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Magnetic fields in heavy ion collisions 

 (arXiv:1103.4239) 

Transverse plane of a (noncentral) heavy 
ion collision: 

Generated magnetic fields: 𝐞𝑩~𝑶 𝟎. 𝟎𝟐 𝑮𝒆𝑽𝟐 − 𝑶(𝟎. 𝟑 𝑮𝒆𝑽²) 

The largest magnetic field found in nature! 

arXiv:1401.3805 

vacuum 

Finite conductivity (𝜎~4.5 𝑀𝑒𝑉) 

𝑏 = 7𝑓𝑚 

- They probably decrease fast, though. 

LHC RHIC 

(In natural units) 

http://arxiv.org/abs/arXiv:1103.4239


Holography 
(As an effective theory for many-body phenomena) 



Holography in a nutshell 

- A (classical) gravitational theory in (d+1) dimension is dual to a quantum field 
theory in d dimensions. 

-  

[Maldacena ‘97; Witten ‘98; Gubser, Polyakov, Klebanov ‘98]  

In particular, the AdS/CFT (Anti-de Sitter/Conformal Theory) correspondence says: 

𝑨𝒅𝑺𝟓 × 𝑺𝟓 
𝓝 = 𝟒 SU(N) Super Yang-Mills 
with 𝝀 → ∞. 

“QCD” at strong coupling 

General Relativity 



Selecting holographic constructions that incorporate 
the magnetic field: 

1) The Magnetic Brane model (N=4 SYM plasma +magnetic field) 
 
 
 

2) The phenomenological Einstein-Maxwell-Dilaton (EMD) model 

[D’ Hoker, Kraus ’09] 

[S. Gubser, A. Nellore ’08] [RC et al ’15-16] 



The Magnetic Brane 

𝑆 =
1

16𝜋𝐺5
 𝑑5𝑥 −𝑔 𝑅 −

12

𝐿2
− 𝑭𝟐 + 𝑆𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 + 𝑆𝑡𝑜𝑝𝑜𝑙  

[D’ Hoker, Kraus ’08] 

- This action implements the effect of a magnetic field in our field theory. 

𝑑𝑠2 = −𝑈 𝑟 𝑑𝑡2 +
𝑑𝑟2

𝑈 𝑟
+ 𝒇 𝒓 𝑑𝑥2 + 𝑑𝑦2 + 𝒑(𝒓)𝑑𝑧2 

𝐹 = 𝑩 𝑑𝑥 ∧ 𝑑𝑦 

The geometry of the magnetic brane: 

SO(3) rotation symmetry broken down to SO(2) 



Thermodynamics of the Magnetic brane 
[D’ Hoker, Kraus ’08] 

- Really different than the QGP+B near the crossover region. 

Need for a QCD-like model! 

Entropy 



The EMD model 
Boundary terms 

with 

Breaks conformal invariance! (like 𝜦𝑸𝑪𝑫) 

𝑑𝑠2 = −𝑈 𝑟 𝑑𝑡2 +
𝑑𝑟2

𝑈 𝑟
+ 𝒇 𝒓 𝑑𝑥2 + 𝑑𝑦2 + 𝒑(𝒓)𝑑𝑧2 

𝐹 = 𝑩 𝑑𝑥 ∧ 𝑑𝑦 

𝑉 𝜙 , 𝐺5 

𝑓 𝜙  

EoS (pressure, entropy, etc..) 

Magnetic susceptibility (at B=0!) 

- Inputs to be fixed using lattice data: 

[Finazzo, RC, R. Rougemont, Noronha ‘ PRD 16] 



Thermodynamics at B=0 

Entropy Speed of Sound 

pressure Trace anomaly 

Magnetic 
susceptibility 



Predictions for thermodynamics at finite B: 



Entropy Pressure 

[Finazzo, RC, R. Rougemont, Noronha ‘ PRD 16] 

(Pseudo) Critical Temperature obtained from 
s/T³ 



The Polyakov loop 
[RC, R. Rougemont, S. Finazzo Noronha ‘16] 

Polyakov loop Heavy quark entropy 

- Lattice data from [1303.3972], [1504.08280], [1603.06637]) 

Parameter free!! 



To summarize... 

QCD in 
Equilibrium 

Lattice QCD 

Brute Force: Evaluate numerically the 
QCD path integral.  

Flexible: May give us valuable insights 
about equilibrium and non-equilibrium 
physics at strong coupling 

Lattice  QCD: Holography 

𝜼

𝒔
=

𝟏

𝟒𝝅
 



Transport coefficients: 
 

1.) How does B affect the shear 
viscosity?  



Anisotropic shear viscosity 
- The breaking of SO(3) rotational symmetry down to SO(2)! 

𝜼⊥ 𝜼∥ 𝑩 

Holographic 
dictionary 



[ RC, S. Finazzo, M. Zaniboni  J. Noronha ’ 
PRD 14] 

[ S. Finazzo, RC, R. Rougemont, J. Noronha ’ PRD 16] 

𝜼∥ < 𝜼⊥ for B>0 

Violates the “bound”:  
𝜼

𝒔
=

𝟏

𝟒𝝅
 



2.)Heavy quark dynamics in the QGP 
from the holographic perspective 

i.e. assuming strong coupling at all scales 



Heavy quarks and the QGP 

Motion of a heavy 
quark 

QGP 

The heavy quark inside the QGP undergoes a Brownian motion. We have 
then: 
   - energy loss; 
   - quenched momentum; 
    - momentum broadenning, etc.. 
 

𝑣  
𝑹𝟑,𝟏 

Bulk 

Horizon 

𝒓 

String 

AdS point of view 
[ Gubser et al ’06] 



The Langevin equation 

𝒅𝒑𝒊

𝒅𝒕
= −𝑭𝑫𝒓𝒂𝒈

𝒊𝒋
𝒑𝒋 + 𝝃𝒊(𝒕), 𝝃𝒊(𝒕) = 𝟎, 𝝃𝒊(𝒕)𝝃𝒋(𝒕′) = 𝟐𝜿𝒊𝒋𝜹(𝒕 − 𝒕′), 

Drag Force (Energy loss) 
Diffusion coefficients 

𝑭𝑫𝒓𝒂𝒈
(𝒗∥𝑩)

 

𝑭𝑫𝒓𝒂𝒈
(𝒗⊥𝑩)

 



The Drag Force in the EMD model 

  

Figure taken from [arXiv:1512.03689] 

Qualitative agreement with pQCD calculation [arXiv:1512.03689]  

In general: 

𝑣 = 0.6 



Many results 

  

The values of such coefficients found within the holographic context may 
be used as input in numerical codes 

Example: 

See https://arxiv.org/pdf/1605.06061v1.pdf to check all the results! 

https://arxiv.org/pdf/1605.06061v1.pdf
https://arxiv.org/pdf/1605.06061v1.pdf


Conclusions and Outlook 

 Concerning holographic constructions with magnetic field: 
 The EMD+B model  has a good quantitative agreement with lattice and gives 

us quantitative predictions. 

 The EMD holographic results may serve as input in numerical codes 

 

 Some future steps 
 Calculate the two bulk viscosities of the EMD model. 

 Build a (causal and stable) relativistic dissipative viscous 
magnetohydrodynamics theory. 

 



Backup slides 



Grid Structure of the EMD model 

Each dot corresponds to a different geometry (black hole) related to some specific initial 
condition. 

~700,000 black holes 



Brownian Motion 

We can describe the heavy quark motion via the Langevin equation 

𝒅𝒑𝒊

𝒅𝒕
= −𝜼𝑫

𝒊𝒋
𝒑𝒋 + 𝝃𝒊(𝒕), 𝝃𝒊(𝒕) = 𝟎, 𝝃𝒊(𝒕)𝝃𝒋(𝒕′) = 𝟐𝜿𝒊𝒋𝜹(𝒕 − 𝒕′), 

where 𝜼𝑫
𝒊𝒋

 and 𝝃𝒊(𝒕) are the forces of the medium acting on the heavy quark. 

𝝃𝒊(𝒕) is a stochastic force around the average motion. 
𝜿𝒊𝒋 are the diffusion Langevin coefficients. 

𝜼𝑫
𝒊𝒋

 is a smooth dissipative force – a “drag force”. 

Final goal: 𝜼𝑫
𝒊𝒋
(𝑩) 𝜿𝒊𝒋(𝑩) and 



Drag Force/Energy loss 

- With the momentum 𝜫𝝃 in hand, we can compute now the drag force 

𝐹 =
𝑑𝑝𝑙

𝑑𝑡
=

𝑑𝐸

𝑑𝑥𝑙
= 𝜫𝝃 = 𝜂𝐷 

Energy loss 

(old notation) 

- When we include the magnetic field, the drag force will depend on the angle formed between 
the quark’s velocity and the magnetic field.  

       So we define: 

𝑭⊥= the drag force for 𝒗 ⊥ 𝑩 

𝑭∥= the drag force for 𝒗 ∥ 𝑩 



Comparing the parallel and 
perpendicular drag forces 

For ℬ ≫ 𝑇2 

𝐹∥

𝐹⊥
≈

4𝜋²

1 − 𝑣²

𝑇²

ℬ
 

𝐹∥

𝐹⊥
~

𝑇²

𝑒𝐵
 

The weak coupling calculation leads to [arXiv:1512.03689]: 

Alleged impact on v_2 and R_AA! 



The nearly “perfect fluid” 

 Remarkable success in treating the QGP as a nearly perfect 
fluid 

𝜂

𝑠
=

1

4𝜋
 Son, Kovtun, Starinets ’05: 

The QGP behaves like a nearly “perfect fluid”, in the sense that the 
shear viscosity to the entropy density is very close to the holographic 
result:   

𝜆𝑚𝑖𝑐𝑟𝑜

𝜆𝑚𝑎𝑐𝑟𝑜
≪ 1 

(arXiv:nucl-th/0305084) 

(in natural units) 

Strongly Coupled 
(liquid regime) 

Therefore we must go beyond pQCD 



The phase diagram for the hadronic matter 

At low chemical potential, we have 
a crossover near 𝑇𝑐~150 𝑀𝑒𝑉 

arXiv:hep-lat/0106019 



Deviations from the equilibrium 

Equilibrium Near-equilibrium Far-from-equilibrium 

Quasinormal modes 
(QNM) 

Transport Coefficients: 
- Shear viscosity 
- Conductivity 
- Diffusion 
- Etc.. 

-    Temperature 
- Pressure 
- Entropy 
- Etc.. 

Difficulty Increases 

Gauge/Gravity usefulness increases 

- QGP thermalization 
- Shock waves 
- Turbulence 

 

Uncharted territory 



AdS in a nutshell 𝑁𝑐 → ∞? 

Pressure Trace anomaly 

Pure glue YM EoS from the lattice [arXiv:0907.3719] 

- The “good’’ observables to calculate in the context of the AdS/CFT duality are not suppresed 
by the rank of the gauge group. 
 
- Examples of “bad’’ quantities: Polyakov loop at finite 𝜇𝐵, topological susceptibility, etc.. 



Holography in a nutshell 

- A quantum field theory is dual to a gravitational theory in higher dimensions.  
(In specific, the duality Anti-de Sitter = Conformal Field Theory is a kind of holography) 

𝒩 = 4 SU(N) Super  
             Yang-Mills 

Type IIB Superstring in 𝐴𝑑𝑆5 ⊗ 𝑆5 

Symmetries of 𝒩 = 4 SYM SU(N) Isometries of 𝐴𝑑𝑆5 ⊗ 𝑆5 

- One hint for such correspondence comes from the global symmetries: 

J.Maldacena, Adv.Theor.Math.Phys.2,231(1998) 

Conformal  symmetry in 4D : SO(2,4) 𝐴𝑑𝑆5 isometry: SO(2,4) 

R symmetry:  SU(4) = SO(6) 𝑆5 isometry: SO(6) 

- All the global symmetries are equal. 



- The field theory has two parameters: 𝑁𝑐 and 𝑔𝑌𝑀.  When 𝑁𝑐  is large, it’s 
the ‘t Hooft coupling 𝜆 = 𝑔𝑌𝑀

2 𝑁𝑐 that controls the perturbation theory. 

- The parameters of the string theory are: string coupling  𝑔𝑠, string length 𝑙𝑠 and 
the radius of the AdS space L. 

𝑔𝑌𝑀
2 = 4𝜋𝑔𝑠 

𝑔𝑌𝑀
2 𝑁𝑐 = 𝜆 =

𝐿4

𝑙𝑠
4  

The relations between them are: 

This implies that 

If 𝜆 → ∞ (strong coupling),  
𝐿4

𝑙𝑠
4 → ∞ (Supergravity regime) 

∴ 𝑆𝑠𝑡𝑟𝑖𝑛𝑔=
1

15𝜋𝐺5
 𝑑5𝑥 −𝑔 𝑅 +

12

𝐿2
 

(after some truncations/compactifications) 

(weakly/strongly duality!) 



QCD versus N=4 SYM 

QCD  N=4 SYM 

Confinement 

SUSY 

Quarks 

Finite 𝑁𝑐 (=3) 

Discrete spectrum 

Running coupling 

Chiral condensate 



However, if we include the 
temperature, we have (around Tc) 

QCD  N=4 SYM 

Confinement 

Susy 

Strong Coupling 

Debye Screening 

Look for “universal” results when working with the N=4 SYM! 



Effective theories for the QGP 

The QGP created in a heavy ion collision is in a strongly coupled regime 

We resort then to effective theories for low-energy QCD: 
- Bag Model (Toy Model); 
- Chiral Perturbation Theory; 
- Nambu-Jona-Lasinio; 
- Gauge/Gravity duality; 
- Etc... 

And what about the LATTICE QCD?!?! 

My choice 

Integrated out gluons... 



No sign problem for the magnetic field 
in LQCD 

- Ironically, it seems harder to access experimentally the magnetic effects compared with 
effects of finite baryonic chemical potential. 

where 

, 

Manifestly positive! 

- If we include a finite chemical potential the fermionic determinant is not positive definite. 
This is the infamous sign problem. 

(Good for Monte-Carlo importance sampling) 



Fixing the parameters 

The old results were fixed using Lattice data from [arXiv:1204.6710] for 𝑁𝑓 = 2 + 1. 

 

OLD PARAMETRIZATION 

The new results were fixed using Lattice data from [arXiv:1310.8656] 

NEW PARAMETRIZATION 



The trace anomaly 

- Whilst the QCD is not a conformal theory, the N=4 SYM is. Indeed, the trace 
anomaly for the QCD is given by 

Lattice result from [arXiv:1204.6710] for 𝑁𝑓 = 2 + 1 

- Important in the crossover region! 

- Although 𝑇𝜇
𝜇

∝ 𝐵2 for the magnetic brane, we want to do much better than this. 

We want a model which emulates the energy scale Λ𝑄𝐶𝐷 of the QCD. 



Matching the energy scale 

- The recipe to get the correct energy scale Λ for the observables, is to compare 
the minimum of the speed of sound of the lattice with the black hole’s 
calculation, 

- Therefore, if 𝑋 is an observable such that 𝑋 = 𝑀𝑒𝑉𝑛, then 

𝑋 = 𝑋 𝜆𝑛 

where 𝑋  is the observable in black hole’s units obtained from the EMD action. 



Intermission: 

How do we implement the anisotropy on the viscosities  
of a relativistic plasma? 



The hydrodynamic model 

Now, let us view somethings about the viscous tensor of rank 4, 𝜂𝛼𝛽𝜇𝜈. 

The first question should be: What does this tensor mean? 

Well, because of the “viscous” on its name, you may already have guessed that it’s linked 
with dissipations, like heat, entropy, etc... To formulate this mathematicaly, we introduce a 
dissipation function R: 

𝑅 =
1

2
𝜂𝛼𝛽𝜇𝜈𝑤𝛼𝛽𝑤𝜇𝜈 

With 

𝑤𝛼𝛽 =
1

2
𝛻𝛼𝑢𝛽 + 𝛻𝛽𝑢𝛼 , 𝛻𝛼 ≡ ∆𝛼𝛽𝜕

𝛽 , ∆𝛼𝛽≡ 𝑔𝛼𝛽 − 𝑢𝛼𝑢𝛽 

(we’re in Minkowski here!) 

- If we take the derivative of R with respect of 𝑤𝜇𝜈, we obtain the usual stress  

tensor 𝜏𝜇𝜈: 

𝜋𝜇𝜈 = 𝜂𝜇𝜈𝛼𝛽𝑤𝛼𝛽 



Constructing  𝜂𝛼𝛽𝜇𝜈  

- For such task, we need to look the symmetries: 

 𝜂𝛼𝛽𝜇𝜈= 𝜂𝛽𝛼𝜇𝜈= 𝜂𝛼𝛽𝜈𝜇= 𝜂𝜇𝜈𝛼𝛽 

- Hence, we can construct  𝜂𝛼𝛽𝜇𝜈 with the objects: 

(i) Δ𝛼𝛽Δ𝜇𝜈 (ii) Δ𝛼𝜇Δ𝛽𝜈 + Δ𝛼𝜈Δ𝛽𝜇 

We have then two linearly independents coefficients, which are 𝜂 and 𝜁;  

𝜂𝛼𝛽𝜇𝜈 = 𝜼  Δ𝛼𝜇Δ𝛽𝜈 + Δ𝛼𝜈Δ𝛽𝜇 −
2

3
Δ𝛼𝛽Δ𝜇𝜈 + 𝜻 Δ𝛼𝛽Δ𝜇𝜈   

Remember that the shear viscosity belongs to the traceless part of 𝜋𝜇𝜈, while the bulk viscosity 
Is related to the non-zero part. 

- Assume isotropy first. 



Constructing  𝜂𝛼𝛽𝜇𝜈  

- This means that the magnetic field produces a privileged direction, thus, we shall have 
The following objects to make  𝜂𝛼𝛽𝜇𝜈: 

(i) Δ𝛼𝛽Δ𝜇𝜈 

(ii) Δ𝛼𝜇Δ𝛽𝜈 + Δ𝛼𝜈Δ𝛽𝜇 

-  Now, assume anisotropy due to a magnetic exernal field! 

(iii) Δ𝜇𝜈𝑏𝛼𝑏𝛽 + Δ𝛼𝛽𝑏𝜇𝑏𝜈 

(iv) 𝑏𝜇𝑏𝜈𝑏𝛼𝑏𝛽 

(v) Δ𝜇𝛼𝑏𝛽𝑏𝜈 + Δ𝜇𝛽𝑏𝛼𝑏𝜈 + Δ𝜈𝛼𝑏𝜇𝑏𝛽 + Δ𝜈𝛽𝑏𝜇𝑏𝛼 

(vi) Δ𝜇𝛼𝑏𝜈𝛽 + Δ𝜇𝛽𝑏𝜈𝛼 + Δ𝜈𝛼𝑏𝜇𝛽 + Δ𝜈𝛽𝑏𝜇𝛼 

(vii) 𝑏𝜇𝛼𝑏𝛽𝑏𝜈 + 𝑏𝜇𝛽𝑏𝛼𝑏𝜈 + 𝑏𝜈𝛼𝑏𝜇𝑏𝛽 + 𝑏𝜈𝛽𝑏𝜇𝑏𝛼 

- 𝑏𝜇 is the normal vector of the magnetic field 

- 𝑏𝜇𝜈 = 𝜀𝜇𝜈𝛼𝛽𝑏𝛼𝑢𝛽 

7 parameters: 5 shear viscosities and 2 bulk 
viscosities! 

(X. Huang, M. Huang, D. Rischke, A. Sedrakian  ‘10) 

(viii) 𝑏𝜇𝛼𝑏𝜈𝛽 + 𝑏𝜇𝛽𝑏𝜈𝛼 



Constructing  𝜂𝛼𝛽𝜇𝜈  

- Thus, to contruct  𝜂𝛼𝛽𝜇𝜈, we make linear combinations of  those objects. In 

specific, we have:  

 𝜂𝛼𝛽𝜇𝜈= ⋯+ 𝜂⊥ ii + 𝜂∥ v + ⋯ 

where 

𝜂⊥ = 𝜂𝑥𝑦𝑥𝑦, 𝜂∥ = 𝜂𝑦𝑧𝑦𝑧 = 𝜂𝑥𝑧𝑥𝑧 

- Our objective is then to find 𝜂⊥ and 𝜂∥. 

- Holographicaly, it means that we need to consider the modes 𝑕𝑥𝑦 and 𝑕𝑦𝑧.  



Bulk viscosity 

-Associated with the trace of the dissipative part of the stress-energy tensor 

Isotropic case: 

Anisotropic case: 

where 

𝜻 = 𝟎 for conformal theories  



Anisotropic bulk viscosity from magnetic 
branes 

- N=4 SYM is a conformal theory, so why did we bother to calculate the bulk viscosity? 
Because 

To compute the 2-point function we take the diagonal part of the fluctuated metric,   

where 

- After applying the rules to extract the retarded Green’s function, we found (numerically) 

𝜁∥ = 𝜁⊥ = 0 In the bag model, 𝑇𝑎
𝑎 ≠ 0 and 𝜁=0 also (m=0).   



Anisotropic bulk viscosity for the EMD model 

- Not done yet! 
 

- However, we have the result for the Einstein-Dilaton with the old parametrization.  

[Noronha-Hostler ’15] 



The QGP is opaque for hard probes 

Nuclear modification factor: 

c(b)→D(B)→e- +νe+π  Heavy flavor decays. E.g.: 



Solution of the Langevin Equation 

- Initial condition: 𝒑 𝟎 = 𝒑𝟎
𝒗

𝒗
 

Based on [arXiv:1006.3261]  

with 

𝒗 

𝒒 ⊥ Modified jet-quenching parameter 



The classical trailing string 
- From the gauge/gravity point of view, we treat the heavy quark as a classical string with one 
endpoint attached on the boundary 

𝑣  
𝑹𝟑,𝟏 

Bulk 

Horizon 

𝜫𝝃 

- The string’s dynamics is governed by the Nambu-Goto action 

With the longitudinal component w.r.t the speed being  

𝑿𝒍 = 𝒗𝒕 + 𝝃(𝒓) 

𝒓 

𝜫𝝃 =
𝜹𝑺𝑵𝑮

𝜹𝝃′
 


