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Sixty years ago young Alexei Abrikosov in a 


student work predicted T2 superconductors and 


Abrikosov vortices….



Landau was not quite happy with this work, and it 
was not immediately published.


Was published 2 or 3 years later (1957)….
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where

U(φ) = λ
(
|φ|2 − v2

)2
. (10.2)

In the vacuum |φ| = v but the phase of the field φ may rotate. Imagine a
point on the xy plane and a contour C which encircles this point (Fig. 10.1).
Imagine that, as we travel along this contour, the phase of the field φ changes
from 0 to 2π, or from 0 to 4π, and so on. In other words,

φ(r,α) → v einα at r→∞, (10.3)

where we use polar coordinates: α is the angle on the xy plane, r is the

C

Fig. 10.1. The vortex of the φ field. The arrows show the values of the complex
field φ at given points on the contour which encircles the origin (the vortex center).

radius (Fig. 74.1), and n is an integer. Such field configuration is called a

α
x

r

y

Fig. 10.2. Polar coordinates on the xy plane, r =
√

x2 + y2.

130 Vortices and Flux Tubes (Strings)

vortex. It is clear, on topological grounds, that the winding of φ cannot
be “unwind” by any continuous field deformations. Mathematically this is
expressed as follows. The vacuum manifold in the case at hand is a circle.
We map this circle onto a spatial circle depicted in Fig. (10.1). Such maps
are categorized by topologically distinct classes labeled by integers: positive,
negative or zero,

Topological
formula for the
first homotopy

group. π1(U(1)) = Z .

The integer counts how many times we wind around the vacuum manifold
circle when we sweep the spatial circle once. The map is orientable: sweep-
ing the vacuum manifold clockwise we can wind around the spatial circle
clockwise or anticlockwise.

Although such global vortices may play a role if spatial dimensions are
assumed to be finite, their energy diverges (logarithmically) in the limit of
infinite sample size. Indeed,

∂iφ∼ i nφ∂iα = −i n εij
xi

r2
at r →∞ (i, j = 1, 2) , (10.4)

which implies

E =

∫
d2x

{
∂iφ̄∂iφ+ U(φ)

} φ=veinα

−→ 2πv2n2
∫

dr

r
→∞ . (10.5)

Thus, the global vortex mass (the flux tube tension in D = 4) diverges
logarithmically both at large and small r. The small-r divergence can be
cured if we let φ→ 0 in the vicinity of the vortex center. To cure the large-r
divergence we will have to introduce a gauge field.

10.2 The Abrikosov–Nielsen–Olesen vortex (string)

A way-out allowing one to make the vortex energy finite is well-known.†
To this end one should gauge the U(1) symmetry. The Abrikosov–Nielsen–
Olesen (ANO) vortex is a soliton in the gauge theory with a charged scalar
field whose vacuum expectation value breaks U(1) spontaneously. The model
is described by the LagrangianU(1) is gauged

L = − 1

4e2
F 2

µν + |Dµφ|2 − U(φ) (10.6)

† Since the transverse size of the ANO string is of the order of m−1
V, H , see below, and the energy

density is well localized, some people refer to the ANO string as local. Strings occupying an
intermediate position between the global strings of Section 10.1 and the ANO strings, whose
transverse size can be arbitrary while their tension is finite, go under the name of semilocal. For
a review see [3]. An example of semilocal string is the CP(1) instanton provided one elevates
the CP(1) model to four dimensions. The semilocal strings will not be considered in this course.
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φ= vei(n)α

φ= veiα at r⇾∞ 
or
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Perpendicular plane
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Fundamental (“classical”) string theory
Nambu-Goto action → String Theory

L

Infinitely thin string, fully defined by its coordinates



Quantization possible in 10 dimensions



Sir Thomas Walter Bannerman "Tom" Kibble (1970s)


Edward Witten (1985)


Implementation in QFT: Start with the ANO string, with 


Higgsed U(1) form “another QED”;


Add “our” photon and our QED; Then they will shine!


(Witten also suggested to use ``fundamental” strings)





✸ Formed during a symmetry breaking phase transition in early     
universe


✸ At least one cosmic string per Hubble volume 



✸ Have never been observed!



Contribution to the structure formation in  universe at most 10%

They shine!


They double gravitational image!



 α = 2π -8πGTstring



https://en.wikipedia.org/wiki/Symmetry_breaking
https://en.wikipedia.org/wiki/Phase_transition
https://en.wikipedia.org/wiki/Hubble_volume




Side remark: Domain wall Gravity REPULSION 



Dual Meissner effect for confinement conjectured

� �� � ��

‘t HooftNambuMandelstam

1970s



☺   First demonstration of the dual Meissner 
      effect: Seiberg & Witten, 1994    ☺

N=2 (extended) SUSY ➔ SU(2) �U(1), monopoles ➔ 

Monopoles become light ➔ N=1 deform. forces M condensatition ➔ 

U(1) broken, electric flux tube formed ➔ 

☹ ☹ Abelian ... (Abrikosov)



SU(2)/U(1) = CP(1)∼O(3) sigma model

classically gapless excitation

“Non-Abelian” string is formed if all non-
Abelian degrees of freedom participate in 
dynamics at the scale of string formation



Original discovery in N= 2 4D SYM with



Nf=Nc and N=2



2003: Hanany, Tong


Auzzi et al.


Yung + M.S.

M. Shifman

x⊥

Non-Abelian internal d.o.f
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Figure 2: Z2 string junction.

have the same tension. Hence, two different strings form a stable junction. Figure 2
shows this junction in the limit

ΛCP(1) ≪ |∆m| ≪
√

ξ (4)

corresponding to the lower left corner of Fig. 1. The magnetic fluxes of the U(1) and
SU(2) gauge groups are oriented along the z axis. In the limit (4) the SU(2) flux
is oriented along the third axis in the internal space. However, as |∆m| decreases,
fluctuations of Ba

z in the internal space grow, and at ∆m → 0 it has no particular
orientation in SU(2) (the lower right corner of Fig. 1). In the language of the
worldsheet theory this phenomenon is due to restoration of the O(3) symmetry in
the quantum vacuum of the CP(1) model.

The junctions of degenerate strings present what remains of the monopoles in
this highly quantum regime [11, 12]. It is remarkable that, despite the fact we are
deep inside the highly quantum regime, holomorphy allows one to exactly calculate
the mass of these monopoles. This mass is given by the expectation value of the kink
central charge in the worldsheet CP(N − 1) model (including the anomaly term).

What remains to be done? The most recent investigations zero in on N = 1
theories, which are much closer relatives of QCD than N = 2. I have time to say
just a few words on the so-called M model suggested recently [13] which seems quite
promising.

2.3 M model

The unwanted feature of N = 2 theory, making it less similar to QCD, is the
presence of the adjoint scalar field. One can get rid of it making it heavy. To
this end we must endow the adjoint superfield by a mass term. Supersymmetry of
the model becomes N = 1. Moreover, to avoid massless modes in the bulk theory
(in the limit of very heavy adjoint fields) we must introduce a “meson” superfield
MA

B analogous to that emerging in the magnetic Seiberg dual, see Sect. 1, with an
appropriately superpotential. After the adjoint field is eliminated the theory has no
’t Hooft–Polyakov monopoles in the quasiclassical limit. Nevertheless, a non-Abelian

6

⇠⇠⇠⇠ ⇠⇠⇠⇠ ⇠⇠⇠⇠⇠⇠⇠⇠ ⇠⇠⇠⇠
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= kink Yung + M.S.


Hanany, Tong

✵Kinks are confined in 4D (attached to strings). 
Why?





M. Shifman

ΛCP(1)

Λ
−1

CP(1)

Δ m
−1

ξ
−1/2

ξ=0

Δ m =0

ξ=0

Δ m >> ξ
1/2

The ’t Hooft−Polyakov
monopole

Almost free monopole

B

ξ
−1/2

< << Δ m < ξ
1/2

Confined monopole,
quasiclassical regime

Δ m 0

Confined monopole,
highly quantum regime

Figure 1: Various regimes for monopoles and strings.

was in full swing.1 BPS domain walls, analogs of D branes, had been identified
in supersymmetric Yang–Mills theory. It had been demonstrated that such walls
support gauge fields localized on them. and BPS saturated string-wall junctions
had been constructed [8]. And yet, non-Abelian flux tubes, the basic element of the
non-Abelian Meissner effect, remained elusive.

2.1 Non-Abelian flux tubes

They were first found [9, 10] in U(2) super-Yang–Mills theories with extended su-
persymmetry, N = 2, and two matter hypermultiplets. If one introduces a non-
vanishing Fayet–Iliopoulos parameter ξ the theory develops isolated quark vacua,
in which the gauge symmetry is fully Higgsed, and all elementary excitations are
massive. In the general case, two matter mass terms allowed by N = 2 are unequal,
m1 ̸= m2. There are free parameters whose interplay determines dynamics of the
theory: the Fayet–Iliopoulos parameter ξ, the mass difference ∆m and a dynamical
scale parameter Λ, an analog of the QCD scale ΛQCD. Extended supersymmetry
guarantees that some crucial dependences are holomorphic, and there is no phase
transition.

The number of colors can be arbitrary. The benchmark model supporting non-
Abelian flux tubes has the gauge group SU(N)×U(1) and N flavors. The N =
2 vector multiplet consists of the U(1) gauge field Aµ and the SU(N) gauge field Aa

µ,

1This program started from the discovery of the BPS domain walls in N = 1 supersymmetric
gluodynamics [7].

4

SUSY rules!



Ten-dimensional critical string as a soliton in four-
dimensional super-Yang-Mills theory

4D bulk, N=2 Yang-Mills


with Nf flavors and N colors;


U(N) gauge group



8 supercharges;


supports 1/2 BPS 


“non-Abelian” vortices

If Nf = 2N,  then


bulk theory CONFORMAL



For long time


Nf=N


⇒ AF CP(N-1) 


UV incomplete


H.D.





Verification:



Virasoro central charge (including ghosts) = 0



cVir =
3

2

✓
D +

2

3
cWCP � 10

◆
,

c(WCP(N,N)) = 3(N +N � 1)

N=2

ghost



Conclusion:



10D critical string IS reincarnation of a BPS soliton


in 4D N=2 super-Yang-Mills with U(2) gauge and 


four quark flavors!


