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Global Symmetries

A global symmetry is a symmetry that holds at all points in the
spacetime, relevant to the system.

U(1) with α as symmetry generator:
ψ(x , t)→ ψ′(x , t) = e iαψ(x , t)⇒

[
e iα,H

]
= [α,H] = 0

The system/Hamiltonian is invariant under global U(1)
transformations.
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Local Symmetries

A local symmetry is symmetry which depends on the point of
spacetime.

U(1) with α as symmetry generator: ψ(x , t)→ ψ′(x , t) =
e iα(x ,t)ψ(x , t)⇒ ∂xψ

′(x , t) = e iα(x ,t) (i∂xα(x , t) + ∂x)ψ

The system/Hamiltonian is not invariant under local U(1)
transformations.
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Local Symmetries

The laws of physics are the same in different locations, let’s say
Lisbon and London. So measurements done in each location
should have the same results, but the states/wavefunctions
prepared for the experiences certainly have different phases, which
change through spacetime.

How to restore the gauge/local invariance?
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Local Symmetries

Change the equation of motion adding gauge fields that transform
accordingly to the gauge symmetry. These gauge fields are closely
related with the classical potentials.

U(1) gauge symmetry (~ = c = 1) : ψ′(x , t) = e iqα(x ,t)ψ(x , t)
Changing i∂tψ = − 1

2m∂
2
xψ to

i (∂t + iqφ)ψ = − 1
2m (∂x − iqA)2 ψ with the transformations

A→ A′ = A + ∂xα and φ→ φ′ = φ− ∂tα. The system
becomes invariant under the gauge symmetry.

The interaction between the gauge fields and particles is
what we call force, like electromagnetism.
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Parity

Parity can be thought as test for chirality since a chiral
phenomenon is one that is not identical to its mirror image.

A system with x2 have P = +1, with x have P = −1, but a
system with x2 + x is chiral.

In particle physics, each fermion can be described by its
(orthogonal) chiral components/projections:

ψ = PLψ + PRψ ≡ ψL + ψR

PLPR = 0, P†L,R = PL,R and P2
L,R = PL,R

Gravity, electromagnetism and strong interactions preserve parity,
acting equally in ψL and ψR . But weak interactions do not.

July 18, 2016 Lúıs M. Cebola Symmetries: SM and Beyond Hands on QM 2016



Symmetries
Neutrinos

Masses
Concluding Remarks

Global Symmetries
Local Symmetries
Parity
Weak Interactions

Wu Experiment

Lee and Yang proposed a set of experiments to test if parity is
violated by weak interactions. The experiment from Wu and his
colleagues showed that the parity is maximally violated in weak
decays.
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Weak Interactions

It is then establish that weak interactions act solely on left-handed
particles. Then right-handed fields of quarks (up: ψuR ≡ uR and
down: ψdR ≡ dR) and the right-handed component of electron
(ψeR ≡ eR) are singlets under the gauge symmetry associated with
weak interactions: SU(2)L.

When the Standard Model was constructed, neutrinos were thought
to be massless and pure left-handed particles: ψν = ψνL ≡ νL
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Neutrino Basics

Neutrinos interact very weakly and only through the weak
force and gravity (Q(ν) = 0).

Neutrinos appear in three flavours, electron neutrinos (νe),
muon neutrinos (νµ), and tau neutrinos (ντ ).

In the SM (only νL) neutrinos are strictly massless. No gauge
invariant mass term (mν νLνR), due to the absence of νR .

Experiments with solar, atmospheric, reactor and accelerator
neutrinos have provided compelling evidences for the existence
of neutrino oscillations.
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Neutrino Oscillations

The fact that neutrinos oscillate imply non-vanishing masses and
non-vanishing mixing angles.

Pνe→νµ = sin2 (2θ) sin2

(
∆m2

2E
L

)

Physics beyond the SM is required.

Like in the quarks case with the CKM matrix, for neutrinos, PMNS
matrix represents the mismatch between mass states and states
that take part in weak interactions.

νi =
∑
j

Uij
PMNS νj , i = e, ν, τ, j = 1, 2, 3.
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Neutrino Oscillations

The hints for the masses squared differences do not provide an
absolute scale of neutrino mass and the nature of neutrinos is yet
to be confirmed: Dirac (ν 6= ν̄) or Majorana (ν 6= ν̄) particles.

Two possibles orderings:
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Neutrino Masses

Neutrinos do have mass, but it is extremely small compared to all
other known fermions.

We can extend the SM with νR like other fermions, but it is
natural that neutrino masses have the same origin?
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Invariant Mass Terms

The mass term for a given fermion, like every other element
present in the Lagrangian of the theory, has to be invariant.

Lm = −mψψψ, for an electron: Lm = −meee

Where ψ = ψ†γ0, and γ0 is a matrix with the properties:(
γ0
)2

= 1,
(
γ0
)†

= γ0 and PL,Rγ
0 = γ0PR,L

Then the mass term can be written as:

Lm = −mψψLψR + h.c., for an electron:
Lm = −meeLeR + h.c.

Clearly with νR a similar mass term for ν appears, but it is
the only one?
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Neutrino Mass Terms

Lepton (e and ν) related terms are invariant under strong/color
force, but maybe charged under U(1)em:

Q (ψ) = q, Q (e) = −1, Q (ν) = 0 and ψ′ = e iqαψ

Including νR we have

−Lm = meeLeR + m∗DνLνR +
1

2
m∗LνLCνL

T +
1

2
mRνRCνR

T + h.c.

−Lm = meeLeR +
1

2

[
νTL C νR

] [mL mD

mD mR

] [
νL CνR

T
]

+ h.c.

The electron has a definite mass, but the neutrino masses
are the eigenvalues of the mass matrix.

July 18, 2016 Lúıs M. Cebola Symmetries: SM and Beyond Hands on QM 2016



Symmetries
Neutrinos

Masses
Concluding Remarks

Invariant Mass Terms
Seesaw Mechanism
Mass Matrices

Neutrino Mass Terms

Lepton (e and ν) related terms are invariant under strong/color
force, but maybe charged under U(1)em:

Q (ψ) = q, Q (e) = −1, Q (ν) = 0 and ψ′ = e iqαψ

Including νR we have

−Lm = meeLeR + m∗DνLνR +
1

2
m∗LνLCνL

T +
1

2
mRνRCνR

T + h.c.

−Lm = meeLeR +
1

2

[
νTL C νR

] [mL mD

mD mR

] [
νL CνR

T
]

+ h.c.

The electron has a definite mass, but the neutrino masses
are the eigenvalues of the mass matrix.
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Seesaw Mechanism

−Lm = meeLeR +
1

2

[
νTL C νR

] [mL mD

mD mR

] [
νL CνR

T
]

+ h.c.

Usually mL is taken to be zero (or very small) since is precisely the
effective mass of left-handed neutrinos that we want to find. On
the other hand, mR can be arbitrarily large compared to mD (and
other mass terms like mψψLψR that originate from the Higgs
mechanism).

Compute the eigenvalues considering mL,mD � mR
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Seesaw Mechanism

There are two different neutrinos mass states:

Light neutrinos: mν ' mL −
m2

D
mR
' −m2

D
mR

Heavy neutrinos: mN ' mR +
m2

D
mR
' mR

Within experimental bounds, we can predict mR as:

mν ' 0.1 eV,mD ' 100 GeV⇒ mR ' 1014 GeV
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Three Families of Fermions

There are three generations of each fermion in the SM, so for
charged leptons we have

−Lm = meeLeR + mµµLµR + mττLτR + h.c.

But e, µ and τ have the same quantum numbers so terms like
meτeLτR or mτµτLµR are also viable.

General Lagrangian for three generations of leptons:

−Lm = eLmeeR + νLm†DνR +
1

2
νLm†LCνL

T +
1

2
νRmRCνR

T + h.c.

−Lm = eLmeeR +
1

2

[
νTL C νR

] [ mL mD

mD
T mR

] [
νL CνR

T
]

+ h.c.

All mass matrices have to be diagonalized.
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Seesaw with Three Families

−Lm = eLmeeR +
1

2

[
νTL C νR

] [ mL mD

mD
T mR

] [
νL CνR

T
]

+ h.c.

Find the seesaw mechanism in this case considering again
mL,mD � mR. Note that mL and mR are symmetric matrices as
well as the matrix to be diagonalised, use the Takagi’s
factorization: U†mRU∗ = diag.

Light neutrinos: mν ' mL −mDmR
−1mD

T ' −mDmR
−1mD

T

Heavy neutrinos: mN ' mR + mDmR
−1mD

T ' mR

With three families there are more physical observables but
much more free complex matrices entries. Let’s increase the
predictability of the theory with symmetries.
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Masses from Symmetries: Democratic Matrix

Suppose we do not know anything about the mass matrices but, as
seen, all entries are allowed. Which is the form of the matrix so
that we can change each column and each line?

The democratic matrix ∆ = c

1 1 1
1 1 1
1 1 1

 has very hierarchical

eigenvalues: 3c , 0, 0. We are still left with two massless fermions
with this symmetry.
The next step is to assume a breaking term that can accommodate

them: P =

0 0 0
0 a 0
0 0 b

, a, b � 1
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Masses from Symmetries: Democratic Matrix

Let’s apply this symmetry and the breaking matrix to all the mass
matrices we studied before and see if there are any constraints in
mν .

−Lm = eLmeeR + νLm†DνR +
1

2
νRmRCνR

T + h.c. ,

with

mk = ck [∆ + Pk ] , Pk =

0 0 0
0 ak 0
0 0 bk

 , k = e,D,R

mν = −mDmR
−1mD

T = −ceff [∆ + PD ] [∆ + PR ]−1 [∆ + PD ]T

July 18, 2016 Lúıs M. Cebola Symmetries: SM and Beyond Hands on QM 2016



Symmetries
Neutrinos

Masses
Concluding Remarks

Invariant Mass Terms
Seesaw Mechanism
Mass Matrices

Masses from Symmetries: Democratic Matrix

Let’s apply this symmetry and the breaking matrix to all the mass
matrices we studied before and see if there are any constraints in
mν .

−Lm = eLmeeR + νLm†DνR +
1

2
νRmRCνR

T + h.c. ,

with

mk = ck [∆ + Pk ] , Pk =

0 0 0
0 ak 0
0 0 bk

 , k = e,D,R

mν = −mDmR
−1mD

T = −ceff [∆ + PD ] [∆ + PR ]−1 [∆ + PD ]T
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Masses from Symmetries: Democratic Matrix

mν = −mDmR
−1mD

T = −ceff [∆ + PD ] [∆ + PR ]−1 [∆ + PD ]T

Z ≡ [∆ + PR ]−1 =
1

aR bR

aR + bR + aRbR −bR aR
−bR bR 0
−aR 0 aR


So we have mν = −ceff [∆Z∆ + ∆ZPD + PDZ∆ + PDZPD ].

Remarkably, ∆Z∆ = ∆, the second and third term vanish and the
fourth yields PDZPD = Peff .
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Then mν = −ceff [∆ + Peff ], with Peff =

0 0 0
0 aeff 0
0 0 beff

, and

a, b, ceff = a, b, c2
D/a, b, cR .

Check the calculations to obtain mν

Our assumption is preserved by the seesaw mechanism since mν

has the same form as other mass matrices in which the symmetry
were imposed.
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Lepton Democratic Mass Matrix

Instead of computing all optimal values of a, b, c to fit the data
let’s just focus on charged leptons masses which are known very
well experimentally.

What do think ae , be , ce should be?

Calculate (using PC) the eigenvalues of ce [∆ + Pe ] and then, using
perturbation/expansion series, find the values for ae , be , ce

me = 1
2aece '

1
2aece → ae = 6 me

mτ

mµ = 2
3bece + 1

6aece '
2
3bece → be =

9mµ

2mτ

mτ =
(
3 + ae

3 + be
3

)
ce ' 3ce → ce = mτ

3
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Masses from Symmetries: Family U(1)

Another common example to eliminate entries and make the
theory more predictable is using U(1) symmetries that act
differently according to each generation.
Let’s say the symmetry Le − Lµ, under which the terms meτeLτR
or mτµτLµR are forbidden.

Q(e, νe) = +1 , Q(µ, νµ) = −1 , Q(τ, ντ ) = 0, then:

mD =

∗ 0 0
0 ∗ 0
0 0 ∗

 , and mR =

0 ∗ 0
∗ 0 0
0 0 ∗

 .
This example certainly does not accommodate but then we could
break the symmetry softly. And the game could go on and on...
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Summary and Conclusions

Symmetries are extremely important in particle physics, they
are the foundations of interactions and appear in almost every
extension of the SM.

Neutrinos are the most elusive particles of the SM, having tiny
masses. The seesaw mechanism is one economical and simple
way of solving this puzzle (and others).

We discussed the interesting possibility of having predictive
matrices arising from a symmetry principle deeply connected
with quantum properties. Besides the obvious reduction in the
parameter space, it can shed some light in the right path to
construct theories even more compelling than the ones we
know today (neutrinos as dark matter, matter-antimatter
asymmetry, multi-Higgs models...)
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