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Space Charge: what does it mean?

The net effect of the Coulomb interactions in a multi-particle system can be
classified into two regimes:

1) Collisional Regime ==> dominated by binary cellisions caused by close
particle encounters ==> Single Particle Effects

2) Space Charge Regime ==> dominated by the self field produced by the
particle distribution, which varies appreciably only over large distances
compare to the average separation of the particles ==> Collective Effects
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Space Charge: what does it mean?

1) Collisional Regime ==> dominated by binary cellisions caused by close
particle encounters ==> Single Particle Effects

1) multiple small-angle scattering events Intra-Beam Scattering (IBS)

2) large-angle single scattering events Touschek Effect
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Liouville theorem does not hold anymore under Collisions
=>non Conservative forces involved

p(t) = (px' Py, pz)

dN(r,p,t) particles
| rp) p%' leaving particle

6-dim pu—space

dr'(t +6t)

entering particle
%

(y)=r(t)

The Intrabeam scattering effect

F. Antoniou, Y. Papaphilippou, CERN

Small angle multiple Coulomb scattering effect

Redistribution of beam momenta

Beam diffusion with impact on the beam quality (Brightness ,
luminosity, etc)

- Different approaches for the probability of scattering
«  Classical Rutherford cross section
» Quantum approach

Relativistic “Golden Rule” for the 2-body scattering process

Several theoretical models and their approximations developed
over the years

Classical models of Piwinski (P) and Bjorken-Mtingwa (BM)
High energy approximations Bane, CIMP, etc -

e Integrals with analytic solutions ’
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* Theoretical models calculate the IBS growth rates:
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* Complicated integrals averaged around the rings
* Depend on optics and beam properties

v" They have been well benchmarked for hadron machines

» For lepton machines the work is in progress
» Need to benchmark the IBS effect in the presence of SR and QE
» Studies and publications from: ATF(2001), CesrTA, SLS, SPEAR3

» Main drawbacks:
= Gaussian beams assumed
= Betatron coupling not trivial to be included

= Impact on damping process (especially in strong IBS regimes)?
» Tracking codes SIRE (A. Vivoli) and CMAD-IBStrack (M. Pivi, . Demma)
e Based on the classical Rutherford cross section

IBS Calculations

Horizontal, vertical and
longitudinal equilibrium

The IBS states and damping times
growth rates due to SR damping
in one turn (or
one time step) o 5l -~
dt _T_I(S'r | Ty(£z,ey,0p)
1 2 ( n 2y -If =0 Steady State
— . —\& ) -
T (i) o T Tyleaneyi ) emittances
K3
1 op
—|(o + , T,
,/ 2( ’ Tp(ex-cy. 0p) €= T _'r €0
Complicate x x
d integrals
averaged » Steady state exists if we are below transition
around the or in the presence of SR
= » dt should be much smaller than the IBS growth
& times

» Good scanning of optics is important in order
not to skip large IBS kick points
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Observations of IBS at the KEK-ATF
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FIG. 4. (Color) Measured energy spread as function of time after
mjection, for three different currents (the plotting symbols). The
curves give BM simulations assuming an x-y coupling of 0.006
and no potential well distortion. This plot is reproduced from
Ref. [4].

K.L.F. Bane et al, “Intrabeam scattering analysis of measurements at KEK’s Accelerator Test
Facility damping ring,” PRST-AB 5, 084403 (2002).

Observations of IBS emittance growth in the KEK-ATF
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Observations of IBS emittance growth in the KEK-ATF
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FIG. 4. Current dependence of the momentum spread: Data
for the smallest (run D) and the largest emittance case {run £')
are shown. (£" means that the data were taken in same con-
dition as E, but on another day.) The results of SAD simulations
for 0.4% and 6% coupling are superimposed.
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FIG. 5. Current dependence of the bunch length: Data are
shown for the runs D', F'_and E' (the symbols D', £/ and F*
indicate that the data were taken for the same condition as D.
E. and F., but on another day.) The results of sAp simulations for
0.4%. 6%, and 3% coupling are superimpased.
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Beam Thermodynamics

Definition of beam temperature in analogy with kinetic theory of

gases :

kyT, =ym, <v§> =ym,fB’c’ Erms.x

B beam,x ﬁx

In a Circular machine when a particle accelerates above transition
energy it becomes slower and behaves like a particle with negative

mass:

kT, =m*<Av2>=—m<Av2>

B beam,z z 17 z

k,T,

B beam,z

Av
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Conservation Law

Let us first consider the ideal machine with a smooth-focusing lattice
below transition and negligible dispersion.

The total thermal energy per particle in a smooth linear beam
channel is conserved, for a beam with constant energy (Y, = const)

kgTy + kgTy + kpT) = const

Coulomb collisions drive the beam toward an isotropic thermal
equilibrium, in which case the three temperatures would be the same:

kT, = kpTy = kpT| = kpTeq

We can put the conservation law into the form:

2
8rms,x + 8””5vy + iz (%) = const
ﬁx [))y yo p

in a circular machine we must replace 1/y, by: |-n= i2 -—a=
Yo

2
E .
Ermx,x + rms,y -n (%) = const
ﬁx ﬂy p

This relationship is the invariant for intra-beam scattering derived in
1974 by Piwinski. For a circular machine the behavior of the system
depends on the sign of 1 i.e. whether it is below transition (y, < v,) or
above (Vo> v, ).

=>below transition 1) < 0 =» thermal equilibrium can be reached.
=>above transition 1> 0 = thermal equilibrium is not possible.

An increase in momentum spread must be balanced by a
corresponding increase in the transverse emittances to maintain the
“conservation law”

For instance, in the LHC at 7 TeV, although y="7461 > 7; ~53.8 (1, ~ 3.4x10~%), the undesirable

growth of the bunch emittances caused by IBS is counterbalanced by the synchrotron radiation
damping effect.
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The growth rate for intra-beam scattering in high-energy circular
machines defined as: .
1 _ | déj
Tj(€) é j dt

can be written in the relativistic form

| | 72er’m3NIn A
_:—(Hj):—c (Hj)
i T rl’

where N is the total number of particles, I the six-dimensional phase-space volume
occupied by N, and where the function H; depends on yy, the emittances &, €, €,
and the lattice parameters /.‘fx, D,, ﬁ: D!, and ﬁ‘ The function H; is averaged over
a lattice period and the subscript j denotes the three orthogonal directions (i.e.,
J = horizontal (x), vertical (y), and longitudinal (s)].

P L
Ty = (2n)3c—2exe,,e; = (21)*(Boyo)’m’&,& ¢,

Touschek Effect

In a relativistic storage ring, Coulomb collisions lead to a momentum
transfer from the transverse into the longitudinal direction that is
amplified by the Lorentz factor v,

(a) Beam Frame: (b) Laboratory Frame:
]- Pbx I Psx=Ppx
! P = Pox L Psi=1Pu) = Y%oPox
; - ¢ - _'._,.\‘ B e —_—
Ppi=—Ppx 1 P11 = YoPyil = —¥oPbx 1
—Pux Prx=—Ppx

While the total momentum in the collision is preserved, the two
particles emerge from this collision with opposite longitudinal
momentum components that are larger by the factor vy, than the
original transverse momentum component before the collision.
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If the longitudinal momentum acquired in such a collision is greater
than the momentum acceptance of the rf bucket that keeps the beam
longitudinally bunched, the two particles involved in such a
collisions will be lost.

AE AE

Ag Ap
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9p=—30° §g=—90°

1/2
A .
AEmay = —AEmin = 2[ﬂ3y§ e mc?q Ep (90 cos go — Slnwo)}

The net result is that the lifetime of the stored beam is reduced.

We do not analyse Touschek scattering in detail, but (as for IBS) simply
quote the result. The Touschek lifetime is given by:

t__taN__ 2N 1 ([8,8T
t  Ndt 810,00, 70, yo,

where N is the number of particles in a bunch, g, o,, o, are the rms
horizontal and vertical beam sizes and bunch length, and 4J,,, is the energy
acceptance of the ring.

Particle loss from the Touschek effect tends to be the dominant limitation on
the beam lifetime in low-emittance storage rings, such as those in third-
generation synchrotron light sources; and is expected to be the dominant
limitation on lifetime in the ILC damping rings.
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* Direct Space Charge Effects

The rms emittance concept

rms envelope equation

Space charge forces

Beam (Plasma) emittance oscillations

* Image Charge Effects

Image self fields
Space charge effects in Storage Rings
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IMAGE SELF FIELDS

Direct self fields

.
>(‘5< Image self fields
J

Wake fields

> | Space Charge

Static Fields: conducting or magnetic screens

Let us consider a point charge q close to a conducting screen.

The electrostatic field can be derived through the "image method". Since the
metallic screen is an equi-potential plane, it can be removed provided that a
"virtual" charge is introduced such that the potential is constant at the position of
the screen

05/09/17
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A constant current in the free space produces circular magnetic field

If p, ~1, the material, even in the case of a good conductor, does not
affect the field lines.

©)

Circular Perfectly Conducting Pipe (Beam at Center)

In the case of cylindrical charge distribution,

‘H T T T and y—oo, the electric field lines are
s perpendicular to the direction of motion. The
‘H i J( i i transverse fields intensity can be computed like

in the static case, applying the Gauss and
Ampere laws.

VOE /10(1) [ E,@m)Az= MDAz
a S €,
-0 g _FPp
27er c
Er(l’)= A'O LZ; Bg(r) = AOﬂ rz
2w e a 2mec a

F,(r)=e(E, - fc B,) =S E,
.

there is a cancellation of the electric and magnetic forces
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[ o | Parallel Plates (beam at center) Co >

In some cases, the beam pipe cross section is such that we can consider only the
surfaces closer to the beam, which behave like two parallel plates. In this case, we
use the image method to a charge distribution of radius a between two conducting
plates 2h apart. By applying the superposition principle we get the total image field
at a position y inside the beam.

q O 4h

EP(zy)= 5o E( e
© 2nh+y 2nh-y -q O 7h
i :
im Az) . =2y Alz) =° ;
E = —I = — -
'y (z,y) 27‘5802( ) (2nh)2—y2 4]‘580}12 ]2y [ :
n=l

-q O
Wh h d: h>>a>y.
€re we nave assume a y q O

For d.c. or slowly varying currents, the boundary condition imposed by the
conducting plates does not affect the magnetic field. We do not need “image
currents “As a consequence there is no cancellation effect for the fields produced
by the "image" charges.

From the divergence equation we derive also the other transverse component,
notice the opposite sign:

J

) J . ) - 2
7E”"=—5E;m:>E:"(Z,X)= }\‘(Z) L

dmeh’ 12

ax

Including also the direct space charge force, we get:

eAD)x( 1 a’
F (z,x)=
(&) TE, (2a2 2 48h2)
A 1 :
R 2
TE, y~ 48h

Therefore, for y>>1, and for d.c. or slowly varying currents the cancellation effect
applies only for the direct space charge forces. There is no cancellation of the
electric and magnetic forces due to the "image" charges.
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Time-varying fields

It is necessary to compare the wall thickness and the skin depth (region of

penetration of the e.m. fields) in the conductor. 3,
2
6\1} = T
wou

>

NS S LA

W

If the fields penetrate and pass through the material, we are practically in
the static boundary conditions case. Conversely, if the skin depth is very
small, fields do not penetrate, the electric filed lines are perpendicular to
the wall, as in the static case, while the magnetic field line are tangent to

the surface.

Parallel Plates (Beam at Center) a.c. currents

S LA

w

Usually, the frequency beam spectrum is quite rich of harmonics,

especially for bunched beams.

It is convenient to decompose the current into a d.c. component, I,
for which 6,>>A,,, and an a.c. component, I, for which d, << A,,.

While the d.c. component of the magnetic field does not perceives
the presence of the material, its a.c. component is obliged to be
tangent at the wall. For a charge density A we have I=Av.

We can see that this current produces a magnetic field able to cancel

the effect of the electrostatic force.
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There is cancellation of the electric and magnetic forces !!

Parallel Plates - General expression of the force

Taking into account all the boundary conditions for d.c. and a.c.
currents, we can write the expression of the force as:

e

F

u

1(1_ a° AR A -
B L ) X s, by
yz(a2+24h2) +ﬁ(24h2 ]2g2) ]

2me,

where A is the total current, and A its d.c. part. We take the sign (+) if u=y, and the
sign (-) if u=x.

-L. J. Laslett, LBL Document PUB-6161, 1987, vol 111
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M)=A, + A cos(k.z)

D.C. A.C.

0,<<A,)
e M2) r
F (== 1
@ 1) (2we, a’
6 eAx( 1 e I3 _ eA(2)x R ﬂ_2
Q e ="" (Za@_ 48h2) &) 7 {)\2d> 48k’
H F - 0. I —
g (&0) TE, (2a@+ 48h2) Hax)
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Direct Space Charge Effects
* The rms emittance concept
rms envelope equation
» Space charge forces
* Beam (Plasma) emittance oscillations

* Image Charge Effects
* Image self fields
* Space charge effects in Storage Rings
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Incoherent and Coherent Transverse Effects

When the beam is located at the centre of symmetry of the pipe, the e.m. forces due
to space charge and images cannot affect the motion of the centre of mass
(coherent), but change the trajectory of individual charges in the beam
(incoherent).

QI X T N
N N
These force may have a complicate dependence on the charge position. A simple

analysis is done considering only the linear expansion of the self-fields forces
around the equilibrium trajectory.

Self Fields and betatron motion

Consider a perfectly circular accelerator with radius p,. The beam
circulates inside the beam pipe. The transverse single particle
motion in the linear regime, is derived from the equation of
motion. Including the self field forces in the motion equation, we
have

05/09/17
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Self Fields and betatron motion

In the analysis of the motion of the particles in presence of the self
field, we will adopt a simplified model where particles execute
simple harmonic oscillations around the reference orbit.

This is the case where the focussing term is constant. Although this
condition in never fulfilled in a real accelerator, it provides a reliable
model for the description of the beam instabilities

x"(s)+ K x(s)= W%Ef”(x)

o

Q, Betatron tune is the n. of 0 - 27p, _27ap K, _ oK
betatron oscillations per turn: g A 5 27 VR

B’E,

X

x”(s)+(&) x(s)= LI‘QSdf(x,s)

Transverse Incoherent Effects

We take the linear term of the transverse force in the betatron equation:

2 .
I?:.C.(X,Z) = an x x" + & X = 2; ﬂ X
ax ), 0. BEN\ dx ),

c. 2
x”+(Q,m_ 21 (O’)F;( ) ) X=O
p. BEN\ dx ),

(qu + AQx )2 = sz'n + ZquAQx + 3 = AQx = _pif J F\“
: ' 2B°EQ.\ ox

The shift of betatron wave numbers (tune shift) is negative since the space charge
forces are defocusing on both planes. Notice that the tune shift is, in general,
function of “z”, therefore we have also a tune spread inside the beam. Furthermore,
by including higher order terms in the transverse force, we don’t have the harmonic
oscillator equation any more.

05/09/17
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Example: Incoherent betatron tune shift for an uniform
electron beam of radius a, length 1, inside circular perfectly
conducting pipe

d F< _J elo X _ elo AQ. = - prez
dx d x 2meoy’a’  2mey’ta’ Y Amead’BPyE,Q b
62
fop=—"——— (electrons :2.82 10'15m,pr0t0ns :1.53 10'18m)
’ drreomoc

2
p.Nr,
AQ, =- 252 3 -
a By 0,k

For a real bunched beams the space charge forces, and the tune shift
depend on the longitudinal and radial position of the charge.

AQ as function of norm. beam emittance

2
prre,
AQx Y .
Cl2 =£Xﬁx a /3) }/ onlo
1 1
L
u, K, .
Q 2 AQ - _ \prre,p
Kx = - & RN £,
(m mﬁ“@
0, =pJK, =L= AQ =_&(ﬂ)
* ' gll,xﬁy2 l()
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Consequences of the space charge tune shifts

In circular accelerators the values of the betatron tunes should
not be close to rational numbers in order to avoid the crossing of
linear and non-linear resonances where the beam becomes unstable.

The tune spread induced by the space charge force can make hard to
satisfy this basic requirement. Typically, in order to avoid major
resonances the stability requires

1AQ,|<0.3

Transverse Coherent Effects

If the beam experiences a transverse deflection kick, it starts to
perform betatron oscillations as a whole. The beam, source of the
space charge fields moves transversely inside the pipe, while
individual particles still continue their incoherent motion around
the common coherent trajectory.

=0

N N

05/09/17
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Circular Perfectly Conducting Pipe (Beam off Center)

b2 The image charge is at a distance “d” such that
d=— the pipe surface is at constant voltage, and pulls
the beam away from the center of the pipe.

The effect is defocusing: the horizontal electric image
field E and the horizontal force F are:

Eo- 2@ 101 x
2ne, d-x  2me, d  2me b
eA(z) x
F_(r)= —
(1) 27, b’
AQ P (ﬂFm)__ P €M)
" ZﬂzEOQXU & zﬂzEUQxO 2” gobz
rp: N
AQ, . =-—3"—— 2
B0, b, poa—
" 4mgemc’
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Smooth or weak approximation
for betatron motion

d* 2

gl reAy=0

The space-charge forcing term
is added on the righthand side

a2 e - .
w’t 2y = oy [E,(7, ) £ v,B. (7 )]

_ F
moy
For linear approx. Static field term + Dynamic field term
1 [oF 1 [oF -
= |y + Sl
Moy Loy Jy-o moy 07 -0
y=7,
Driving terms for Driving terms for
incoherent motion coherent motion
————Selffield + Localimage Localimage + Wake field ~——>——y
(real) field (real) field (real) (complex)
Incoherent tune shift Coherent tune shift
1 oF 1
AQpe = — AQuyy = — .
Qe zomo«/ﬂ*[ay ], ™ " om

oF aF
for4g «Q * {[Fy]-.o*[?;] }
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