

Qs0/Nqep =2

=S

Geometric scaling?

» LO: fast to v ~ 0.8
» NLO: stay at initial v = i

Q.
LOy=0toy=5 / » Solid: initfial condition

» Dofted: y = 5NLO
» Dot-dashed: y = 5 LO (rc)
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Conclusions

Numerical solution of NLO BK equation

» Resummation

» Resummation of double L
logs stabilizes equation

» Can also resum single L logs,
ambiguity in constant Cyyp

» Numerically: Cyp = 0.65
minimizes finite NLO

» Properties of solution
» Finite NLO terms important

for realistic &;/Aacp
» Geometric scaling:

sets in slowly if at all

Qs0/Mgep =2

dlnQ?%/dy

0
01

we LO
O} ===+ Resummation only
Total

16
Qs/Aaco

Outlook:
» Fit DIS

» Apply to pA
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