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Plan:

e Introduction: “"AGT-correspondence”, Whittaker elements
and (exact?) conformal blocks;

e \W-algebras and isomonodromic deformations (sly or gly,
arbitrary g7);

e EXxact solution for the quasi-permutation or twist fields.

P.Gavrylenko and AM: JHEP 05 (2014)097, JHEP 02 (2016)
181 , arXiv:1605.04554;
M.Bershtein, P.Gavrylenko and AM: in progress.



“AGT correspondence” (LMN-20037)
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Whittaker matrix element (Z = B = G):

G(t) ~ (W]t o|wy = (2)



A free field 2d CFT
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o G(a,t) = (Wy|etlo|Ww,) is Nekrasov function (U(1) gauge
theory);

o F=logG = %aQt + et solves

(7)

and dual string theory (GW potential of Pl or OP “isomon-
odromic” tau-function).

e Family of Toda curves AN (w + l) = Py(N), d\, ¥, dS =

w

A% Solution for N =1: A(w+ 1) = A-v,a=v, A2 =,



Conformal blocks

Pictorially, the conformal block (of Virasoro algebra) is

B, B

(a part of) 4-point function on sphere

G(AA{Af} @) = (P (00)P A, (1)] DA, (D) P, (0))



Free field Ay = 262, G(A,{A}; @) = ¢%0% (1 —q)%%1. After

. t
proper rescaling q ~ eqielet' (1 — q)ba%1 — €.

Twist fields (Alesha Zamolodchikov, 80-s) at ¢ = 1:
(0(00)0(1)] p(4)=q27(0)7(0)) =
_ 16exp(2miF(a;T)) (8)
g*/8(1 — q)1/80po(7)

<D1/16(q) = o(q): corresponding |o) is an eigenstate of L,
but not of Jy - arbitrary intermediate A(a);

W-theory: not really defined. For the integer central
charges - monodromy operator in the multi-component
fermionic theory.



Old puzzle: the IR quadratic prepotential

1
F(a) = TaQ logqrr =

T
a2 (9)
=_—| logg — log16 + +—q2+ S Bt
271 ~—— 192
classical perturbatwe
comes from
d§
2=¢(¢-1)(€-9q), s ~ a >
8 (10)
_ 0%(arr) _ — 164;5 IO—OI 1+ q7p
06o(arr) 1+ gint

where qrp = e!mT



Quiver gauge theories: two pictures for the g®3 gauge (blue!)
theory

Still there exists exact 4d/2d correspondence.

For the g = su(2) quivers the curve is hyperelliptic

w2=<T<z>>=§( 2t “j) (11)

=1 (z — zj)2 z — zj




Statement: for all diagrams with massless states at ' sicilian
vertices’ the prepotential

1 9
Fa,dly, s, = 2 aaTap(@)ag (12)

ev; 4i=0 7 o 0 =1

becomes the quadratic form with period matrix 7‘04[3(q) of re-
duced hyperelliptic curve of genus

j=g-V=n-3-(n—-2)=3n-1 (13)

V=|V = %n — 2 is the number of triple vertices {V; € V}.
Thomae (Rauch) formulas ...

Beyond N = 2 or hyperelliptic case?



Isomonodromic tau-function

Isomonodromy/CFT correspondense

with fixed monodromies ~:

M- ~ diag(A1,. .., Ay) ~ diag (627”'91, o 627”'9N) (14)



Isomonodromy/CFT correspondense
m(@) = Y, exp(b,n)
nel (sly)
'C’I(?,Oq)(OOaHQ7aaMOQ7VOq)C?€L100)(917Hooaaaﬂloanloo)' (15)
.q%(a—kn,a—l-n)—%(é?o,@o)—%(Hqﬁq).
-Bn({0r}, a, pog, Yog» 100> V1cos 4)
(GIL 2012, P.Gavrylenko 2015).

{a,b; u,v} - parameters on moduli space of sly flat connec-
tions (symplectic manifold), already for 3-points its dimension

dim = (N — 1)(N — 2).

Topological vertex: 5d deformation ... 7?77



Generic monodromy operators for W-algebras: fermionic con-

struction
—1
Ko (orw) = (2@ Mg
< — W

given in terms of the solution to the linear system

d A A

Lo(2) = 6(2) (22 4+ FL) = 6(2)A)

z z z—1

with Ag ~ o, A1 ~ v, Ax ~ 0 but [Az:Aj] = 0.

A quasi-group element
Vu(t) =t~ 2vthon, (1)1, Zye ~ (Y, 6V [Y', 6')
in terms of the kernels (e.g. for |z| > 1, |w| < 1)

(O1FE () Vi (D)YG (w)|o) = Kop(z,w)
and further application of the Wick theorem!

(16)

(17)

(18)

(19)



Quasipermutation or twist field for an arbitrary N-sheet
cover C:

with the free-field currents

5. — L
T = N 4 (20)

(z — 2')2



W-algebra generators as symmetric polynomials (¢ = N — 1),
e.d.

T(2) = Wa(z) = %Z - J;(2)?

W =Wa@) = Y @ LERE Y

i<j<k

Quasipermutation or twist fields
vq : J(2)Os(q) — s(J(2))O0s(q) (22)

parameterized by s € W(sly) = Sy, with the OPE
Os(z)0,-1(2) = Y, Cs g(2 — )2 7220 (v () +..)
0

(23)
with Vy(z) = ei(0:9(2)) peing primaries of the current algebra.



The (quasi-)permutation or twist fields O are

e Primary fields of the W-algebra (and not of the current
algebral!) - non degenerate in terms of W-representation

theory;

e Their quantum numbers Osr(z) — |s,r) are symmetric
functions of the Weyl vector (for each cyclein s = [I1,...,1]),
e.g. A ~ Tr(log M~)? or

a=ly

2 k 12 k
- = —L:r;: 24
) =Rty gt

2m i=1 i=1



Formulas for the characters (logarithm up to >>n; = 0)

N2
Anzézx@+mm2=:MN-+§2+ “p-n (25)
k
sO that
oo o
o, @=L T (A=)
chy(q) = q 248 k 1 = q 24N N—kl:<1>o —
kgl(l o qk:/N) I I (1 . qk—|—a/N)

a=1 k=1
2_

acl (sly)
(26)
coincide with representation theory ofgl/(\N)l (Lepowsky-Wilson
representations).



Similarly, e.g. for g = 500,41

1
HkZO(l + qk+§) Z q%(a,a)—l—%(pv,a) —
[ln>0 (1 — q")"

€l (s0o,41) (27)
" 1
=2 ] +4¢") ][] Za—1
n>0 a=1 szo(l — qk_l_ 2r )

The |.h.s. has an obvious sense of the trace

1,V 1,/ vV
Trf§(2r+1) QLO_I_?"“(’) h) = Tryeev; qL0+2r(P h) — 8)
= 27Try, qL0+%(Pvah) = 2Try, qLo—FQ%(pv,h)

A generic product formula for the lattice theta-functions (?)

1 1
Oulro/hla) ~ 3 4TS (29)
acl (g



To compute the conformal block of quasimonodromy fields

G(q) = <081(Q1)OSI1(QQ)---OSL(QQL—l)Oszl(CIQL)> (30)
consider the correlation functions
G(q) = ((1))g:  Gi(zle) = ((Ji(2)))q
G5 (2. #|a) = ((Ji(2)T5(z")))q (31)
etc

so that G (z|q)dz = G1(n~1(2)%q)dr~1(2)" at the i-th preimage
on C etc, which are restored from the analytic properties.

E.g.

g 2L
G1(€lg)ds _ S apdwr + Y dpe = dS (32)
G(q) I=1 a=1

1-form on the cover, decomposed over the basis of Abelian
differentials.



e Holomorphic part

_ [ d&G1(€le) B
a[—jlillds— e I=L (33)

is fixed by intermediate channel’s charges, the number
comes from RH formula

L ka
g=> ) (i=1)-N+1 (34)

1=1a=1

e Meromorphic part

dé,, ;
era ~ ’T‘,? g Oé,’L, W(pa,i) = qq, %A eroz =0 (35)

Pai a,i

is fixed by U(1)2-ka=1 charges for reducible permutations
Y r¥=0, a=1,...,2L
i



Similarly

gQ(g’p) dé ydép = dS(p')dS(p) + K (v, p) — %Ko(p’,p) (36)
in terms of
d€, d
K(p',p) = d¢ ,d¢, 109 E(p', p) = Sy > + 2te(p)de; +
p (é-p/ T Sp)
f, K@.p) =
(37)
which leads to
(T(2)051(01)0 1(a2) - - - Os1.(421.-1)O -1 (021))
(0s,(q1)0 _-1(q2) - .- Os;(q21,-1)0 -1(q21))
1 L (38)

B 1 (dS(p)\?
= Z (tz<p)+2( 1z ) )

m(p)=z



In local co-ordinate & = z1/!

den? 1 o2  1F—11
t:(p) =t — —{¢,2) =1t (39)
(0 =te) () 5162} = @124
2 1 7“2
it gives the dimensions Z 24l —+ Z ;7
1=1 1=
T he coefficients at the first-order poles give
8qoz log g(Ql) eey QQL) — Z I’eSpa’itde—i—
T(Pa,i) =4qa (40)
40
dS)?
_I_% Z respai( )
. " dz
W(pa,i)—Q(x

where the last term is a formula from extended SW theory.



Result:
G(q) = ((1))qg = tsw(a,q) - 7(q)

where
Oga 109 s (a;q) =5 respoéfi(dj>2
7(Po.i)=da ©
and
Oga1097p(q) = > resp, t.dz
T(Pa,i) =qo

together with the SW equations

(9a,I|OgTSW=7{B dS:Z'T]JCLJ-FQ[
I J

(41)

(42)

(43)

(44)



where:

e 717 = $p,dwy is the period matrix of the cover in fixed the
basis in homologies Hq(X),

87}(} dwlde
= Res ;
840 ZZ:_ Pa  da (45)
W(pa)—qu

e The linear pieces (here A(p) is the Abel map):

QJ:Z%dQI‘O‘:ZT?AJ(pa,j)a J = 17“-79 (46)
o BJ a,]

Consistency is proven by RBI.



The SW part can be computed
logTsw =35> a;Trja;+ > Qa; + Q(r) (47)
I1J I
where the quadratic form

Q) = Y rirllog ©.(Alph) — AW)))-
PhFED)
(48)

o d(z(p) — ga)/o
_Z(roz) lalog h%(p)

7 .
Pa p=pt,




Summing up these conformal blocks

rrr(gla,b) = 3 Ggla 4 n)e™ (b)) —

nez9
= r3(a) exp (LQ)) © [f;‘] ()

one gets the exact isomonodromic tau-function. The most
nontrivial step here is

(49)

G(q,) = ¢ CCB(g, ) (50)

where B(q,e) = 1+ O(q) corresponds to original BPZ normal-
ization, and

CC ~ 4—2%?—(2 ar)? (51)

comes from degenerate period matrix (in hyperelliptic exam-
ple, and can be extended).



