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The Standard Cosmological Model

The problems of standard cosmology and the 
inflationary paradigm

Single field inflationary models, 
the power spectrum and the Lyth bound

Dark Matter and structure formation

Lecture 1&2: Outline 



Standard model 
of Cosmology



Einstein’s equation: 
Energy is Geometry
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Einstein’s Tensor:
Geometry of Space-time

Energy-momentum Tensor:
ALL the Physics content

The birth of Cosmology as a science: 
the Universe’s dynamics and fate is determined

 by its Energy (Particle) content, 
both the known and the unknown....

Classical so far... Quantum



The Standard Model
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Standard ModelStandard ModelStandard ModelStandard Model
MatterMatterMatter Forces

Our present understanding of the forces and particles is based
on the symmetry group                                                            .S U (3)c � S U (2) L � U (1)Y

It describes perfectly the data so far, but it is incomplete:
- theoretically it does not explain flavour and the presence of 3 

generations, nor why the Higgs is light... 
- it lacks a Dark Matter and inflaton candidate and also a 

mechanism to generate the baryon number...

h+



Which model Beyond the SM ?

To pinpoint the completion of the SM, exploit the 
complementarity between Cosmology and Particle Physics 

to explore all the sectors of the theory:
 the more weakly coupled and the more strongly coupled to 

the Standard Model fields...
Best results if one has information from both sides, 

e.g. neutrinos, axions, etc... ???

weakly 
coupled

strongly 
coupled

Cosmology (Collider-based)
Particle Physics



Standard Cosmology
Cosmological Principle (nowadays also experimental result...):

The Universe is homogeneous and isotropic 
on large scales (i.e. larger than ~100 Mpc)  

It is described by the Friedmann-Robertson-Walker Metric:

ds
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Only one dynamical variable: the scale factor

One constant parameter: the spatial curvature  

a(t)

κ

conformal to Minkowski for dt2 = a2(�)d�2  = 0



1/2 Physics Nobel Prize 2006 to J. Mather for  COBE:
 ISOTROPY: Perfect Black Body in all directions !



HOMOGENEITY: less structure at large redshifts !



Hubble flow
A FRW metric immediately gives for static objects 

v =
d(a(t)r)

dt
= ȧr =

ȧ

a
ar = H(t)d

Hubble Flow !
E. Hubble 1929

Nowadays

H0 ⇠ 500 km/s/Mpc

H0 ⇠ 72 km/s/Mpc



Redshift Measurement
Due to the Universe’s expansion
 all spectra of astrophysical
object are red-shifted !
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Redshift can be used to
parametrize the time

of emission !

For the visible Universe in cosmology we use the redshift instead 
of time. The function a(t) is needed to invert the relation.
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The birth of Cosmology as a science: 
the Universe’s dynamics and fate is determined
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both the known and the unknown....
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Energy momentum tensor



Friedmann equation:

The energy density 
& curvature decree 
the time evolution 
of the scale factor
Key parameter is 
the critical density: 

H2
≡

!

ȧ

a

"2

=
8πGN

3
ρ + Λ −

κ

a2

ρc =
3H2

8πGN

Ωi =
ρi

ρc

Ωi :density in ∼ 104eV/cm3

~ 10 protons/m3



 Different energy types
Depending on the pressure and the equation of state,

the energy densities give different expansion rates:

Different epochs of the Universe history

Always decelerating apart for the cosmological constant !





Important Epochs
Today: 

First stars:

Photon decoupling:  CMB 

Matter and Radiation equality:

Nucleosynthesis:

Neutrino decoupling: C   B

QCD phase transition

 EW phase transition

 ???? 

T = 2.7K ∼ 10
−4

eV z = 0

T = 0.4 eV z = 1100

T = 1 eV z ∼ 1300

T = 0.1 MeV

T ∼ 1 MeV

T ∼ 0.3 GeV

T ∼ 100 GeV

ν

T ⇠ 10�3 z ⇠ 15� 20



Big Bang Nucleosynthesis

But final neutron to proton ratio strongly dependent on H(T) !



Big Bang Nucleosynthesis



Big Bang Nucleosynthesis
Evolution of the light elements abundances in standard BBN 

Practically all neutrons end up into Helium 



Big Bang Nucleosynthesis

Light elements 
abundances obtained 
as a function of a single 
parameter 

Perfect agreement with 
WMAP determination

Some trouble with 
Lithium 6/7
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�Bh2 = 0.02 < �DMh2



Planck:Nucleosynthesis

CMB consistent with BBN even fitting both                   .                             Neff & Yp

Note the degeneracy between these two parameters,
but orthogonal compared to BBN !

[Planck coll. 1502.01589]



How can we measure 
the expansion of the 

Universe ?
Standard RulerStandard Candle



Luminosity distance

D2
L =

L

4��

Intrinsic Luminosity

Measured Flux

For a FRW universe it is given simply by

D2
L = (1 + z)

Z z

0

dz

H(z)

where H2(z) = H2
0

X

i

�i,0(1 + z)3(1+wi)

determination of the cosmological parameters

�DM (w = 0),�⇤(w = �1), ...



SN-IA as standard Candles 
Type Ia supernova is the explosion of a 
white dwarf star in a binary star system. 
Material from a companion red giant star 
is dumped on the white dwarf until the 
smaller star reaches a precise mass limit.

The spectra can be corrected to
lie on the same line and follow a
relation between peak luminosity

and width of the light curve...



SUPERNOVAE IA
AS 

Standard 
Candles
Measure the 
apparent magnitude 
as a function of the 
redshift z and test 
the first correction 
to the Hubble flow

The Universe is
accelerating ! 
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SN-IA AS Standard Candles
Suzuki et al. (The Supernova Cosmology Project), ApJ (2011); Union 2.1.



angular distance
Standard Ruler

Distance to the Ruler

For a FRW universe it is given simply by

where 

DA =
R

d

DA = (1 + z)R

✓Z z

0

dz

H(z)

◆�1

H(z) ⇠ H0�
1/2
D,0(1 + z)3/2(1+wD) for a dominant 

component  

e.g. for the sound horizon at decoupling  for MD

DA,CMB

(1 + zCMB)
⇠ 2

H0⌦
1/2
M,0



CMB anisotropies
Physics of the fluctuations on the homogeneous background !

hT (�)T (0)i =
X

�,m

a�mY �
m(�)



The sound horizon in the 
baryon-photon plasma 

as standard ruler
Measure the angle 
corresponding to 
the first peak in the 
CMB anisotropies
The Universe 
 is FLAT
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Ωtot = 1.014 ± 0.017

⇒ κ ≃ 0

WMAP



The sound horizon in the 
baryon-photon plasma 

as standard ruler

The same scale is
visible in the 
(baryonic) matter 
distribution (BAO)
The more baryons
(less CDM), the
stronger the 
signal !

Sound Horizon

Einsenstein et al, SDSS red galaxies data 2005



The sound horizon in the 
baryon-photon plasma 

as standard ruler

The signal has been now 
detected in the galaxy 
power spectrum 
(two-point correlation !)
with high precision.

All measurement are 
consistent ! Anderson et al 2012



BAO: an artistic view

Baryon Acoustic Oscillations from SDSS-III 
Illustration Credit: Zosia Rostomian (LBNL), SDSS-III, BOSS

http://www.lbl.gov/
http://www.lbl.gov/
http://www.sdss3.org/
http://www.sdss3.org/
http://www.sdss3.org/surveys/boss.php
http://www.sdss3.org/surveys/boss.php


Vanilla Cosmology
Consistent cosmological
picture given in terms
of only 6 parameters,

⌦Mh2,⌦bh
2, �, ns, As

�⇤(�k/��, H0)



Problems of
Standard 

Cosmology



Causality/Horizon 

Problems in 
Standard Cosmology



future

past

Lightcone

x

t

Causality/Horizon 

Problems in 
Standard Cosmology
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Causality/Horizon 

LSS

Observer now

Big Bang

Problems in 
Standard Cosmology



Causality/Horizon 

Flatness

Problems in 
Standard Cosmology
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Causality/Horizon 

Flatness

Problems in 
Standard Cosmology
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For decelerating universe         ä < 0 ⇥ |�
tot

� 1| grows !
Space becomes more and more curved with time...

Instead acceleration brings toward a spatially flat universe !

Causality/Horizon 

Flatness

Problems in 
Standard Cosmology



Causality/Horizon 

Flatness

Relics/Topological defects

Problems in 
Standard Cosmology



Causality/Horizon 

Flatness

Relics/Topological defects

Often too many relics, e.g. topological defects like monopoles,
strings or domain walls, are produced and must be diluted

Problems in 
Standard Cosmology



Causality/Horizon 

Flatness

Relics/Topological defects

Entropy problem

Problems in 
Standard Cosmology



Causality/Horizon 

Flatness

Relics/Topological defects

Entropy problem
The present Universe still contains a substantial entropy 

(in photons), which was much larger in early times...
Where did that come from ?

Non-adiabatic process, i.e. reheating after inflation !

Problems in 
Standard Cosmology



Causality/Horizon 

Flatness

Relics/Topological defects

Entropy problem

Problems in 
Standard Cosmology

Inflation solves this problems and sets the initial conditions 
for Standard Cosmology !



Inflation: driven by a 
scalar field

OSCILLATION
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Scalar Field in Cosmology



Einstein’s Equations for a 
homogeneous scalar field
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BUT it is a quantum field !

δϕ =
H

2π

φ = ϕc + δϕ

Apart for the classical motion, there are fluctuations:

In an inflationary (de Sitter) phase these are given by 

They remain imprinted in the metric and 
are stretched to cosmological scales !!!



φ = ϕc + δϕ

in an inflationary (de Sitter) phase the field equation is 

Scalar field in de Sitter
For the quantum fluctuation of the field

In conformal time & Fourier space, rescaling the field, one has
t ! � = �1/aH uk = �⇥k/a

Usually the potential term is negligible and a00

a
⇠ H2

Harmonic oscillator with negative time-dependent mass !

0 ! d/d�

�⇤̈�r�⇤+ 3H�⇤̇+ V ”(⇥)�⇤ = 0

u00
k +

✓
k2 + V ”(�)a2 � a00

a

◆
uk = 0

a2



Scalar field in de Sitter

a
a a

Physical scale



Scalar field in de Sitter

a
a aInitial conditions for 

as in Minkowski
Bunch-Davies vacuum

� ⌧ 1/H (k � aH)

Physical scale



Scalar field in de Sitter

a
a aInitial conditions for 

as in Minkowski
Bunch-Davies vacuum

� ⌧ 1/H (k � aH)

Physical scale

Quantum to classical transition



Scalar field in de Sitter

a
a aInitial conditions for 

as in Minkowski
Bunch-Davies vacuum

� ⌧ 1/H (k � aH)

Later on for
� � 1/H (k ⌧ aH)

the dominant solution
is the growing mode 

uk / a
! �'k = constant

Physical scale

Quantum to classical transition



Scalar field in de Sitter

a
a aInitial conditions for 

as in Minkowski
Bunch-Davies vacuum

� ⌧ 1/H (k � aH)

Later on for
� � 1/H (k ⌧ aH)

the dominant solution
is the growing mode 

uk / a
! �'k = constant

Physical scale

Initial condition
for late

Quantum to classical transition



Primordial power spectrum

In the simplest models the power spectrum is gaussian.

Scale of 
inflation



Simple monomial models
Consider the simplest possible scalar field potential:

Then the slow-roll parameters are simply:           

Need large field values to realize slow roll:                       .   � >> MP

⇥ = �(�� 1)
M2

P

⇤2
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2
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2�

⇥2
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⇥(N) =
�� 1

2N
So naturally large N !



Simple monomial models
The scalar power spectrum is then given by

Therefore to have fluctuations at the order 0.00001 we need

The spectrum of gravitational waves is instead given by

PR =
⇥N

6⇤2�
M��4

P (2�N)�/2

⇥ ⇠ 10�10M4��
P

6⇤2�

N(2�N)�/2

red-tilted

Pgrav =
⇥

6⇤2
M��4

P (2�N)�/2 ngrav = � �

2N

n� 1 = ��+ 2

2N

satisfying the consistency relation r =
Pgrav

PR
= 16⇥ =

4�

N



The Lyth bound
The power spectrum of the gravitational waves gives
fundamental informations on the inflationary model:

V 1/4 ⇠
⇣ r

0.01

⌘1/4
1016 GeV Scale of inflation

Lyth bound on 
the field change
during N e-folds

�� �
⇣ r

0.002

⌘1/2
✓
N

60

◆
MPl

Here assumed lowest order in slow-roll, i.e. r constant !



The Lyth boundZaldarriaga, Ferrara 2014



Planck: Inflation

No evidence for running of      :ns

r0.02 < 0.11(95%CL)

[Planck coll. 1502.02114]

ns = 0.968± 0.006
dn

d log(k)
< �0.003± 0.007



Inflation: driven by a 
scalar field φ

Can the Higgs do the job ? It seems a pretty obvious choice, 
it is the only scalar in the SM with a simple           potential !��4

Unfortunately it does not work...: the normalization of the
spectrum requires a coupling of the order                   . � ⇠ 10�13

But this holds only for a field minimally coupled to gravity !

From the LEP Higgs searches we know that the Higgs mass is 
larger than 114 GeV, so the coupling has to be larger than               

� =
m2

H

2v2
� 1

2

✓
125

256

◆2

⇠ 0.1



Higgs Inflation
Couple the Higgs field non-minimally to gravity:

[Bezukov & Shaposhnikov 09]

L⇠ = ��

2
⇥2R

The term combines with the usual Einstein-Hilbert term 
and changes the strength of gravity at large field:

At large field values all the mass scales are proportional to 
the field and this can be “rescaled” away >> flat direction !
Indeed in the Jordan frame (via conformal transformation)                                                             

g̃µ� =

✓
1 +

�⇥2

M2
P

◆
gµ�

(Meff
P )2 = M2

P + � ⇥2

d⇤
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1

�

s

1 +
6�2⇥2

�2M2
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Higgs Inflation
In the redefined canonically normalized field the potential is:

[Bezukov & Shaposhnikov 09]



Higgs Inflation
Inflation is possible, BUT 

[Bezukov & Shaposhnikov 09]

the normalization of the CMB power spectrum 
requires

Very large non-minimal coupling to gravity !

 connection to the Higgs coupling and therefore the 
Higgs mass as well by requiring consistency to the 
inflationary scale:
...now a bit in tension with the Higgs mass !

Possible trouble: unitarity bound saturated at a scale 

⇠ ⇠ 5⇥ 104
p
� � 1

130GeV  mH  194GeV

MP /
p

� < MP



Higgs Potential at M_Pl?
[Buttazzo & al. 14]



Higgs Potential at M_Pl?
[Buttazzo & al. 14]



Higgs Potential at M_Pl?

Froggatt-Nielsen ’70

[Garcia Bellido & al. 14]



CMB polarization
The CMB light comes from Thomson scattering on the last

scattering surface and is expected to be about 20% polarized
due to quadrupole configurations  -> gravitational waves !

Pattern in the CMB

Hot

Hot

Cold Cold



BICEP2: polarization

[BICEP2 coll. 1403.3985]

Claim that B-modes discovered at 5.2 sigma...



BICEP2 vs Planck

But later came the dust measurement of dust emission by 
the Planck satellite, level of dust larger than expected...

[Planck coll. 1409.5738]



Planck TE & EE spectrum

Again perfect agreement with 6-parameter                    model
but some of the degeneracies between parameters are lifted !

⇤CDM

[Planck coll. 1502.01589]

Last year Planck also released results about the measure 
of the CMB polarization:



Dark Matter
and structure

formation



DARK MATTER evidence
CLUSTER SCALES:

The early history of 
Dark Matter:

In 1933 F. Zwicky found
the first evidence for DM 
in the velocity dispersion 

of the galaxies in the 
COMA cluster...

Already then he called it
DARK MATTER !



DARK MATTER evidence
CLUSTER SCALES:

Nowadays even stronger
result from X-ray emission: 

the temperature of the
cluster gas is too high,

requires a factor 5 more
matter than the visible 

baryonic matter...



DARK MATTER evidence
CLUSTER SCALES:

Systems like the Bullett 
cluster allow to restrict the 

self-interaction cross-section 
of Dark Matter to be smaller 

than the gas at the level

[Markevitch et al 03] 

One order of magnitude stronger constraint by requiring a 
sufficiently large core...             [Yoshida, Springer & White 00]  

Similar bounds from the sphericity of halos...   

σ ≤ 1.7 × 10
−24cm2 ∼ 10

9pb (m = 1 GeV)



DARK MATTER evidence

GALACTIC SCALES:

the stars in the outer part of 
galaxies are faster than expected...

  
v
2

c ∝ GN

M(r)

r
∝

Mtot

r

But instead  it is constant ! Need

M(r) ∝ r, i.e. ρDM ∝ r−2



DARK MATTER evidence

GALACTIC SCALES: 
Many density profiles, inpired by 

data or numerical simulations: 
Isothermal, NFW, Moore, 

Kratsov, Einasto, etc....  
They mostly differ in the 

behaviour at the centre, either 
cusped or cored !

ρ(r) =
ρ0

(r/R)γ [1 + (r/R)α](β−γ)/α

2.5 5 7.5 10 12.5 15 17.5 20
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Critical for indirect detection !
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r



Dark Matter local density 
& velocity distribution

Critical for Direct Detection !

[Catena & Ullio 09, 11]



DARK MATTER evidence
HORIZON SCALES:

From the position and 
height of the CMB 
anisotropy acoustic
oscillations peaks
we can determine 
very precisely the
curvature of the 

Universe and other
 background parameters.

Ωh
2Particles Type

Baryons 0,0224 Cold
Neutrinos < 0.01 Hot

??? 0.11-0.13 ColdDARK MATTER

[Planck coll. 1502.01589]



Initial conditions
At recombination z ~ 1100 density/temperature fluctuations 

were at the order of 1/100000... 
How can they be the seed of structure today ?



Following the fluctuations

We need seeds of small fluctuations, that were amplified 
by gravity &  are the origin of the structure we see today



How do fluctuations grow ?

Non Linear regime



Structure Formation
V. Springel @MPA Munich

z=18.3 (0.21 Gy) z=5.7 (1 Gy)

z=1.4 (4.7 Gy)z=0 (13.6 Gy)



Weak Lensing
Tomography 

[Tegmark] 

fluctuations on all scales 

Non-
linear

Linear


