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NLO for very high 
multiplicities
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Figure 2 – (a) In the upper panel at left, the computed H jets
T distributions at NLO forW� production accompanied

by up to five jets; in the lower panel, ratios of these distributions (b) At right, the computed H jets
T distributions

at NLO for W� production with three to five accompanying jets, compared with an ratio-based parametrization,
along with the expolation to W� + 6-jet production.

in turn, allows us give a prediction [17] for the W + 6-jet production cross section,

W� + 6 jets: 0.15 ± 0.01 pb ,

W+ + 6 jets: 0.30 ± 0.03 pb ,
(2)

where the uncertainty estimates include only statistical uncertainties.

4 Extrapolating the H jets

T

Distribution

The total transverse energy in jets, H jets

T

, is a good probe into potential new physics at the
very highest center-of-mass energies accessible to the LHC. We have computed this distribution
for a W boson accompanied by up to five jets. The results are shown in the upper panel of
fig. 2(a). Let us try to predict the distribution for W + 6-jet production by extrapolating those
results. The H jets

T

distributions have a threshold, due to the minimum jet transverse momentum.

Combined with the decrease towards larger H jets

T

, due to the decreasing matrix elements and
the falling parton distributions, this leads to the appearance of a peak in the distribution. The
threshold, and hence the peak locations, are di↵erent for di↵erent numbers of jets. This makes
a simple extrapolation at each di↵erent value of H jets

T

problematic. Instead, we seek to fit a
functional form.

At small H jets

T

, we might expect the integral we are evaluating for n jets to have the following
form, ✓Z

dE

E
g(E)

◆m

, (3)

• Backgrounds to new physics


• Experiments can push their 
searches to small corners of 
phase-space 
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Figure 6. Distribution of the final kinematic variables in the τ+e channel after all analysis require-
ments but the final SR selections on meff and Emiss

T . Data are represented by the points. The SM
prediction includes the data-driven corrections discussed in the text. The shaded band centred around
the total SM background indicates the statistical uncertainty on the background expectation. MC
events are normalized to data in the CRs described in the text. Also shown is the expected signal
from typical bRPV, GMSB, mSUGRA and nGM signal samples. The last bin in the expected back-
ground distribution is an overflow bin. There are no data events in the overflow bin after all analysis
requirements are applied.

Tables 6–9 summarize the number of observed events in the four channels in data and

the number of expected background events. No significant excess over the Standard Model

background estimate is observed. Upper limits at 95% confidence level (CL) on the number

of signal events for each SR independent of any specific SUSY model are derived using the

CLs prescription [109]. The profile likelihood ratio is used as a test statistic [110] and all

systematic uncertainties on the background estimate are treated as nuisance parameters,

neglecting any possible signal contamination in the control regions. The limits are computed

– 24 –
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Z-boson with high 
transverse momentum

• Impressively precise measurements 
which can measure effects beyond 
NLO. 


• NLO does not describe the data. 


• NNLO has only been achieved 
recently. 


• Agrees with the data for the 
normalized transverse momentum 
distribution. 

7

Gerhmann-De Ridder, Germann, Glover,  
Huss, Morgan



Z-boson with high 
transverse momentum

• But, even with NNLO, the 
normalization is not completely 
understood.  


• Differences at the level of about 6%.


•   A little back and forth among the 
experiments (luminosity?) and 
parton density extraction groups 
may be needed to resolve this. 
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Gerhmann-De Ridder, Germann, Glover,  
Huss, Morgan



WZ production at 
NNLO

•  A 2 ->2 process with many 
scales


• Large NLO corrections 


• Important NNLO corrections, 
not always captured by the 
scale variation at NNLO. 


• NNLO effects are important to 
bring the theory prediction in 
closer agreement with data. 
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Figure 1: On-shell W±Z cross section as a function of the centre-of-mass energy at LO, NLO
and NNLO. In the lower panel the curves of the main frame are normalized to the central NLO
prediction. The bands correspond to scale variations as described in the text.

tainties. When considering the relative effects of radiative corrections, the impact of the different
mass windows is completely negligible. Nevertheless, we will consistently apply the respective
mass windows when comparing to data in the following.

We first present results for the ATLAS definition of the W±Z cross sections, reported in Ta-
ble 3, where we compare with the 7 and 8TeV ATLAS measurements of Ref. [4] and Ref. [5],
respectively. Comparing these cross sections in absolute terms to the on-shell case, we find a
reduction by roughly 3% due to the applied mass-window cut and genuine off-shell effects; how-
ever, as anticipated, the relative impact of radiative corrections remains widely unchanged, again
ranging between 63% and 83% at NLO and between 8% and 11% at NNLO for the collider ener-
gies under consideration. Also the scale uncertainty bands stay almost identical when including
off-shell effects and applying the ATLAS mass cut.

Comparing with the experimentally measured cross sections from Refs. [4, 5], we find that
the inclusion of NNLO corrections clearly improves the agreement between data and theory, in
particular at 8TeV, where the measurement is most precise. While the central NLO prediction is
roughly 2σ away from the measured cross section at 8TeV, the NNLO prediction is right on top
of the data with fully overlapping uncertainty bands.

Next, we provide theory predictions for the W±Z cross sections as defined by CMS in Table 4,
where we also quote the results of the CMS measurements performed at 7 and 8TeV (reported in
Ref. [6]), and at 13TeV (reported in Ref. [7]). As already anticipated, the precise definition of the
Z-mass window has only a very mild impact on the cross section. In particular, both the relative

4

Data/Theory
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

CMS 13 TeV

CMS 8 TeV

ATLAS 8 TeV

CMS 7 TeV

ATLAS 7 TeV

MATRIX  WZ)→(pp σ

60 GeV < m(Z) < 120 GeV

71 GeV < m(Z) < 111 GeV

66 GeV < m(Z) < 116 GeV

71 GeV < m(Z) < 111 GeV

66 GeV < m(Z) < 116 GeV

refDATA/NNLO

refDATA/NLO

refNNLO/NNLO

refNLO/NLO

Figure 2: Summary plot for comparison of NLO and NNLO predictions with the available LHC
measurements of the total W±Z cross section. Theory uncertainties are obtained through scale
variations as described in the text.
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The 750 GeV excitement
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Figure 1: Invariant mass distribution of the selected diphoton events. Residual number of events with respect to the
fit result are shown in the bottom pane. The first two bins in the lower pane are outside the vertical plot range.

The events in this region are scrutinized. No detector or reconstruction e�ect that could explain the larger
rate is found, nor any indication of anomalous background contamination. The kinematic properties of
these events are studied with respect to those of events populating the invariant mass regions above and
below the excess, and no significant di�erence is observed.

The Run-1 analysis presented in Ref. [13] is extended to invariant masses larger than 600 GeV by using the
new background modeling techniques presented in this note (cf. Section 7). The compatibility between
the results obtained with the 8 TeV and 13 TeV datasets is estimated under the NWA hypothesis and
assuming a large-width resonance with ↵ = 6%, using the best fit value of the ratio of cross sections. For
an s-channel gluon-initiated process, the parton-luminosity ratio is expected to be 4.7 [43]. Under those
assumptions, the results obtained with the two datasets are found to be compatible within 2.2 and 1.4
standard deviations for the two width hypotheses respectively.

The 95% CL expected and observed upper limits on �fiducial⇥BR(X ! ��), corresponding to the fiducial
volume defined in Section 6, are computed using the CLs technique [39, 44] for a scalar resonance with
narrow width as a function of the mass hypothesis mX , and are presented in Figure 3. The larger diphoton
rate in the mass region around 750 GeV is translated to a higher-than-expected cross section limit at the
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Figure 3: Observed invariant mass spectrum for the EBEB (top) and EBEE (bottom). The results
of parametric fits to the data are also shown.

photon candidates are matched to those selected in the analysis using a k-nearest-neighbours
algorithm, with k=10.

Figure 4 shows, in mgg bins, the measured contributions of the different background compo-
nents in the region ICh < 5 GeV. It can be seen that the dominant component, accounting for
more than 90(80)% of the selected events in the EBEB (EBEE) category, is represented by the
irreducible gg background.

The spectrum of the irreducible background extracted through the procedure described above
is then compared with the predictions extracted by rescaling the mass spectrum predicted by
the Sherpa generator to the one extracted from the 2gNNLO program [33]. The result of the
comparison is shown in Fig. 5. The mass spectra predicted by the simulation are in good agree-
ment with the one seen in data.

• This is a theory free measurement


• Background can be determined from data



Background uncertainties

11

2

FIG. 1. Comparison of empirical functions for the continuum diphoton background which best fit to the data. We consider the
fit function used by the ATLAS collaboration with and without the log x exponent, and also our own empirical function.

is then quantified using the test statistic,

q

�

= �2Log

"
L(�,m

X

,↵, ⌫̂)

L(� = 0, ˆ̂⌫)

#
, (1)

where we quote all logarithms to the exponential base
in this work. The larger the value of q

�

the greater the
statistical preference for a signal feature in the data, com-
pared to fitting with the background alone.

To simplify this process the ATLAS collaboration
model the background with an empirical function, chosen
to resemble the spectrum from Monte Carlo simulations.
This function takes the form,

y = (1� x

1/3)bxa0+a1logx
, (2)

where x = m

��

/

p
s and in their analysis the ATLAS col-

laboration set a
1

= 0. In the case of the profile likelihood
we therefore have that for the nuisance parameters of the
background ⌫ = (b, a

0

) when a

1

= 0 and ⌫ = (b, a
0

, a

1

)
otherwise. The ATLAS collaboration used a Fisher test
to justify their choice of function and also setting a

1

= 0,
since they were able to fit the background adequately
with only two parameters. However we show in section IV
that this conclusion is not correct, as their function fits
almost entirely to the low-energy points, which have the
smallest error bars, while saying little about the region
around 750 GeV. Hence their functional choice essentially
underfits the signal region and so does not capture the
full background uncertainties. In figure 1 we plot this
function with a

1

= 0 and when allowing a

1

to vary freely
for the best-fit parameters to the diphoton data.

Modelling the uncertainties in the background is then
reduced to scanning over the parameters of the empirical
function and treating them as the nuisance parameters in

the profile likelihood. However this is only accurate if the
variability of the empirical function within its parameter
ranges is close to that of the background itself, otherwise
the analysis will be biased. Hence in full generality one
should include also the uncertainty introduced through
the choice of function itself.
To understand how important this is for the ATLAS

diphoton analysis, and whether it has been accounted for
properly, we need to choose another suitable function to
model the background. This function needs to be suit-
ably di↵erent from equation (2) but must also resemble
as close as possible the result from Monte Carlo simula-
tions. A logical choice for a new background empirical
function is to extend equation (2) to a function with two
components, allowing the fit near the resonance to have
more freedom. Our choice therefore is a function of the
form,

y = (1� x

1/3)b(xc0 + x

a0+a1logx). (3)

The two-component nature of our function means that it
avoids the problem whereby the low-energy data-points,
which have smaller error bars, control the fit of the back-
ground in the signal region (see section IV). Here for the
background-only fit we have that ⌫ = (a

0

, a

1

, b, c

0

).
If the resulting significance of any resonance-like fea-

ture di↵ers substantially when using this new function
as compared to the one used by the ATLAS collabora-
tion in their fit, then this implies that the latter func-
tion does not adequately capture the full uncertainty of
the background model. As can be seen from figure 1
our choice of function prefers larger values in the region
around m

��

⇠ 750 GeV than for the function used by
ATLAS, especially compared to the case where c

1

= 0.
However in order to understand what e↵ect this has on

• The background fitting is not totally free of uncertainties and ambiguities


• Verification from theory is highly desired. 

Davis, Fairborn, Heal, Tunney



Diphoton background at  
NNLO

12

• NNLO QCD can now compete in  
determining the background  
accurately


• Verifies quality of experimental  
fit function


• Important check on the  
measurements.

Campbell, Ellis, Li, Williams



Projection of precision in Higgs couplings

16 4 Higgs Boson Properties

fusion and via vector-boson fusion production [30–32]. The dimuon events can be observed as
a narrow resonance over a falling background distribution. The shape of the background can
be parametrized and fitted together with a signal model. Assuming the current performance of
the CMS detector, we confirm these studies and estimate a measurement of the hµµ coupling
with a precision of 8%, statistically limited in 3000 fb�1.
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Figure 12: Estimated precision on the measurements of k

g

, kW , kZ, kg, kb, kt and k

t

. The pro-
jections assume

p
s = 14 TeV and an integrated dataset of 300 fb�1 (left) and 3000 fb�1 (right).

The projections are obtained with the two uncertainty scenarios described in the text.
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Figure 13: Estimated precision on the signal strengths (left) and coupling modifiers (right).
The projections assuming

p
s = 14 TeV, an integrated dataset of 3000 fb�1 and Scenario 1 are

compared with a projection neglecting theoretical uncertainties.

4.5 Spin-parity

Besides testing Higgs couplings, it is important to determine the spin and quantum numbers
of the new particle as accurately as possible. The full case study has been presented by CMS
with the example of separation of the SM Higgs boson model and the pseudoscalar (0�) [7].
Studies on the prospects of measuring CP-mixing of the Higgs boson are presented using the
H! ZZ⇤ ! 4l channel. The decay amplitude for a spin-zero boson defined as

A(H ! ZZ) = v�1
⇣

a1m2
Ze

⇤
1e

⇤
2 + a2 f ⇤(1)

µn

f ⇤(2),µn + a3 f ⇤(1)
µn

f̃ ⇤(2),µn

⌘
. (2)

10 times more collisions 
~2 times more energy

100 times more collisions 
~2 times more energy

13

Green bars: no improvement in theory precision 
Red bars: improvement in theory precision by factor of 2 



Higgs production at N3LO

14

8. Recommendation for the LHC

In previous sections we have considered various e↵ects that contribute to the gluon-fusion

Higgs production cross-section at higher orders. In this section we combine all these e↵ects,

and as a result we are able to present the most precise prediction for the gluon-fusion cross-

section available to date. In particular (for the Setup 1 of Tab. 1) for a Higgs boson with

a mass mH = 125 GeV, the cross-section at the LHC with a center-of-mass energy of 13

TeV is

� = 48.58 pb+2.22 pb (+4.56%)
�3.27 pb (�6.72%) (theory)± 1.56 pb (3.20%) (PDF+↵s) . (8.1)

Equation (8.1) is one of the main results of our work. In the following, we will analyze it

in some detail.

Let us start by commenting on the central value of the prediction (8.1). Since eq. (8.1)

is the combination of all the e↵ects considered in previous sections, it is interesting to see

how the final prediction is built up from the di↵erent contributions. The breakdown of the

di↵erent e↵ects is:

48.58 pb = 16.00 pb (+32.9%) (LO, rEFT)

+20.84 pb (+42.9%) (NLO, rEFT)

� 2.05 pb (�4.2%) ((t, b, c), exact NLO)

+ 9.56 pb (+19.7%) (NNLO, rEFT)

+ 0.34 pb (+0.2%) (NNLO, 1/mt)

+ 2.40 pb (+4.9%) (EW, QCD-EW)

+ 1.49 pb (+3.1%) (N3LO, rEFT)

(8.2)

where we denote by rEFT the contributions in the large-mt limit, rescaled by the ratio

RLO of the exact LO cross-section by the cross-section in the EFT (see Section 5). All the

numbers in eq. (8.2) have been obtained by setting the renormalization and factorization

scales equal to mH/2 and using the same set of parton densities at all perturbative orders.

Specifically, the first line, (LO, rEFT), is the cross-section at LO taking into account only

the top quark. The second line, (NLO, rEFT) are the NLO corrections to the LO cross-

section in the rescaled EFT, and the third line, ((t, b, c), exact NLO), is the correction

that needs to be added to the first two lines in order to obtain the exact QCD cross-section

through NLO, including the full dependence on top, bottom and charm quark masses.

The fourth and fifth lines contain the NNLO QCD corrections to the NLO cross-section

in the rescaled EFT: (NNLO, rEFT) denotes the NNLO corrections in the EFT rescaled

by RLO, and (NNLO, 1/mt) contains subleading corrections in the top mass at NNLO

computed as an expansion in 1/mt. The sixth line, (EW, QCD-EW), contains the two-

loop electroweak corrections, computed exactly, and three-loop mixed QCD-electroweak

corrections, computed in an e↵ective theory approach. The last line, (N3LO, rEFT), is

the main addition of our work and contains the N3LO corrections to the NNLO rEFT

cross-section, rescaled by RLO. Resummation e↵ects, within the resummation frameworks

studied in Section 4, contribute at the per mille level for our choice of the central scale,

µ = mH/2, and are therefore neglected.

– 38 –

uncertainty with the ABM12 set8:

�ABM12 = 45.07 pb+2.00 pb (+4.43%)
�2.88 pb (�6.39%) (theory)± 0.52 pb (1.17%) (PDF+↵s) . (8.3)

The significantly lower central value is mostly due to the smaller value of ↵s, which

however is also smaller than the world average.

It is also interesting to compare our prediction (8.1) to the value one would have

obtained without the knowledge of the N3LO corrections in the rEFT. We find

�NNLO = 47.02 pb +5.13 pb (10.9%)
�5.17 pb (11.0%) (theory)

+1.48 pb
�1.46 pb

(3.14%)
(3.11%) (PDF+↵s) . (8.4)

The central value in eq. (8.4) is obtained by summing all terms in eq. (8.2) except for

the term in the last line. Moreover, we do not include the uncertainties �(PDF-TH)

and �(trunc) from missing higher orders in the extraction of the parton densities and

from the truncation of the threshold expansion (because the NNLO cross-sections are

known in a closed analytic form). The scale variation uncertainty �(scale) at NNLO is

approximately five times larger than at N3LO. This explains the reduction by a factor

of two in the total �(theory) uncertainty by including the N3LO corrections presented in

this publication. We stress at this point that uncertainties on the NNLO cross-section

have been investigated by di↵erent groups in the past, yielding a variety of uncertainty

estimates at NNLO [46, 51, 52, 100, 119, 120, 121, 122]. Here we adopt exactly the same

prescription to estimate the uncertainty at NNLO and at N3LO, and we do not only rely

on scale variation for the NNLO uncertainty estimate, as was often done in the past.

Finally, we have also studied how our predictions change as we vary the center-of-mass

energy and the value of the Higgs mass. Our predictions for di↵erent values of the proton-

proton collision energy and a Higgs mass of mH = 125 GeV are summarized in Tab. 10.

In comparison to the o�cial recommendation of the LHC Higgs Cross-section Working

Group earlier than our work [48], our results have a larger central value by about 11%.

The di↵erence can be attributed to the choice of optimal renormalization and factorization

scale, the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions

and value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass

e↵ects. In comparison to the earlier recommendation from some of the authors in ref. [120],

our result has a central value which is higher by 3.5%. The di↵erence can be attributed to

the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions and

value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass e↵ects.

Additional cross-section predictions for a variety of collider energies and Higgs boson

masses can be found in Appendix E.

9. Conclusion

In this paper we have presented the most precise prediction for the Higgs boson gluon-

fusion cross-section at the LHC. In order to achieve this task, we have combined all known

8We use the abm11 5 as nlo and abm11 5 as nnlo set to estimate the �(PDF-TH): these sets are fits

with a fixed value of ↵s which allows us to compare NLO and NNLO grids for the same ↵s value. Using

this prescription �(PDF-TH)= 1.1% very similar to the corresponding uncertainty for the set.
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• First computation of an 
LHC process at this 
perturbative order


• Decreases theoretical 
uncertainty by a factor of 
two


• Will benefit the program for 
Higgs coupling extraction. 

CA, Duhr, Dulat, Furlan, Gerhmann, Herzog,  
Lazopoulos, Mistlberger 
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NLO: why is it 
solved?
•   One-loop amplitudes in gauge 

theories = (Tree-amplitudes in 
gauge-theories) and (Integrals in 
scalar field theories)


• Singularities of tree-amplitudes 
due to radiation of a single parton 
understood for arbitrary processes. 

16



From NLO to NNLO

• A very beautiful structure of perturbation 
theory at NLO, where we can reduce the 
cross-section calculations to a few scalar 
integrals and  LO calculations (infrared 
limits, master integral coefficients)


• It makes one dream that also higher orders 
NNLO, NNNLO, etc may be reduced to a 
few scalar integrals and LO calculations.  


• Such a structure has not arisen yet. 


• But progress is fast over the last decade 
with increasingly sophisticated methods.  

17



What has been achieved at NNLO?

• Multiple solutions of the problem of infrared divergences 

• Slicing (“cut-off”) methods and subtraction methods 

• All have reached high levels of maturity recently, after 
many years of development and exchanges of ideas.  

• First public tools which implement these algorithms in a 
large scale.

18



What has been achieved at NNLO?

• Mature methods to compute scattering amplitudes.  

• First two-loop 4-point 2-loop amplitudes were computed in around 2000-2003.   

• Based on novel techniques (method of differential equations, Mellin-Barnes, 
automated reductions, etc) 

• New recent developments: we are becoming clever to anticipate the result of our 
computations.   

• Discovered new algebraic properties (symbol, co-product) of polylogarithms and 
their generalisations (the functions which appear in amplitude computations) 

• Established theorems and techniques to perform multi-dimensional integrations in 
dimensional regularisation in a “correct order” 

• But also numerical methods 

19



Higgs pair production 
at NLO (2-loop)

• Two-loop amplitude is 
required. 


• Calculated with numerical 
methods. 


• A promising avenue when 
analytic methods fail for 
computing multi-scale 
amplitudes. 

20

Borowka, Greiner, Heinrich, Jones, Kemer,  
Schienk, Schubert, Zirke



Commitment and 
breakthroughs

21

Process 2-Loop Monte-Carlo
H (gluon fusion) 1999 2005

Drell-Yan 1987 2006
LEP 3-jets 2002 2008
diphoton 2001 2011

WH 1987 2011
H (bottom fusion) 1999 2012

top-pair 2013 2013
WW 2014 2014
ZZ 2014 2014

H+1jet 2012 2013 (gluons)
jet inclusive 2001 2013 (gluons)…



What has been achieved at N3LO?

• Simple inclusive cross-sections  (DIS, VBF=DIS x DIS, Higgs) 

• A big leap forward in perturbative computations, combining 
established techniques with modern ideas.  

• Proof that our perturbative methods are not bound to NNLO 
but can be used, in principle, at any order in perturbation 
theory.   

• This was not the case of NLO techniques, which are 
rightfully exploiting important simplifications specific to this 
order.  

22



VBF at N3LO
• “Squares” the result of N3LO 

Higgs-DIS (Moch,Vogt, Vermaseren)


• and the colour+kinematic 
suppression of non-factorizable 
contributions.


• Excellent agreement with NNLO. 


• Per mille scale variation at 
N3LO. 

23

Dreyer, Karlberg



Asymptotic expansions

I =

Z 1

�1
dx

1

(x2 + �

2) [(x� 1)2 + �

2]
=

2⇡

�(1 + 4�2)

An integral depending on a small parameter (             ): � ! 0+

Knowing the analytic result it is easy to expand:

I =
2⇡

�

⇥
1� (4�2) + (4�2)2 � (4�2)3 + . . .

⇤

If we did not know the answer, could we at least get a few terms of 
the expansion in the small parameter? 

NOT EASY: As � ! 0+ the integral diverges!  

Need to expand around an infinite value! 24
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• Slice the integration region: Hard+SoftA+SoftB 
• Hard: no denominator becomes singular. SoftA,B: one denominator 

becomes singular. 
• In each region, Taylor expansions are legitimate! We can expand the 

integrand and integrate within the boundaries of the region. 25



Strategy of regions
Let’s introduce some regulators 

and expand the integrand around the first singular point,  
without restricting the integration within the SoftA region:

Exchanging the summation and integration is illegitimate. 
But let’s go on! The a,b regulators allow to perform all integrations.   
After we do so we find that we can set the regulators to zero. We obtain:               

I =

Z 1

�1
dx

1

[(x2 + �

2)]1+a [(x� 1)2 + �

2]1+b
a, b small

x ⇠ � : I

x⇠�

=
1X

n=0

(1 + b, n)

n!

Z 1

�1
dx

�
2x� x

2 � �

2
�
n

[x2 + �

2]1+a

I
x⇠�

=
⇡

�

⇥
1� (4�2) + (4�2)2 � (4�2)3 + . . .

⇤
=

I

2
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Now expand around the second singular point:

Performing, an unrestricted integration and setting the regulators  
to zero:               

x ⇠ 1 + �

I
x⇠1+�

=
⇡

�

⇥
1� (4�2) + (4�2)2 � (4�2)3 + . . .

⇤
=

I

2

Now expand around a point away from the singularities:

I

x⌧0,1 =
1X

n,m=0

(1 + a, n)

n!

(1 + a,m)

m!

Z 1

�1
dx

(�2)n+m

(x2)1+a+n[(1� x)2]1+b+m

= 0,

as a, b ! 0.

I

x⇠1+�

=
1X

n=0

(1 + a, n)

n!

Z 1

�1
dx

�
2(1� x)� (1� x)2 � �

2
�
n

[(1� x)2 + �

2]1+b
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Strategy of regions
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Strategy of regions (Beneke,Smirnov; Jantzen) 

• The total integral is the sum of all of its regions, where each 
one of them is extended to cover the full integration domain.   

• Counterintuitive: the integration domains are overlapping! 
Apparently, the overlaps vanish.  

• Not always clear why. Regularisation seems to play a role.  

• This observation appears to hold in general for all sorts of 
Feynman integrals.  

• Basis for the formulation of effective theories such as SCET 
and the proof of factorisation theorems

29



Application in Higgs 
production
• The equality of the full integral with the sum of 

regions is a statement valid at all orders in the 
small-parameter expansion, not just the zero 
limit. 


• Can be used to calculate as many sub-leading 
terms in the small parameter as we can 
technically calculate.  


• Small parameter in Higgs boson production: 
Recoil energy of the Higgs boson: 
 

• Final state gluon radiation is suppressed by this 
factor: 
 
 

P

P

P
Pg

1

2

h

� = 1� (P1 + P2)2

M2
h

Pg / �
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CONCLUSIONS

• High precision theory + High precision experiment = Recipe for understanding the 
laws of physics.  

• LHC offers great opportunities for precision studies after the discovery of the Higgs 
boson.  

• Enormous progress in perturbative QCD. 
- NLO solved 
- NNLO maturing 
- new chapter started at N3LO  

• Perturbative methods are becoming mature. But not all is understood… 

• Precision physics takes patience and the build up of strong teams with experience.  
We are in the frontier of this research field in Switzerland.  

• Precision phenomenology requires a long standing and stable support to flourish. 
32


