Introduction to Transverse Beam Dynamics
Bernhard Holzer, CERN

1.) the basic ideas

» « in the end and after all it should be a kind of circular machine “
= need transverse deflecting force

Lorentz force F= q *%_ B x E)
~c~3*10°
typical velocity in high energy machines: \ vee=3*10"7
Example:
B=IT — F=q3:10° ™51
s m
MV technical limit for el. field
F=¢g+300— MV
m E<l—
— m
equivalent el. field ... E
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old greek dictum of wisdom:

y
The ideal circular orbit
S
circular coordinate system
condition for circular orbit: N
Lorentz force FL =evB
2
centrifugal force F ym,v ~=Bp

centr — e
p s

N g

o

B p = "beam rigidity"
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2.) The Magnetic Guide Field

Dipole Magnets: - 'f'\'
define the ideal orbit H K
homogeneous field created ; T 7
by two flat pole shoes | |
0 . DU R |
field map of a storage ring s.c. LHC dipole
dipole magnet
Normalise magnetic field to momentum: convenient units:
1 eB Vs GeV
P_gp — =2 B=[r]-|=| »p-
e P P m c
B=1..8T
Example LHC:
| 83Vy . s3s3%10'm/
B=83T — =e = 5 5
P 7000*1o9eV/ 7000%10° m?
GeV ¢
p =7000

p=2.81km
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Focusing Properties and Quadrupole Magnets

i ics: f 5 5 q
c"s;'claln'l”“hamcs‘ there is a restoring force, proportional
penéutu to the elongation x:
d*x
* —5=-c *x
_ _ dt
general solution: free harmonic oszillation x(t) = A*cos(wt + @)

this is how grandma‘s Kuckuck‘s clock is working!!!

Storage Rings: linear increasing Lorentz force to keep trajectories in vicinity of
the ideal orbit
linear increasing magnetic field

F(x) =q*v*B(x)

as in the dipole case we normalise to the beam rigidity

B,=gx B, =gy

Bp plg
LHC main quadrupole magnet g =25..220 T/m

- 8
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4.) The equation of motion:

Linear approximation:
*ideal particle > design orbit

* any other particle > coordinates x, y small quantities
Xy <<p

2 magnetic guide field: only linear terms in x & y of B
have to be taken into account

Taylor Expansion of the B field ... normalised to momentum p/e = Bp
and only terms linear in x, y taken into account
dipole fields / quadrupole fields

*
B») _ B, PR SUE AR +
ple B,p ple 2V pXe

1

= ; + k*x '71“ E}%—

= -
Separate Function Machines: 7 ! f
Split the magnets and optimise . 59
them according to their job: o 1
. . Example: ST
bending, focusing etc heavy ion storage ring TSR = |
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Equation of Motion:
Remember:

Hamiltonian for ideal particle, 6 = 0

_pHpyx k()

T2 2ps) 2

(*=»%)
with k and p representing the normalised quadrupole and dipole fields
putting into Hamiltonian equations

o _~db, o _dx
ox ds ’ dp. ds

... see e.g. Goldstein p 241

we get the equation of motion

d*x 1 d*y
— i ———k(s) *x =0, —+k(s)*y=0
ds* | p(s)? ! ds*
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Equation of Motion:

In linear aproximation (x, y << p and only dipole & quadruple fields)
we can derive a differential equation for the transverse motion of the particles

%  Equation for the horizontal motion:

" 1 Under the influence of the focusing fields from the quadrupoles ,,k*
X +X (72 -k ) =0 and dipoles 1/ p the transverse movement of the particles inside
P looks like a harmonic oscillation

<%  Equation for the vertical motion:

—=0 no dipoles ... in general ...

P

k < -k quadrupole field changes sign

y'+ky=0

.. mmmppfff ... just another differential equation .... but it does not look sooo comfortable.
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5.) Solution of Trajectory Equations

Define ... hor. plane: K = 1//72 -k

”n
...vert. Plane: K =k sl

Differential Equation of harmonic oscillator ... with spring constant K >0 = focusing case

Ansatz: x(s) = a, -cos(ws) + a, -sin(ws)

1,

P bi 7 ind. . I;
general linear c of two p t

X' (s) =—aqwsin(ws) +a,w cos(ws)

X'(s) = —a,@ cos(ws) - a,” sin(ws) = -w’x(s) ~—— w=vK

general solution:

x(s)=a, cos(\/Es) +a, sin(x/fs)
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determine a, , a, by boundary conditions:

x(0)=x, ., a=x
s=0 —_— x(’J

X0 =x, , a ~JK

Hor. Focusing Quadrupole K > 0:

1
x(s) = x, - cos(4 /\K\s) + x4 r sin(\/|K|s)
K]
X'(8) = —x( " /‘K‘ -sin(q‘K‘s) + x¢ - cos(y I‘K‘S)

For convenience expressed in matrix formalism:

X wf X
' =M foc '
X ) X )50

1
cos(4/|K|s) sin(/|K|s

[ el sinG R
—JK]sin({/[K]s)  cos(y|K]s) .

M./ur'
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-
il
e

hor. defocusing quadrupole:

xX'-Kx=0

Remember from school:

f(s)=cosh(s) , f'(s)=sinh(s) cosh \/ﬁl 1 sinh \/@1
Ansatz:  x(5) = a,-cosh(ws) +a, -sinh(ws) ~ Magoc = Jxl

MSinh MI cosh MI

driﬁ space: e x;

.- o

X1 =Xo +xg*1
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Combining the two planes:

Clear enough ( hopefully ... ? ): a quadrupole magnet that is focussing in one plane acts as
defocusing lens in the other plane ... et vice versa.

cos(\/ml) \/ﬁsin(\/WI
~JK]sin[K]p cos(K]D
cosh \/ml 1 ‘ sinh \/ml

hor foc. quadrupole lens M. =

(mm—g

K

Msinh \/ml cosh \/Wl

§|

matrix of the same magnet in the vert. plane:

defoc =

cos( ‘k‘l) Lsin( ‘k‘l)
X il T il
w | ~JKsin( ikl cos( kD) .
T . )
0 cosh(,/|k[l) ——sinh(,/|k|/)
Fo i ||
Jk]sinh(Jkly  cosh(fkl

! with the assumptions made, the motion in the horizontal and vertical planes are
independent ,, ... the particle motion in x & y is uncoupled “ !

]

- =
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Transformation through a system of lattice elements

combine the single element solutions by multiplication of the matrices

Mm/al =MQF *MD *MQD *MBend *MD*

" X
= M(s,,5)%*| | :
52 X4 court. K. Wille
in each accelerator element the particle trajectory corresponds to the movement of a
harmonic oscillator ,,

x(s) Tatanannannan una Enveianne

typical values

in a strong

foc. machine:
x~mm,x" <mrad
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=] 'YASP DV LHCRING / INJ-TEST-NB / bean 1 1]

6.) Orbit & Tune:

Tune: number of oscillations per turn -
64.31 z.‘ YR
ot

Relevant for beam stability: . —

non integer part

LHC revolution frequency: 11.3 kHz f,=031%113=35kHz

505
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LHC Operation: Beam Commissioning

POINT 5

POINT 6

First turn steering "by sector:"
pont?

QaOne beam at the time

QaBeam through 1 sector (1/8 ring),
correct trajectory, open collimator and move on.

= YASP DV LHCRING / INJ-TEST-NB / beam 2 |

Rviews | 1R [m] 2 22 3= B More |45

FT - P450.12 GeV/c - Fill # 830 INJPROT - 10/09/08 15-01-58

10
Euiv[ -0.336 / RMS =  2.868 /|Dp = -0.37

=
w0
8
£
=

-S 1 ’

@ RF-52 S|
-1 T T
0 100 200 300
Monitor H

FT - P450.12 GeV/c - Fill # 830 INJPROT - 10/09/08 15-01-58 [

10
-0.272 / RMS = 2.502 / Dp = -0.37

V Pos (mm]

RF-52 D 2
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LHC Operation: the First Beam

BTV - SPS.USER.LHCFAST2

> © % Bosm s statas s tvrres @ = e
Owvkx HCETVSLASRE G2 B €|11+] 3 |a of 1 acquisiionsy Cyde LHCRAST2 SC 700 Date: 2008/09/10 102528197506
Status. =
.
Beam 1 on OTR screen
s
) Ist and 2nd turn
T
One extraction - £
= 20
50 w HI
I o]
) oo
D Acquire D stan Monitoring
@)
. . e triplet O
Qs e e g MSL D1 l(;s Q@ Q z «
™ wer ) vow | OFBA waw/] vl TDI TCDDMBKDFBXIMAXA  WOXB  WOXA MEWND MG
3 i il T Beaml |7 ‘7 IR A
1l i = W |
il [ Beam? i LB L
1 B o b1 Logn TR
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: what will hapy

~
|
i
E

£

, if the particle performs a second turn ?

... or a third one or ... 10"’ turns

Teilchenbahnen und Enveloppe
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7.) The Beta Function

General solution of Hill's equation:
W x(5)=eJB(s) cos(s) +9)

& @ =integration constants determined by initial conditions

P(s) periodic function given by focusing properties of the lattice < quadrupoles

Bls+L)=[(s)

Inserting (i) into the equation of motion ...
s ds

Y() = [——

{ B(s)

Y(s) = ,,phase advance “ of the oscillation between point ,,0“and ,,s “ in the lattice.
For one complete revolution: number of oscillations per turn ,, Tune “

1 ds
Ry s
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The Beta Function p—

Amplitude of a particle trajectory:
x(5) = Ve *[B(s) *cos((s) + ¢)

Maximum size of a particle amplitude

i(s) = e JB(s)

J} determines the beam size
(... the envelope of all particle
trajectories at a given position
“s” in the storage ring.

It reflects the periodicity of the
magnet structure.
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8.) Beam Emittance and Phase Space Ellipse

general solution of U] x(s) = Ve VB(s) cos@(s) + )

Hill equation

@  x(s)= —% {a(s) cos@(s) + ¢) +sin@(s) + 9)}

from (1) we get using the parameter definitions

-1
x(s) a(s)=—p'(s)
cos@(s)+@) = ——=—— 2
\/; B(s) 1+ a(s)2
Insert into (2) and solve for & 7e)= B(s)

£ =y(s) X°(5) +2a(s)x(s)x'(s) + B(s) x"*(s)

* g is a constant of the motion ... it is independent of ,,s “
* parametric representation of an ellipse in the x x “space
* shape and orientation of ellipse are given by a, f, y

Bernhard Holzer, CAS

Beam Emittance and Phase Space Ellipse

£ =7(5) X°(5) +2a()X(5)x'(s) + B(s) x"*(s)

Liouwville: in reasonable storage rings
area in phase space is constant.

A =m*g = const

Jor
/

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.
Scientifiquely speaking: it is the area covered in transverse x, x’ phase space ... and it is constant !!!
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Particle Tracking in a Storage Ring

Calculate x, x° for each linear accelerator @&
element according to matrix formalism

plot x, x“as a function of ,s" &
.
o oo
.
Bgg>
10 T T
sk J
XX
% 0k b
XXX
..5 = -
_ 1 | 1
10_10 5 0 5 10
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Phase Space Ellipse

particel trajectory: x(s) = ‘/;V B(s) COS{V/(S )+ ¢} / //)

max. Amplitude: X(s)=+g8 — determine <—/

X" at that position ...

..put 5(s)into € = y(5) X°(5) +2a(5)x(5)X'(s) + B(s) X>(s)  and solve for x
e=y ef+2aef ¥ +

— X'=-a-Je/B

& A high p-function means a large beam size and a small beam divergence. !
... etviceversall!

% In the middle of a quadrupole f = maximum,
a = zero

} x'=0
... and the ellipse is flat
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Phase Space Ellipse

€ =y(s) X () +2a(s)x(5)x'(5) + B(s) x”(5)

2.2

+2a-xx' +f-x"7

. —axxqgf-x

... solve forx” x|,

@)= B )
_ l+af(s)2

7(s) 305)

\

shape and orientation of the phase space ellipse
depend on the Twiss parameters f} a y
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Emittance of the Particle Ensemble:

i(s)=eB(s)

x(s) = e/ B(s) -cos(P(s) + §)

single particle trajectories, N = 10 ! per bunch

LHC:  B=180m

e=5%10""mrad

o=1Je*B =/5%10""m*180m = 0.3 mm

2 T T T T T T T

I x°

Gaufs (x) N-e 252
. o ier . p(x) = e
Particle Distribution: B 3z

particle at distance 1 o from centre

> 68.3 % of all beam particles

aperture requirements: r ,= 12 * ¢

02 013 01 005 ) 005 o1 013 92 Berphard Holzer, CAS



13.) Liouville during Acceleration

€ =y(s) X*(5) +2a(s)x(5)X'(5) + B(s) x"(5) o

Jo | -a|7p

Beam Emittance corresponds to the area covered in the / /)
X, x” Phase Space Ellipse / \/— x
&

Liouwville: Area in phase space is constant.

But so sorry ... &# const!

Classical Mechanics:

Pphase space = diagram of the two canonical variables

.. & "

X Py
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According to Hamiltonian mechanics:
phase space diagram relates the variables x and p,.

Liouvilles Theorem: f D, dx = const

for convenience (i.e. because we are lazy bones) we use in accelerator theory
x “instead of p,,

1 X
x’=ﬁ=@g=&=& wherep ~p, v= 2 5 ﬂ\=;
ds dtds [ p l—c—2
X
p,dx t
fxvdeumSﬁ ”
p myc- !
0C "Vl |
& 3
P s
= g=x"dxx L the beam emittance shrinks during acceleration
By e~1/y
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Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection energy !!!
as soon as we start to accelerate the beam size shrinks as y ' in both planes.

o= 5B

2.) To confuse the students we introduce often a “normalized” emittance &, &, = €0 % B
... which is energy independent n = &0 *PY

Example: HERA proton ring

£, =5.0 *10-°mrad

injection energy: 40 GeV y=43 £, (40GeV) =12 * 10 mrad

flat top energy: 920 GeV y=980 £,(920GeV) = 5.1 * 10~ mrad
7 & beam envelope at E = 40 GeV ... and at E = 920 GeV
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11.) Résumé

1.) Beam rigidity f =Bp

2.) Equation of motion x"+x (/i; -k)=0
cos(y/[K]s) ﬁsin(\/‘?‘s
N )

cosh [k \/‘%‘ sinh [K]!
JiK|sinh Kl coshfK]1
drift My, - ( 1 1)

3.) Transfer matrix foc. quadrupole Mg =

defoc. quadrupole

defoc =

01

4.) general solution of Hill s equation

x(5) = Ve JJBG) cos () +9)

5.) Tune 277 B(s)

6.) Emittance as phase space ellipse ‘8 =y(s) x*(s) +2a(s)x(s)x'(s) + B(s) x'z(s)‘
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