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Plan and disclaimer

LHC is top factory

Need precise and accurate predictions

Many new results available. Mostly related to off-shell effects, but also NLO 
ttbar+3jets, and NNLO single-top and decay in NWA

And, of course, high-precision differential NNLO results for top pairs

Other important recent results that I’ll not address in this talk are

4-loop relation between MSbar and on-shell mass: the 4-loop term yields a 200 
MeV contribution [Marquard, Smirnov, Smirnov, Steinhauser 2015]

Studies on top quark mass calibration in MC event generators  
[Butenschoen et al. 2016] 

EFT for top pheno (all relevant dim-6 operators) at NLO 
[Zhang + collaborators 2015, 2016]

Resummation…

…
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top pair total cross section: 
scale dependence - 1

top pairs: nice convergence of perturbative series in total cross 
section

Preferred scale seems to be somewhat closer to mtop/2 than mtop
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Figure 1. Total cross-section at LO, NLO, NNLO and NNLO+NNLL QCD evaluated with a fixed
scale µF = µR = mt with two different pdf sets: MSTW2008 (left) and NNPDF3.0 (right). Each plot
is normalised to the NNLO+NNLL cross-section evaluated with the corresponding pdf set at scale
µ0 = mt. The symbols on some of the lines are meant to help distinguish the various lines.

where the momentum pT entering the definition of mT in eq. (3.2) is either that of the top

or the antitop, depending on the distribution. The sum in the definition of H ′

T runs over

all massless partons present in the final state (at NNLO there could be up to two partons).

Finally, an important part of the process of choosing the functional form of µ0 involves

the fixing of the proportionality constant, signified by the ∼ sign in the above equations.

While for brevity we focus our presentation on LHC 8 TeV, we have also verified that our

conclusions remain unchanged at LHC 13 TeV. Unless explicitly specified, throughout this

work we combine partonic cross-sections with pdf of the same order (LO with LO, NLO with

NLO, etc). Resummed NNLO partonic cross-sections are convoluted with NNLO pdf.

3.1 Total cross-section

We begin our investigation with the total inclusive cross-section based on the standard choice

µ0 = mt and computed with two pdf sets: MSTW2008 [69] and NNPDF3.0 [70]. The total

cross-section is computed with the help of the program Top++ [71]. Besides the LO, NLO

and NNLO QCD corrections we also include soft-gluon resummation through NNLL accuracy

where available (i.e. for the total cross-section computed with a fixed scale µ0 ∼ mt).

Two important observations can be made from fig. 1 and they turn out to be central for

this work: first, the scale for which perturbative convergence is maximised is slightly above

mt/2, i.e. that scale is significantly lower than the standard one µ0 = mt. Second, the value of

the fixed order NNLO cross-section evaluated at the scale of fastest convergence is only about

0.5% higher than the NNLO+NNLL resummed one evaluated at the usual scale µ0 = mt,

i.e. the two values essentially agree (recall that 0.5% difference is only a small fraction of the

scale uncertainty of the resummed result).

The numerical agreement between the fixed order result evaluated at a lower scale and

– 5 –
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top pair total cross section: 
scale dependence - 2

Surprise: HT’/2 scale does not seem to be reasonable at NNLO

Claimed to be a scale very sensitive to singular emissions. But I don’t fully 
understand the reason (it’s perfectly IR safe)

Worrying because scale definition very common in NLO computations. E.g. 
default scale in NLO mode of MG5_aMC and used for many BlackHat
+Sherpa results for V+jets, and OpenLoops+Sherpa results for ttbar+jets 
(see later)
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Figure 3. As in fig. 2 but for scale ET (3.5) (left) and H ′

T (3.4) (right). Both use pdf set MSTW2008.
The symbols on some of the lines are meant to help distinguish the various lines.

which to evaluate the total cross-section, but as the best average value of the running scale

which reproduces the total cross-section. The value for the fastest convergence scale of about

0.7mt observed in fig. 1 is consistent with this observation.

There are several alternative definitions of the scale HT that have been considered in the

literature. One of them is eq. (3.5) which we denote as ET ; it differs from HT by taking the

geometric as opposed to arithmetic average of the t and t̄ transverse masses. From fig. 3 (left)

we conclude that the numerical difference between the two scales is immaterial. Another

alternative definition (3.4), denoted here as H ′

T , involves the sum of the transverse masses of

all final state partons. In fig. 3 (right) we see that the behaviour of this scale is very different

from HT , especially at NNLO. Indeed, the NLO and NNLO curves do not even cross and

the NNLO curve has monotonic behaviour over the whole interval 1/8 ≤ µ/µ0 ≤ 8. We have

not studied in depth this peculiar behaviour but point out that such a scale is much more

sensitive to singular emissions (real and virtual). For this reason, a definition that relies on

clustering the emitted partons into jets may alleviate such behaviour. 4 Anticipating our

findings for the scale µ0 in differential distributions, in this work we find strong support for

the idea that a good dynamical scale should, among others, resemble as much as possible

the born-level observable for the process of interest. It seems to us this conclusion may also

have implications for processes outside top physics, or at a minimum, may warrant similar

investigations in other processes.

To summarise our discussion of scale-setting for the total cross-section in fig. 4 we compare

all scales used so far in NNLO QCD (and NNLO+NNLL where available) and for both pdf

sets. From this figure it is easy to see that at this order of perturbation theory the predictions

are rather stable with respect to the choice of pdf set (at least for the pdf sets we have studied)

and that the choice of a scale ensuring fastest convergence is a rather clear cut. Moreover,

such scale returns value for σtot which is in nearly perfect agreement with the so-far default

4We thank Bryan Webber for a helpful discussion on this point.
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top quark pT

Most striking difference in data—theory comparisons is in the transverse 
momentum of the top quark

NLO MonteCarlo generators are softer than the data. Both in Run-I and 
Run-II data

Visible in all top decay modes
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Figure 15: Fiducial phase-space di↵erential cross-sections as a function of the (a) transverse momentum (pt,had
T )

and (b) the absolute value of the rapidity (
���yt,had

���) of the hadronic top quark in the resolved topology and corre-
sponding results in the boosted topology (c), (d). The yellow bands indicate the total uncertainty on the data in
each bin. The Powheg+Pythia generator with hdamp=mt and the CT10nlo PDF is used as the nominal prediction
to correct for detector e↵ects.
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diff. NNLO top pairs

Diff. NNLO top pair production 
seems to be in better agreement 
with data than (N)LO

However, dependent on scale 
choice

In fact, difference between NLO 
and NNLO with µR=mtop is as 
large as NLO with µR=mtop and 
NLO µR=default POWHEG/
MC@NLO scales

Question: what happens if you 
use an event-by-event scale at 
NNLO?
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High-Precision Differential Predictions for Top-Quark Pairs at the LHC

Michal Czakon,1 David Heymes,2 and Alexander Mitov2

1Institut für Theoretische Teilchenphysik und Kosmologie,
RWTH Aachen University, D-52056 Aachen, Germany

2Cavendish Laboratory, University of Cambridge, Cambridge CB3 0HE, UK

We present the first complete next-to-next-to-leading order (NNLO) QCD predictions for differ-
ential distributions in the top-quark pair production process at the LHC. Our results are derived
from a fully differential partonic Monte Carlo calculation with stable top quarks which involves no
approximations beyond the fixed-order truncation of the perturbation series. The NNLO correc-
tions improve the agreement between existing LHC measurements [V. Khachatryan et al. (CMS
Collaboration), Eur. Phys. J. C 75, 542 (2015)] and standard model predictions for the top-quark
transverse momentum distribution, thus helping alleviate one long-standing discrepancy. The shape
of the top-quark pair invariant mass distribution turns out to be stable with respect to radiative
corrections beyond NLO which increases the value of this observable as a place to search for physics
beyond the standard model. The results presented here provide essential input for parton distri-
bution function fits, implementation of higher-order effects in Monte Carlo generators as well as
top-quark mass and strong coupling determination.

INTRODUCTION

There is remarkable overall agreement between stan-
dard model (SM) predictions for top-quark pair produc-
tion and LHC measurements. Measurements of the total
inclusive cross section at 7, 8, and 13 TeV [1–5] agree well
with next-to-next-to leading order (NNLO) QCD pre-
dictions [6–11]. Differential measurements of final state
leptons and jets are generally well described by exist-
ing NLO QCD Monte Carlo (MC) generators. Concern-
ing top-quark differential distributions, the description of
the top-quark pT has long been in tension with data [12–
14]; see also the latest differential measurements in the
bulk [15] and boosted top [16] regions. The first 13 TeV
measurements have just appeared [17, 18] and they show
similar results; i.e., MC predictions tend to be harder
than data.

This “pT discrepancy” has long been a reason for con-
cern. Since the top quark is not measured directly, but
is inferred from its decay products, any discrepancy be-
tween top-quark-level data and SM prediction implies
that, potentially, the MC generators used in unfolding
the data may not be accurate enough in their description
of top-quark processes. With the top quark being a main
background in most searches for physics beyond the SM
(BSM), any discrepancy in the SM top-quark description
may potentially affect a broad class of processes at the
LHC, including BSM searches and Higgs physics.

The main “suspects” contributing to such a discrep-
ancy are higher order SM corrections to top-quark pair
production and possible deficiencies in MC event gener-
ators. A goal of this work is to derive the NNLO QCD
corrections to the top-quark pT spectrum at the LHC
and establish if these corrections bridge the gap between
LHC measurements, propagated back to top-quark level
with current MC event generators, and SM predictions
at the level of stable top quarks.

PP → tt-+X(8TeV)
mt=173.3 GeV
MSTW2008
µF,R/mt∈{0.5,1,2}

Czakon, Heymes, Mitov (2015)
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FIG. 1: Normalized top-antitop pT distribution vs CMS
lepton+jets data [15]. NNLO error band from scale vari-
ation only. The lower panel shows the ratios LO/NNLO,
NLO/NNLO, and data/NNLO.

Our calculations are for the LHC at 8 TeV. They show
that the NNLO QCD corrections to the top-quark pT
spectrum are significant and must be taken into account
for proper modeling of this observable. The effect of
NNLO QCD correction is to soften the spectrum and
bring it closer to the 8 TeV CMS data [15]. In addition
to the top-quark pT, all major top-quark pair differential
distributions are studied as well.

Czakon, Heymes, Mitov 2015
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event-by-event scales

This year: diff. NNLO with 
event-by-event scales

From all the scales 
presented, mT/2 is closest to 
what’s used in POWHEG 
and MC@NLO

In going from NLO to 
NNLO, hardly any 
difference in shape! (in 
particular below ~400 GeV)
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Figure 5. Comparison of the average top/antitop pT differential cross-section at NNLO evaluated
with five different dynamic scales. All plots show ratios with respect to the default scale mT /2 (3.9):
HT /4 (top left), HT,int/2 (top right), mT (bottom left) and mtt̄/4 (bottom right). Error bands are
from scale variation only.

pT,t → 0 and pT,t → ∞ thus arriving at the following “best” scale

µ0 =

⎧

⎪

⎨

⎪

⎩

mT

2
for : pT,t, pT,t̄ and pT,t/t̄ ,

HT

4
for : all other distributions .

(3.9)

Eq. (3.9) above is the main result of this work. In the following we present its justification

by the way of analysing differential distributions. We also compare three different pdf sets:

NNPDF3.0 [70], CT14 [73] and MMHT2014 [74].
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CMS 13 TeV top pT

Similar to what’s seen by 13 
TeV CMS results. NNLO 
does not differ much from 
POWHEG/MC@NLO

Still, agreement with data 
seems to be better than at 8 
TeV, and also better than with 
13 TeV ATLAS results

Still something to understand 
here…
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EW corrections in top pair 
production

(Electro-)weak corrections 
can be sizeable at large 
energies

For top pair production the 
corrections are relatively 
small: same order as NLO 
uncertainty band

Not within NNLO 
uncertainty band

Preliminary results for 
NNLO QCD + NLO EW

talk by Pagani

9

[Pagani, Tsinikos, Zaro 2016] photon PDF YESphoton PDF    NO

 13 TeVD. Pagani et al.: The impact of the photon PDF and electroweak corrections on tt̄ distributions 7
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Fig. 4. Differential distributions for the pT (t) at 13 TeV. The format of the plots is described in detail in the text.
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Fig. 5. Differential distributions for the m(tt̄) at 13 TeV. The format of the plots is described in detail in the text.

of the detector, these cuts have an effect on predictions for high
m(tt̄). This is shown in fig. 6, which is equivalent to fig. 5, but
with |y(t)|, |y(t̄)|< 2.5 cuts. At large invariant masses, tops are
preferably produced in the forward or backward region, due
to the t- and u-channel diagrams in the gg-channel, which is
much less suppressed than the qq̄ channels featuring only s-
channel diagrams at LO QCD. Rapidity cuts suppress the gg
contribution, as well as gg contributions, but also enhance the
typical value of the partonic Mandelstam variables t̂ and û.

Consequently, with those cuts, we observe larger values for the
Sudakov logarithms (plot on the left) and a similar behaviour
for the photon-induced contributions. Moreover, we can notice
that, as in the pT (t) distributions in fig. 4, also in the tails of
the plots in fig. 6 the ratio SNLO QCD/SLO QCD in the first insets
decrease, at variance with fig. 5, where cuts are not applied.
This trend is correlated with the fraction of the cross section
originating from the gg initial state, which is decreasing in the
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EW corrections in top pair 
production

(Electro-)weak corrections 
can be sizeable at large 
energies

For top pair production the 
corrections are relatively 
small: within NLO uncertainty 
band

Not within NNLO 
uncertainty band

Preliminary results for 
NNLO QCD + NLO EW

talk by Pagani

10

[Czakon, Heymes, Pagani, Tsinikos, Zaro (in prep.)]
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Fixed order ttbar+jets

About 1 in every 10 ttbar events has 3 additional jets (with pT>25, |η|<2.5) 
at 13 TeV LHC

Top pair production + 3jets @ fixed 
order NLO

No top decays

Very impressive results with many 
one-loop diagrams

Factorial growth of number of diagrams?

Pleasantly surprised that this many diagrams can still be tackled by 
diagram-based methods

CS-dipole subtracted real-emission computed with Berends-Giele 
recursion as implemented in Comix [Gleisberg & Höche 2008]

11

2

partonic channel \ N 0 1 2 3

gg ! tt̄+N g 47 630 9’438 152’070
uū ! tt̄+N g 12 122 1’608 23’835
uū ! tt̄uū+ (N � 2) g – – 506 6’642
uū ! tt̄dd̄+ (N � 2) g – – 252 3’321

Table 1 Number of one-loop Feynman diagrams in representa-
tive partonic channels in pp ! tt̄+N jets for N = 0, 1, 2, 3.

vergence of perturbative QCD for the widest possible
range of observables is not trivial. Moreover, in the pres-
ence of a wide spectrum of scales, the usage of stan-
dard factor-two variations for the estimation of the-
oretical uncertainties due to missing higher-order ef-
fects becomes questionable. Motivated by these obser-
vations, to gain more insights into the scale dependence
of t¯t+multijet production and related uncertainties we
compare a fixed-order calculation, with the standard
scale choice H

T

/2, against results based on the MINLO
method [27]. The scale H

T

/2 was found to yield stable
and reliable NLO predictions for V+multijet produc-
tion [28], while the MINLO method is especially well
suited for multi-scale QCD processes, as it controls,
through next-to-leading logarithmic (NLL) resumma-
tion, the various higher-order logarithms that emerge
from soft and collinear effects in the presence of widely
separated scales. The present study provides a first sys-
tematic comparison of the two approaches.

2 Details of the calculation

Our calculations are performed using the event genera-
tor SHERPA [29,30] in combination with OPENLOOPS [31,
32], a fully automated one-loop generator based on a
numerical recursion that allows the fast evaluation of
scattering amplitudes with many external particles. For
the reduction to scalar integrals and for the numer-
ical evaluation of the latter we used CUTTOOLS [33]
in combination with ONELOOP [34] and, alternatively,
the COLLIER library [35], which implements the meth-
ods of [36–38]. Tree amplitudes are computed using
COMIX [39], a matrix-element generator based on the
color-dressed Berends-Giele recursive relations [40]. In-
frared singularities are canceled using the dipole sub-
traction method [41,42], as automated in COMIX, with
the exception of K- and P-operators that are taken
from the implementation described in [43]. COMIX is
also used for the evaluation of all phase-space integrals.
Analyses are performed with the help of RIVET [44].

We carry out a series of pp ! t¯t+N jet NLO calcu-
lations with N = 0, 1, 2, 3, taking into account the exact
dependence on the number of colors, Nc = 3. As an il-
lustration of the rapid growth of complexity at high jet

multiplicity, in Table 2 we list the number of one-loop
Feynman diagrams that contribute to a few represen-
tative partonic channels. In addition to the presence
of more than 10

5 loop diagrams in the gg ! t¯t + 3g

channel, we note that also the very large number of
channels not listed in Table 2 as well as the computa-
tion of real contributions pose very serious challenges
in the t¯t+ 3 jet calculation.

Proton–proton cross sections are obtained by using,
both at LO and NLO, the CT14 NLO PDF set [45]
with five active flavors, and the corresponding strong
coupling. Matrix elements are computed with massless
b-quarks, and top-quarks are kept stable. Hence, our re-
sults can be compared to data only upon reconstruction
of the t¯t system and extrapolation of fiducial measure-
ments to the full phase space. However, we expect the
main features shown in our analysis to be present also
in computations including top-quark decays and accep-
tance cuts. The latter will undoubtedly play a role, but
the reduction of scale uncertainties is generic as long
as the radiative phase space is not heavily restricted
by experimental cuts. Apart from performing a direct
analysis, we also provide Root NTuples [46] that can be
used in the future for more detailed studies including
top-quark decays and matching to parton showers.

In our standard perturbative calculations we em-
ploy renormalization and factorization scales defined as
µ
R

= µ
F

= H
T

/2, where H
T

=

P
i

q
p2
T,i +m2

i , with
the sum running over all (anti)top quarks and light par-
tons, including also real radiation at NLO. Results gen-
erated in this manner are compared to alternative com-
putations based on the MINLO procedure [27]. To this
end, we have realized a fully automated implementation
of the MINLO method in SHERPA.

3 MINLO method and implementation

The MINLO method can be regarded as a generalized
scale setting approach that guarantees a decent pertur-
bative convergence for differential multi-jet cross sec-
tions. This is achieved via appropriate scale choices [47]
and Sudakov form factors [48] that resum NLL enhance-
ments in the soft and collinear regions of phase space.
To this end, in the case of t¯t+multijet production, LO
partonic events of type ab ! t¯t+N partons are recur-
sively clustered back to a core process ã˜b ! t¯t by means
of a k

T

jet algorithm [49]. The resulting clustering his-
tory is interpreted as an event topology, where the N -jet
final state emerges from the core process through a se-
quence of successive branchings that take place at the
scales qN , . . . , q

2

, q
1

and are connected by propagators.
The nodal scales qi correspond to the k

T

measure of

Number of one-loop diagrams

[Höche, Maierhöfer, Moretti, Pozzorini & Siegert 2016 ]
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Fixed order ttbar+jets: 
scale setting

Renormalisation/Factorisation scale choices

HT’/2 (default (N)LO scale)

Minlo (labeled ‘MI(N)LO’ in plots) [Hamilton, Nason, Zanderighi 2013]

Designed for processes with multiple scales due to parton emissions

Renormalisation scale based on kT-clustering scale for each (hard) 
emission

Fixed-order augmented with Sudakov Form factors

Very similar to CKKW (but with some tweaks needed to keep NLO 
accuracy)

Useful for other processes, e.g. W/Z+jets

Possible to extend to NNLO, e.g. for H/Z/W+j

12

[Höche, Maierhöfer, Moretti, Pozzorini & Siegert 2016 ]
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Fixed order ttbar+jets: 
cross sections

NLO cross sections for ttbar, requiring 
0, 1, 2 or 3 additional jets

LHC 13 TeV

Jet definition: 
anti-kT, R=0.4, pT>25 GeV, |η|<2.5

Scale uncertainties under control. Very 
good perturbative convergence, in 
particular for large jet multiplicities

At NLO, the two scale setting 
procedures are very consistent

No sign of irregularities for HT’/2

13

4

Eq. (2). This means in particular that we use the mas-
sive splitting functions from [53], the propagator cor-
rections listed in [51, 52], and we replace the two-loop
cusp term K 2CF /(1�z) by K CF (2/(1�z)�m2/pipj)

in the case of massive quark splittings eı| ! i, j.
Scale uncertainties in the MINLO framework are as-

sessed through standard factor-two variations of µ
R

and
µ
F

. The renormalization scale is kept fixed in the Su-
dakov form factors but is varied as usual in the rest
of the (N)LO cross section, including the counterterms
that subtract the O(↵

s

) parts of the Sudakov form fac-
tors at NLO. Variations µ

F

! ⇠
F

µ
F

of the factorization
scale are more subtle. They have to be applied at the
level of PDFs and related NLO counterterms, as well as
in the Sudakov form factors that depend on q

min

= µ
F

.
More precisely, q

min

! ⇠
F

q
min

variations are applied
only to Sudakov form factors associated with external
and internal initial-state lines, and Sudakov form fac-
tors �a(⇠F q

min

, qk) are set to one when ⇠
F

q
min

exceeds
qk.

4 Predictions for the 13TeV LHC

In the following we present selected predictions for pp !
t¯t + 0, 1, 2, 3 jets at 13TeV. We construct jets by clus-
tering light partons with the anti-kt algorithm [54] at
R = 0.4, and by default we select jets with pseudorapid-
ity |⌘

jet

| < 2.5 and a jet-p
T

threshold of 25GeV. Unless
stated otherwise, depending on the minimum number
N of jets that is required by the observable at hand,
inclusive (N)LO or MI(N)LO calculations with N jets
are used.

The jet multiplicity distribution is presented in Fig. 1.
The top panel displays four predictions, stemming from
fixed-order LO and NLO calculations, and from MINLO
computations at LO and NLO (labeled ‘MILO’ and
‘MINLO’). The second panel shows the ratio between
LO and NLO predictions at fixed order, while the third
panel shows the ratio between MILO and MINLO pre-
dictions. The last panel shows the ratio between MINLO
and NLO. The bands illustrate scale uncertainties esti-
mated through independent factor-two rescaling of µ

R

and µ
F

excluding antipodal variations. Fixed-order pre-
dictions feature rather large NLO corrections of about
+50% for all jet multiplicities, while MINLO results fea-
ture steadily decreasing corrections for increasing N

jets

.
In both cases, LO scale uncertainties tend to grow by
more than 10% at each extra jet emission, while (MI)-
NLO scale uncertainties are significantly reduced and
the total width of the (MI)NLO variation bands is about
20–25% for all considered N

jets

values. Comparing fixed-
order NLO and MINLO predictions we observe a re-
markable agreement at the level of 4–8%. This supports

pT,jet > 25 GeV
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Fig. 1 Inclusive tt̄+multijet cross sections with a minimum
number N = 0, 1, 2, 3 of jets at pT,jet �25 GeV. See the main
text for details.
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Fig. 2 Ratios of tt̄+N jet over tt̄+ (N � 1) jet inclusive cross
sections for N = 1, 2, 3 and pT,jet �25 GeV.
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Fixed order ttbar+jets: 
Diff. distributions

Transverse momentum of the top quark, requiring at least 0, 1, 2 or 3 jets in the 
events
Consistency between scale choices

Why is HT’/2 not a good scale at NNLO for inclusive ttbar production?
14
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Fig. 3 Distribution in the top-quark pT for pp ! tt̄+ 0, 1, 2, 3 jets with pT,jet � 25GeV.
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Fig. 4 Distribution in the pT of the tt̄ system for pp ! tt̄+ 1, 2, 3 jets with pT,jet � 25GeV.
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NNLO single top in NWA

single-top + decay @ NNLO in 
the narrow width approximation (NWA)

Complete factorisation of higher order 
corrections: separate for light quark line, 
heavy quark line and decay

Justified because

corrections between heavy and light lines only enter at 
NNLO and are colour suppressed

corrections between production and decay are 
suppressed by the top quark width

15

2

t

W ∗

W

b

u

b

νe

e+

d

Vl

Vh Vd

FIG. 1. Sketch of t-channel single-top quark production and
decay; ub ! dt with t ! e+⌫eb. Vl represents QCD cor-
rections to the light quark line, which could include interfer-
ence of the tree-diagram and the two-loop diagram, square of
the one-loop diagram (double-virtual), interference of the one-
loop diagram with one additional gluon and the tree-level dia-
gram with one additional gluon (real-virtual), and the square
of tree-level diagram with a pair of additional partons (double-
real). Vh and Vd represent the same type of corrections to the
heavy quark line and the decay part, respectively. There is
no cross talk between the light quark line, heavy quark line,
and the decay part in our calculation.

performed for charm quark production in neutrino deep
inelastic scattering (DIS) in Ref. [36]. For the correc-
tions to the light-quark line, we adopted the method of
“projection-to-Born” in Ref. [32]. The key ingredients
in this approach are the inclusive NNLO DIS coe�cient
functions [37–39], for which a conveniently parametrized
version is available [40, 41]. For the real-virtual correc-
tions, we extracted the one-loop helicity amplitudes from
DIS 2 jet production in Ref. [42], and we cross checked
with Gosam [43]. These ingredients were combined ac-
cording to Ref. [32], by constructing appropriate counter-
events with opposite weights for every event in the Monte
Carlo (MC) integration of double-real and real-virtual
contributions, which render the phase space integrals fi-
nite for infrared (IR) safe observables. For the decay part
of the calculation, we adopted the results in Ref. [44]. We
also take into account the product of two NLO correc-
tions from di↵erent combinations of the light-quark line,
the heavy-quark line, and the decay part.

Finally, we combine corrections to the production part
and decay part consistently in the NWA, as in Refs. [45–
47]. Schematically, we write
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where d�i and d�i

t

denote the O(↵i

S) corrections to the
production and decay parts, respectively. For the full
NNLO corrections there are contributions from O(↵2

S)
production only, from the product of O(↵S) production
and O(↵S) decay, and from O(↵2

S) decay only, as shown
in Eq. (1). Inclusive production cross sections at each
order can be obtained after integration over the decay
phase space.

Numerical results. We use a top quark mass of 173.2
GeV and a W boson mass of 80.385 GeV. We set the
W boson decay branching ratio to 0.1086 for one lepton
family. We choose |V

tb

| = 1 and the CT14 NNLO parton
distribution functions (PDFs) [48] with ↵

s

(M
Z

) = 0.118.
The nominal scale choice is µ

R

= µ

F

= m

t

with scale
variation calculated by varying the two together over the
range 0.5 < µ/µ

o

< 2. We list the LO, NLO and NNLO
results for top quark and anti-quark production in Ta-
ble. I. The NNLO QCD corrections reduce the cross sec-
tions by 2 ⇠ 3 % compared to a reduction of 4 ⇠ 5 %
at NLO. The full NNLO corrections consist of pieces
from the heavy-quark line, the light-quark line, and the
products of them. There are cancellations between these
pieces as well as cancellations among di↵erent partonic
channels. Perturbative convergence of the separate QCD
series is well maintained, as we verified by checking the
individual pieces. Variations of the theoretical results as-
sociated with choices of the hard scales are reduced by a
factor of 4 at NLO compared with LO, and by a further
by a factor of 3 at NNLO with respect to NLO.

inclusive [pb] LO NLO NNLO

t quark 143.7+8.1%
�10% 138.0+2.9%

�1.7% 134.3+1.0%
�0.5%

t̄ quark 85.8+8.3%
�10% 81.8+3.0%

�1.6% 79.3+1.0%
�0.6%

TABLE I. Inclusive cross sections for top (anti-)quark pro-
duction at 13 TeV at various orders in QCD. The scale
uncertainties are calculated by varying the hard scale from
µF = µR = mt/2 to 2mt, and are shown in percentages.

Fiducial cross sections for t-channel single top-quark
production have been measured at 7 and 8 TeV [25, 26].
We choose a fiducial region for 13 TeV that is similar to
the one used in the CMS analysis [26] at 8 TeV. We use
the anti-k

T

jet algorithm [49] with a distance parameter
D = 0.5. Jets are defined to have transverse momentum
p

T

> 40 GeV and pseudorapidity |⌘| < 5. We require
exactly two jets in the final state, following the CMS and
ATLAS analyses, meaning that events with additional
jets are vetoed, and we require at least one of these to be
a b-jet with |⌘| < 2.4 [50, 51]. We demand the charged
lepton to have a p

T

greater than 30 GeV and rapidity
|⌘| < 2.4. For the fiducial cross sections reported below
we include top-quark decay to only one family of leptons.
Table II shows our predictions of the fiducial cross sec-
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which one is b-tagged (|η|<2.4)

pT(lepton)>30 GeV, |ηl|<2.4

LHC 13 TeV

ren. & fac. scales equal to top mass

Rather poor perturbative 
convergence in fiducial region

LO->NLO: -19% correction

NLO->NNLO: -8% correction

Large logarithms that need to be resummed from jet-veto?
16

3

tions at di↵erent perturbative orders, with scale varia-
tions shown in percentages. We vary the renormalization
and factorization scales µ

R

= µ

F

in the top-quark pro-
duction stage, and the renormalization scale in the decay
stage, independently by a factor of two around the nomi-
nal scale choice. The resulting scale variations are added
in quadrature to obtain the numbers shown in Table II.
We also show the QCD corrections from production and
decay separately as defined in Eq. (1). All results shown
in Table II are for the central scale choice m

t

, as for the
inclusive cross sections. The NNLO corrections from the
product of O(↵S) production and O(↵S) decay can be
derived by subtracting the above two contributions from
the full NNLO corrections.

Changes of the QCD corrections after all kinematic
cuts are applied are evident if one compares Table II
with Table I. Acceptance in the charged lepton, the b-
jet, and the non-b jet produce these changes, as well as
the jet veto. We call attention to the fact that the NLO
QCD corrections in production have changed to �19%.
The NLO corrections in decay further reduce the cross
sections by about 8%. At NNLO the correction in pro-
duction is still dominant and can reach �6%. The size
of the NNLO correction in decay is smaller by about a
factor of 2, and it almost cancels with the correction
from the product of one-loop production and one-loop
decay. Scale variations have been reduced to about ±1%
at NNLO. Scale variation bands at various orders do not
overlap with each other in general.

fiducial [pb] LO NLO NNLO

t quark
total 4.07+7.6%

�9.8% 2.95+4.1%
�2.2% 2.70+1.2%

�0.7%

corr. in pro. -0.79 -0.24

corr. in dec. -0.33 -0.13

t̄ quark
total 2.45+7.8%

�10% 1.78+3.9%
�2.0% 1.62+1.2%

�0.8%

corr. in pro. -0.46 -0.15

corr. in dec. -0.21 -0.08

TABLE II. Fiducial cross sections for top (anti-)quark produc-
tion with decay at 13 TeV at various orders in QCD with a
central scale choice of mt in both production and decay. The
scale uncertainties correspond to a quadratic sum of varia-
tions from scales in production and decay, and are shown in
percentages. Corrections from pure production and decay are
also shown.

With fiducial cuts applied, the jet veto introduces an-
other hard scattering scale of p

T,veto

= 40 GeV in addi-
tion to m

t

. Thus it may be appropriate to choose a QCD
scale of (p

T,veto

m

t

)1/2 ⇠ m

t

/2, especially at lower per-
turbative orders where the gluon splitting contributions
are absorbed into the bottom-quark PDF. Alternative re-
sults with a central scale choice of m

t

/2 in production,
with the central scale m

t

retained in the decay part, show

better convergence of the series although the NNLO pre-
dictions are almost unchanged.
In experimental analyses, the total inclusive cross sec-

tions are usually determined through extrapolation of the
fiducial cross sections based on acceptance estimates ob-
tained from MC simulations. We can use the numbers
shown in Tables I and II to derive the parton-level ac-
ceptance at various orders. For top quark production,
the acceptances are 0.0283, 0.0214, and 0.0201 at LO,
NLO, and NNLO respectively. The NNLO corrections
can change the acceptance by 6% relative to the NLO
value. This change also propagates into the measurement
of the total inclusive cross section through extrapolation.
To compare our results with those in Ref. [24], we

calculated the NNLO total inclusive cross sections at 8
TeV using the same choices of parameters. We found a
di↵erence of ⇠ 1% on the NNLO cross sections. With
a refined comparison through private communications,
we traced the source of this discrepancy to NNLO
contributions associated with V

h

, with the b-quark
initial state. All other parts in the NNLO corrections
and all parts of the NLO contributions agree between
the two results within numerical uncertainties. It has
not been possible to further pin down the di↵erences.
We leave this issue for possible future investigation.

Di↵erential Distributions. We present di↵erential
distributions for top quark production with decay. The
e↵ects for top anti-quark distributions are similar. The
QCD corrections in production for the pseudorapidity
distribution of the non-b jet are shown in Fig. 2 after all
fiducial cuts are applied. Events with two b-jets in the
fiducial region are not included in the plot. The correc-
tions depend strongly on the pseudorapidity. The NNLO
corrections have a di↵erent shape from those at NLO
and can be even larger than the NLO corrections in the
regions of large pseudorapidity. The transverse momen-
tum distribution of the leading b-jet is plotted in Fig. 3
with QCD corrections included only in the decay. The
corrections reach a maximum for p

T,b

of about 90 GeV.
Acceptance limitations explain the peculiar shape of the
distribution. We observe a reduction in the hard scale
variations in both Figs. 2 and 3, calculated by varying
the corresponding scales by a factor of two around m

t

.
The NNLO predictions are generally outside of the bands
of the NLO scale variations.
Charge asymmetry is one of the precision observables

at the LHC, e.g., as measured in W boson produc-
tion [52–54]. It is insensitive to high-order corrections
and is less subject to experimental systematic uncertain-
ties. Moreover, since it is determined largely by the
PDFs, it can provide stringent constraints in PDF de-
terminations [48, 55]. The predicted ratio of the fiducial
cross sections for top anti-quark and top quark produc-
tion is presented in the upper panel of Fig. 4 as a function
of the pseudorapidity of the charged lepton. The ratio

[Berger, Gao, Yuan, Zhu 2016]
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FIG. 2. Predicted pseudorapidity distribution of the non-b
jet in the final state from top quark production with decay at
13 TeV with fiducial cuts applied. Only QCD corrections in
production are included.
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FIG. 3. Predicted transverse momentum distribution of the
leading b-jet from top quark production with decay at 13 TeV
with fiducial cuts applied. Only QCD corrections in decay are
included.

is less than one since there are more u-valence quarks
than d-valence quarks in the proton, and it decreases
with pseudorapidity because the d/u ratio decreases at

large x [48]. The uncertainty flags show the statistical
uncertainty from the MC integration. The ratios of the
three curves are shown in the lower panel. The spread
of the LO, NLO, and NNLO predictions is about 1% in
the central region. At large |⌘

l

|, the NLO correction can
reach about 2%, and the additional NNLO correction is
well below one percent. Also shown in the lower panel
are the 68% confidence-level uncertainty bands for three
sets of NNLO PDFs: CT14 [48], MMHT2014 [56] and
NNPDF3.0 [57]. For simplicity, we obtained these bands
using the LO matrix elements and the NNLO PDFs, and
we verified that quantitatively similar central values of
the bands are obtained if we use NLO matrix elements.
Since the PDF induced uncertainty is much larger than
the theoretical uncertainty of its NNLO prediction, the
charge ratio can be used reliably to further discriminate
among and constrain the PDFs, provided that experi-
mental uncertainties can be controlled to the same level,
as is also pointed out in [24]. This charge ratio may
also be sensitive to certain kinds of physics beyond the
SM [58].
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FIG. 4. Ratios of the fiducial cross sections of top anti-quark
to top quark production with decay at 13 TeV as a function
of the pseudorapidity of the charged lepton. The lower panel
shows ratios to the LO prediction as well as dependence on
the choice of PDFs.

Summary. We present the first calculation of NNLO
QCD corrections to t-channel single top quark produc-
tion with decay at the LHC in the 5-flavor scheme in
QCD, neglecting the cross-talk between the hadronic
systems of the two incoming protons. Our calculation
provides a fully di↵erential simulation at NNLO for
t-channel single top-quark production with leptonic

[Berger, Gao, Yuan, Zhu 2016]
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The top induced backgrounds to Higgs production in the WW (∗) → llνν decay channel
at NLO in QCD

R. Frederix
PH Department, TH Unit, CERN, CH-1211 Geneva 23, Switzerland

We present the complete NLO contributions to the pp → e+νeµ
−ν̄mbb̄ + X process in the four

flavour scheme, i.e. with massive b quarks, and its contribution to the H → WW (∗) → llνν measure-
ment in the 1-jet bin at the LHC. This background process includes top pair, single top and non-top
quark-resonant contributions. The uncertainty at NLO from renormalisation and factorisation scale
dependence is about +30% −20%. We show that the NLO corrections are relatively small, and that
separating this background in top pair, Wt and b-quark associated llνν is a fair approximation.

For the recent discovery of the Higgs boson the most
important channels are the H → γγ, H → ZZ(∗) → 4l
and H → WW (∗) → llνν decay modes [1, 2]. Even
though the latter has the largest branching ratio, it has
the smallest contribution to the Higgs signal significance.
This comes as no surprise: due to the presence of two neu-
trinos in the final state, the reconstruction of the Higgs
signal in the form of a narrow resonance peak over a flat
background is not possible for this decay mode. This
makes the separation of the Higgs signal from (non) re-
ducible backgrounds much more complicated and precise
predictions for the backgrounds are needed to determine
the excess of events that can be attributed to the Higgs
signal.

To increase the significance in the extraction of the
Higgs contribution for the H → WW (∗) → llνν channel,
the data is separated in jet bins by the CMS and ATLAS
experiments [3, 4]. In the 0-jet bin, the dominant back-
ground is the non-reducible pp → WW production. In
the 1-jet bin, where each event is required to have exactly
1 jet in association with the two charged leptons and the
missing ET , also the backgrounds from top quarks are
large; mostly top pair and Wt production. For a reli-
able simulation of these backgrounds, including next-to-
leading order (NLO) QCD corrections in the calculation
is essential. In this letter, we present the top induced
background to Higgs production in the 1-jet bin, without
separating top pair and Wt production and thus keeping
all their interference effects. This requires the calculation
of the NLO corrections to the pp → e+νeµ−ν̄mbb̄+X pro-
cess in the four-flavour (4F) scheme, keeping the b quark
mass finite, which we present here for the first time.

The NLO corrections to the pp → e+νeµ−ν̄mbb̄ + X
process in the five-flavour (5F) scheme are known [5–7].
In the 5F scheme the mass of the b quark is neglected,
which means that the above process is not finite in fixed-
order perturbation theory without requiring phase-space
cuts on the final state b jets. Therefore, such a calculation
is not a complete description of the Wt and top pair
production processes and, moreover, it cannot be used
to estimate the top background in the 1-jet bin in the
H → WW (∗) → llνν measurement, where a veto on a
second jet is needed.

The calculation of the pp → e+νeµ−ν̄mbb̄ + X pro-
cess in the 4F scheme includes double top-quark resonant
production (“top pair production”), single top-quark res-
onant contributions (“W boson associated single top pro-
duction”) as well as non top-quark resonant contributions
( “b-quark associated llνν production”). In Fig. 1 three
representative LO Feynman diagrams are shown for this
process. The calculation includes all the interference ef-
fects between the various contributions, as well as all off-
shell effects. In the 4F scheme the b quarks are treated
as massive particles, the running of the strong coupling
is performed with four flavours and a 4F PDF set should
be used. Keeping the b quark massive in the calculation
implies that even in the absence of any phase-space cuts,
the perturbative expansion yields finite results. For the
NLO computation presented here, the complete O(αs)
corrections have been included without resorting to any
approximations.
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FIG. 1: Representative LO diagrams for top pair (a), Wt
(b) and b-quark associated llνν (c) contributions to pp →
e+νeµ

−ν̄mbb̄ + X production. Top quarks are denoted by
double fermion lines.

The calculation has been performed within the Mad-

Graph5_aMC@NLO framework [8]: the diagram gen-
eration is done by MadGraph [9], the one-loop correc-
tions are obtained with MadLoop [10], which is based
on the OPP reduction method [11] and its implemen-
tation in CutTools [12]. The phase-space integration
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The calculation has been performed within the Mad-

Graph5_aMC@NLO framework [8]: the diagram gen-
eration is done by MadGraph [9], the one-loop correc-
tions are obtained with MadLoop [10], which is based
on the OPP reduction method [11] and its implemen-
tation in CutTools [12]. The phase-space integration
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We present the complete NLO contributions to the pp → e+νeµ
−ν̄mbb̄ + X process in the four

flavour scheme, i.e. with massive b quarks, and its contribution to the H → WW (∗) → llνν measure-
ment in the 1-jet bin at the LHC. This background process includes top pair, single top and non-top
quark-resonant contributions. The uncertainty at NLO from renormalisation and factorisation scale
dependence is about +30% −20%. We show that the NLO corrections are relatively small, and that
separating this background in top pair, Wt and b-quark associated llνν is a fair approximation.

For the recent discovery of the Higgs boson the most
important channels are the H → γγ, H → ZZ(∗) → 4l
and H → WW (∗) → llνν decay modes [1, 2]. Even
though the latter has the largest branching ratio, it has
the smallest contribution to the Higgs signal significance.
This comes as no surprise: due to the presence of two neu-
trinos in the final state, the reconstruction of the Higgs
signal in the form of a narrow resonance peak over a flat
background is not possible for this decay mode. This
makes the separation of the Higgs signal from (non) re-
ducible backgrounds much more complicated and precise
predictions for the backgrounds are needed to determine
the excess of events that can be attributed to the Higgs
signal.

To increase the significance in the extraction of the
Higgs contribution for the H → WW (∗) → llνν channel,
the data is separated in jet bins by the CMS and ATLAS
experiments [3, 4]. In the 0-jet bin, the dominant back-
ground is the non-reducible pp → WW production. In
the 1-jet bin, where each event is required to have exactly
1 jet in association with the two charged leptons and the
missing ET , also the backgrounds from top quarks are
large; mostly top pair and Wt production. For a reli-
able simulation of these backgrounds, including next-to-
leading order (NLO) QCD corrections in the calculation
is essential. In this letter, we present the top induced
background to Higgs production in the 1-jet bin, without
separating top pair and Wt production and thus keeping
all their interference effects. This requires the calculation
of the NLO corrections to the pp → e+νeµ−ν̄mbb̄+X pro-
cess in the four-flavour (4F) scheme, keeping the b quark
mass finite, which we present here for the first time.

The NLO corrections to the pp → e+νeµ−ν̄mbb̄ + X
process in the five-flavour (5F) scheme are known [5–7].
In the 5F scheme the mass of the b quark is neglected,
which means that the above process is not finite in fixed-
order perturbation theory without requiring phase-space
cuts on the final state b jets. Therefore, such a calculation
is not a complete description of the Wt and top pair
production processes and, moreover, it cannot be used
to estimate the top background in the 1-jet bin in the
H → WW (∗) → llνν measurement, where a veto on a
second jet is needed.

The calculation of the pp → e+νeµ−ν̄mbb̄ + X pro-
cess in the 4F scheme includes double top-quark resonant
production (“top pair production”), single top-quark res-
onant contributions (“W boson associated single top pro-
duction”) as well as non top-quark resonant contributions
( “b-quark associated llνν production”). In Fig. 1 three
representative LO Feynman diagrams are shown for this
process. The calculation includes all the interference ef-
fects between the various contributions, as well as all off-
shell effects. In the 4F scheme the b quarks are treated
as massive particles, the running of the strong coupling
is performed with four flavours and a 4F PDF set should
be used. Keeping the b quark massive in the calculation
implies that even in the absence of any phase-space cuts,
the perturbative expansion yields finite results. For the
NLO computation presented here, the complete O(αs)
corrections have been included without resorting to any
approximations.
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tions are obtained with MadLoop [10], which is based
on the OPP reduction method [11] and its implemen-
tation in CutTools [12]. The phase-space integration
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5 flavour scheme
Use a zero b quark mass
Initial state b-quark contributions 
usually ignored
Simpler calculation, because no b 
quark mass
Can only be used when both b-quark/
jets are tagged 
[Bevilacqua et al. (2011); 
Denner et al. (2011,2012)]

4 flavour scheme
Non-zero b quark mass
No initial state b-quark contributions: 
need 4FS PDFs for consistency
Also consistent when b-quark/jets 
escape detection
Contains tW production (and b-quark 
induced WW pair production) fully 
consistently 
[RF (2013); Cascioli et al. (2013)]
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ttbar off-shell 5FS: 
ttbar+jet @NLO

New NLO calculation for top pair + jet + di-lepton decay (and off-shell) effects

Contains double, single and non-resonant contributions

Particularly important when not fully inclusive over reconstructed top mass

signature:

charged lepton pair (different flavour)

missing energy

3 jets (of which some b-tagged)

major background in e.g. SUSY searches

Helac-NLO framework

Talk by Hartanto
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[Bevilacqua, Hartanto, Kraus, Worek (2015)]

Off-shell tt̄j production Overview of the calculation

Off-shell effects for tt̄j

tt̄j production at NLO QCD with tops decay leptonically O(α4
sα

4)

Diagrams with complete off-shell effects for top-quark and W boson
for gg initial state:

LO: 508
Real: 4447
Virtual: 39180 → 1155 hexagons and 120 heptagons
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ttbar off-shell 5FS: 
ttbar+jet @NLO — results

As expected, effects on total rate are 
negligibly small

Some large effects in shapes of distributions

e.g., lepton+b-jet invariant mass. 
Kinematical cut 153.3 GeV if tops and W-
boson exactly on-shell

Difference can be attributed mostly to 
radiation in production or decay smearing out 
the distribution

Genuine off-shell effects are smaller

Would be interesting to compare to NLO 
computation in the NWA [Melnikov, Scharf, 
Schulze (2011)] or parton shower
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Results: LHC 8 TeV Differential distributions

Differential distributions (2)
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ttbar off-shell 5FS: 
NLO EW

NLO EW corrections have also 
been computed for ttbar+decay 
(incl. off-shell)

Typically, EW corrections are small, 
but grow (negatively) in high-
energy tails of distributions

Just as for EW corrections to on-
shell top pair production, they 
remain modest even in high-
energetic tails

Talk by Pellen
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Figure 8: Differential distributions at a centre-of-mass energy
√
s = 13TeV at the LHC:

(a) invariant mass of the reconstructed top quark (upper left), (b) invariant mass of the

e+b system (upper right), (c) invariant mass of the reconstructed tt̄ system (lower left),

and (d) invariant mass of the b-jet pair (lower right). The lower panel shows the relative

NLO EW correction δ = σNLO EW/σLO − 1 and the relative photon-induced contributions

δ = σγg/σLO in per cent.

The rapidity distributions of the harder bottom quark and the reconstructed top quark

are shown in Figures 9a and 9b, respectively. The rapidity distributions of the other final

states exhibit flat EW corrections similar to the ones displayed in Figure 9a. Over the whole

rapidity range, the EW corrections are small and do not show any special features, while

the photon-induced contributions are somewhat more important at high rapidities. This is

particularly true for the rapidity distribution of the reconstructed top quark. There, the

photon-induced contribution accounts for up to 3% for large rapidities, i.e. for top quarks

that have been produced close to the beam, while the EW corrections do not vary over

the rapidity range considered here. The corrections for the distribution in the cosine of the

angle between the two charged leptons (Figure 9c) and the distribution in the azimuthal

– 18 –

[Denner, Pellen 2016]
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ttbar off-shell 4FS: 
NLO+PS

In the 4 flavour scheme WWbb production contains ttbar and Wt 
production in a consistent way

New result: NLO+PS for complete WWbb process

Requires special “resonance-aware” extension in the matching

Need consistency in “reconstructed” top quark mass between Born, 
real, shower (and shower subtraction terms), i.e., if the shower keeps 
mass fixed in emissions, so should it be at the level of the hard matrix 
elements

Extensions to POHWEG and MC@NLO matching algorithms 
developed for single top in POWHEG-BOX-RES [Jezo, Nason 2015] and 
MadGraph5_aMC@NLO [RF, Frixione, Papanastasiou, Prestel, Torrielli 2016]

Talks by Torrielli and Lindert
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ttbar in powheg box

Three levels of sophistication in POWHEG BOX for top pair 
production

ttbar NLO+PS; decays at LO [Frixione, Nason, Rudolf 2007]

ttbar and decay at NLO+PS; Reweighing with LO bb4l matrix 
elements [Campbell, Ellis, Nason, Re 2015]

bb4l NLO+PS-RES [Jezo, Lindert, Nason, Oleari, Pozzorini 2016]

Differences are small for inclusive observables

But very relevant for top quark mass extraction
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Important effects for top 
quark mass extraction

Significant shape distortions 
between current LHC default 
and best predictions

Might be 500 MeV effect on top 
mass extraction

25

[Jezo, Lindert, Nason, Oleari, Pozzorini 2016]

Also differences between the two 
recent more sophisticated 
methods

Might be 100 MeV effect on top 
quark mass
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tation function and a softer pB
T,dec distribution. The pattern we observe for the structure
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The NLO distribution in the mass of the reconstructed top was also examined in Ref. [35]

(sec. 3.2, Fig. 3). There, the ttb NLO dec fixed-order NLO result was compared to the

fixed-order NLO result of Ref. [38], and the former was found to be enhanced by about

10% in a region of roughly 1 GeV around the peak. This comparison was carried out with

massless b quarks, since mass e↵ects were not available in Ref. [38]. We computed the same

distribution and carried out the same NLO comparison, using however the bb4l generator

instead of the result of Ref. [38] and taking into account b-mass e↵ects. Again, we find the

same enhancement in the ttb NLO dec NLO result. However, in the fully showered result

we see instead a small suppression of the peak in the ttb NLO dec relative to the bb4l

generator, suggesting that the NLO di↵erence tends to be washed out by showering e↵ects.

We examined several distributions involving b-jets (here again we average over the

b- and b̄-jet contributions). We found no appreciable di↵erence for the b-jet transverse

momentum, while we did find significant di↵erences in the jet mass and the jet profile,

displayed in Fig. 8. Both plots indicate that the bb4l generator yields slightly wider b-jets

as compared to the ttb NLO dec one.
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Top quark charge asymmetry

QCD has interesting non-trivial effects beyond 
lowest order in perturbation theory

Tests of SM 

A typical example is the top quark charge 
asymmetry

Extensively studied at Tevatron due to tension 
between theory and data. Latest NNLO 
results show much better agreement with data

At LHC effect is visible in difference in 
rapidities for tops and anti-tops

Another non-trivial effect that appears beyond 
lowest order is the naive-T-odd asymmetry

26

Charge	asymmetry�
•  SM	QCD	high-order	processes	
introduce	charge	asymmetry	
•  Only	from	quark-induced	top	producGon	

• Observables	at	the	LHC	
•  M	charge	asymmetry	

	
•  Leptonic	charge	asymmetry	(dilepton)�

Ki	Lie	(U.	of	Illinois)	 Top	pair	producGon	and	properGes	in	ATLAS,	QCD@LHC	2016	 26	

NLO	QCD	predicGon:	
AM̄

C	=	0.0111	±	0.0004	
All

C	=	0.0064	±	0.0003	
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FIG. 1: The inclusive asymmetry in pure QCD (black) and
QCD+EW[28] (red). Capital letters (NLO, NNLO) corre-
spond to the unexpanded definition (2), while small letters
(nlo, nnlo) to the definition (3). The CDF/DØ (naive) av-
erage is from Ref. [29]. Error bands are from scale variation
only. Our final prediction corresponds to scenario 10.

ing in eq. (3).] The first definition, eq. (2), uses exact re-
sults in both numerator and denominator of eq. (1), while
the second, eq. (3), is the expansion of the ratio eq. (2) in
powers of αS . (Such an expansion is not, strictly speak-
ing, fully consistent since the αS expansion is performed
after convolution with pdf’s. Nevertheless, following the
existing literature, we consider it as an indication of the
sensitivity of AFB to missing higher order terms.)

In the present letter, we present differential asymme-
tries with the unexpanded definition (2) and without EW
corrections (see figs. 2,3,4). The inclusive asymmetry,
see fig. 1, is computed with both definitions (2) and (3)
including EW corrections. (EW corrections to Di are
neglected since EW effects to the total cross-section are
very small O(1%), see Refs. [57–61].) The numerator
factor NEW is taken from Table 2 in Ref. [28]. (We have
checked that the different pdf and mt used in Ref. [28]
have negligible impact on the QCD numerator N3 and
so we expect the same to hold for NEW.) Only for the
inclusive asymmetry we determine the scale variation by
keeping µR = µF (since the scale dependence of NEW is
published [28] only for µR = µF ). (We have checked that
for the pure QCD corrections to the total asymmetry the
difference with respect to scale uncertainty derived with
µR ̸= µF variation is negligible.) We also note that the
scale variation of AFB is derived from the consistent scale
variation of the ratio, i.e. both numerator and denom-
inator in eqs. (2) and (3) are computed for each scale
value.
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The highest bin contains overflow events.
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FIG. 3: As in fig. 2 but for the Mtt̄ differential asymmetry.
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DISCUSSION AND CONCLUSIONS

In fig. 1 we observe that the central values of the ex-
panded (3) and unexpanded (2) definitions of inclusive
AFB differ significantly at NLO but less so at NNLO.
While the unexpanded definition (2) closely resembles
the experimental setup, the consistency of the two def-
initions within uncertainties renders the question about
the more appropriate choice largely irrelevant. We also
note the small scale error for the expanded AFB defini-
tion (3) in pure QCD at both NLO and NNLO, which
appears too small to be realistic. The inclusion of EW
corrections, however, breaks this pattern and brings the
scale dependence in line with the unexpanded definition

[Kuhn & Rodrigo; 
Bernreuther & Si; 

Czakon, Fiedler & Mitov]



Rikkert Frederix

Naive-T-odd asymmetries in 
radiative top decays - I

Interference between tree-level and one-loop contributions gives rise to 
naive-T-odd asymmetries

Naive-T-odd observables change sign under operation of reversing 
both spatial momenta and spin of all particles, but not interchanging 
initial with final state

Effect coming from abortive part of scattering amplitudes

Never been measured at hadron colliders

Should also appear in top quark decays + 1 jet

27
(a) (b) (d) (e) (f)(c)

Figure 2: Feynman diagrams for the t → bWg decay [30]. The top two are the tree level diagrams,
and the bottom six are the one-loop level diagrams contributing to the absorptive part of the
amplitudes.

These are the energy fraction of b, W and g, respectively, and satisfy the energy conserva-

tion condition, z1 + z2 + z3 = 2. The kinematically allowed region is given in the (z1, z2)

plane by

2y ≤ z1 ≤ 1 − x2 + y2, 2x ≤ z2 ≤ 1 + x2 − y2,

(z2
1 − 4y2)(z2

2 − 4x2) −
[

2 + 2x2 + 2y2 − 2z1 − 2z2 + z1z2
]2 ≥ 0, (2.7)

with x = mW /mt and y = mb/mt.

The mass of the b-quark is kept to be finite (mb = 4 GeV) for the tree-level calculation.

However, as we will see later, the effect of the mass is negligible. Thus, for the calculation

of the T -odd distributions, we take the mb = 0 limit, which simplifies the framework of

the one-loop calculation. In the case that we ignore the b-quark mass, there appears a

kinematical singularity in the z2 → 1 + x2 limit, when the b-quark and gluon momenta

are collinear. An infra-red (IR) singularity also exists at z3 → 0, where the emitted gluon

becomes soft.

Let us now present the density matrix for the t → bWg decay, dΓt
λλ′ in Eq. (2.1). The

matrix elements of the t → bWg decay are expressed as

iMλ =
−iggs√

2
taVtb ū(pb,σb) T µα u(pt,σt) ϵ∗µ(q,λ) ϵa∗

α (pg,σg), (2.8)

where g and gs are the weak and strong coupling constants, ta is the SU(3) color matrix,

and Vtb is the Cabibbo-Kobayashi-Maskawa (CKM) matrix element. The tensor T µα is a

4 × 4 matrix in the spinor space. The leading contribution to the real part of T µα comes

from the tree diagrams [28, 29], while the imaginary part appears first in the one-loop

diagrams. All the tree and the one-loop diagrams needed in our analysis are shown in

Fig. 2. We give details of our calculation of T µα in the appendices.

Factorizing the color factor and the coupling constants, we define the reduced density

matrix Hλλ′ as
∑

MλM∗
λ′ = 4

√
2πGF αsm

2
W |Vtb|2CF · Hλλ′ . (2.9)
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Naive-T-odd asymmetries in 
radiative top decays - II

Where to look?

Probably easiest to see by considering the 
top decay plane

There should be an asymmetry in the 
decay plane of the W-boson: not the same 
number of events with 0<φ<π and π<φ<2π

Effect is a couple of percent, depending on 
the angle between the bottom and the gluon

Errors are statistical only for 800k top quark 
events

Interesting to see what can be done with 
current data set

Similar asymmetry also appears in W/Z+jets 
[RF, Hagiwara, Yamada, Yokoya, 2014] 28

2. t → bW+g decay density matrix

The decay rate of the process (1.1) can be expressed in terms of the t → bWg decay and

the W → ℓν decay density matrices in the narrow width approximation of the W boson,

dΓ =
∑

λ,λ′

dΓt
λλ′

1

ΓW
dΓW

λλ′ , (2.1)

where ΓW is the total decay width of W boson, and λ, λ′ = ±, 0 denote the W -boson

helicity. The 3 × 3 W -polarization density matrix for the W+ decay reads

1

ΓW

dΓW
λλ′

d cos θ dφ
= Bℓ

3

8π
Lλλ′(θ,φ) (2.2)

with the decay branching fraction Bℓ = B(W → ℓν) and

Lλλ′(θ,φ) =

⎛

⎜

⎜

⎝

(1+cos θ)2

2
sin θ(1+cos θ)√

2
eiφ sin2θ

2 e2iφ

sin θ(1+cos θ)√
2

e−iφ sin2 θ sin θ(1−cos θ)√
2

eiφ

sin2θ
2 e−2iφ sin θ(1−cos θ)√

2
e−iφ (1−cos θ)2

2

⎞

⎟

⎟

⎠

. (2.3)

Here, the 3×3 matrices are for λ, λ′ = (+, 0,−), and the polar and azimuthal angles (θ,φ)

of the charged lepton are defined in the rest frame of the W boson, where the z-axis is

taken along the W momentum direction in the rest frame of the top quark. The x-axis

(θ = π/2, φ = 0) is in the t → bWg decay plane as explained below.

Before we show the t → bWg density matrix dΓt
λλ′ , we define the kinematical variables

for the process

t(pt,σt) → b(pb,σb) + W+(q,λ) + g(pg,σg), (2.4)

where the four-momenta of each particle are defined in the top rest frame as

b

g

ℓ+

φ

t

W +

νℓ

θ

Figure 1: Schematic view of the coordinate sys-
tem for the t → bW+g decay, followed by the
W+ → ℓ+νℓ decay.

pµ
t = (mt, 0, 0, 0),

pµ
b = (Eb, pb sin θ̂, 0, pb cos θ̂),

qµ = (EW , 0, 0, q),

pµ
g = (Eg, pg,x, 0, pg,z). (2.5)

Helicities of each particle, σt, σb, λ and σg,

are also defined in the top rest frame. The

z-axis is taken along the W boson momen-

tum, and y-axis is along q⃗× p⃗b, the normal

of the decay plane; see Fig. 1.

We define the dimensionless variables as

(z1, z2, z3) ≡
(

2pt ·pb

m2
t

,
2pt ·q
m2

t

,
2pt ·pg

m2
t

)

=

(

2Eb

mt
,
2EW

mt
,
2Eg

mt

)

. (2.6)
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Figure 7: (Left) Estimation of the event yields for the LHC one-year run is shown in each bin
defined in (3.5). (Right) Up-down asymmetries AUD defined in Eq. (3.4) for the eight bins (top and
middle) and AUD for the case without b-tagging (bottom). cos θbg is the opening angle between the
two jets in the top rest frame. Error bars are estimated for the expected event yields shown in the
left figure.

angle θbg, as is expected from the z1 and z2 dependences of A7 in Fig. 5. The asymmetry

reaches 3% at the bin-(I) where, however, the event yield is not high.

In the bottom plot in Fig. 7 (right), we also consider the case where the top-pair

productions are identified without a b-jet-tagging. In this case, instead of defining y-axis

by the direction q⃗ × p⃗b, we define the y-axis along q⃗ × p⃗j1, where pj1 is the momentum of

the jet whose energy is large than the other in the top-quark rest frame. This asymmetry

corresponds to AUD for z1 > z3 (top) minus AUD for z1 < z3 (middle). Because of the

cancellation, the magnitude of the asymmetry decreases, but it remains finite even without

b-jet identifications.

4. Polarized top-quark decays

Although we have considered the decay of unpolarized top-quarks so far, the top-quarks

produced singly by the electroweak interactions at hadron colliders or the top-quark pairs

produced in e+e− colliders can be highly polarized. Therefore, it may be useful to analyze

the polarized top-quark decay.

In this section, we show that, when a top-quark is polarized, i) there exists another

type of T -odd observable, the angular correlation between the top-spin direction and the

top decay plane, and ii) the lepton angular distributions discussed in the previous section

are modified3.

First, we discuss another type of T -odd observable in radiative decays of the polarized

top-quarks, namely, the angular correlation between the top-quark spin and the decay

plane.
3We thank the referee of this article for pointing out the existence of another T -odd observable in the

polarized top-quark decay, and suggesting its relation to the normal polarization in the top-quark pair-

production.
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small contribution. On the other hand, the main contribution for A8 comes from the

diagrams (c)+(f), while for A9, the contributions from (a)+(d) and (c)+(f) are comparable

in size.

3.3 Up-down asymmetry for the LHC experiment
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Figure 6: (Left) The contri-
bution to the A7 asymmetry
for 0.55 < z1 < z1max from
the individual one-loop diagrams.
(a)+(d), (b)+(e) and (c)+(f)
contributions in Feynman gauge
are plotted in dashed, dotted and
dotted-dashed line. Total asym-
metry is also plotted in solid line,
as a reference.

In order to help finding an evidence of the T -odd asym-

metries in experiments, we discuss a simple observable for

the T -odd asymmetry. We define the up-down asymmetry

AUD with respect to the top decay plane as

AUD ≡ [N(0 < φ < π) − N(π < φ < 2π)] /Nsum. (3.4)

It is defined as the asymmetry between the number of

events having the charged lepton momentum with posi-

tive and negative y component. AUD reflects the property

of A7, since sin θ sin φ is positive for 0 < φ < π while neg-

ative for π < φ < 2π.

We estimate AUD, and its statistical errors for 820,000

top-quark signal events which is expected at the LHC one-

year run with L = 10 fb−1 after the event selection for

the single lepton plus jets channel pp → tt̄ → bb̄WW →
bb̄(ℓν)(jj) [31]. Taking into account the fraction2 of t →
bWg events that satisfy the kinematical cuts in Eqs. (3.1)

and (3.2), a sample of about 72,000 events for t → bWg

followed by W → ℓν would be expected. In Fig. 7 (left),

we display the distribution of the event sample in the z1-z2

plane. In order to see the T -odd asymmetries effectively, we divide the kinematical region

into eight bins using the jet-energy ordering and the opening angle between the two jets in

the top rest frame as

(I) z1 > z3 cos θbg < −0.5, (V) z1 < z3 cos θbg < −0.5,

(II) z1 > z3 −0.5 < cos θbg < 0, (VI) z1 < z3 −0.5 < cos θbg < 0,

(III) z1 > z3 0 < cos θbg < 0.5, (VII) z1 < z3 0 < cos θbg < 0.5,

(IV) z1 > z3 0.5 < cos θbg, (VIII) z1 < z3 0.5 < cos θbg. (3.5)

In the figure, the number of events in each bin are given in an unit of thousands. As in

Fig. 3, a large number of events is expected for the region where both z1 and z2 are large,

namely (III) and (IV).

The top and middle plots in Fig. 7 (right) show the up-down asymmetries with expected

statistical error-bars for each of the eight bins, for the LHC one-year run. The error is

estimated from δA =
√

(1 − A2)/Nsum for each bin. The magnitude of the asymmetry is

larger for the (I)-(IV) bins than for the (V)-(VIII) bins, and increases with the opening
2For the total decay width of the top quark, we use the calculation including the O(αs) QCD correc-

tions [26].

– 9 –
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Summary

Highly accurate measurement need to be accompanied by similarly accurate 
theoretical calculation
Some tension remains in the top pT spectrum even with NNLO results. Needs to 
be understood…
Many interesting new theoretical calculations

ttbar+3jets at NLO
combined NNLO QCD and NLO EW corrections
Single top NNLO + decay at NNLO in NWA
Many results for tops including off-shell effects

including matching to parton showers
and many more …

Might have enough top events to look at very small effects, such as the naive-T-
odd asymmetry in the decay

29


