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Overview

Mprot ™~ e_l/(2b092) =0+0 x g2 + 0 X g4

non-perturbative

Locp
lattice w.

2
9o, My,0, 14,05 - - -

also need a
<—— non-perturbative definition
for a

a(my)

( and quark masses ...)



Definition of QCD COUpIing (an example, non-perturbative)

r=[x—y|
3 1 ;‘ {,
aqq(k) = —~Foolr), 1= - SR
| A




Definition of QCD COUpIing (an example, non-perturbative)

r=[x—-y]

3r? 1 > Y

Olgqq (1) = 1 Foo(r), o= g = g
Y A

then
Qqq (i) = agpg (i) + 610412\4—8(,@ + ... ! g A
T \ perturbatively defined
always by such relations
(non-perturbatively)
defined makes sense for a < 1

physics!



Definition of QCD COUpIing (an example, non-perturbative)

r=|x-yl

-

o
=
N
ek
Ol «

A OO«

here just one particular
short distance observable (definition)

There are many definitions.

Equivalent at small a.




QCD coupling, energy dependence
g,

RGE: uzfE = pB(g) g(n)? = 4ma(p)
8@) =° -8 {bo+ bz’ + bt +...)
bo = Gy (11— 5N)

Asymptotic freedom

u = energy = physical



QCD coupling, energy dependence

: 0.
RGE: ugE = () g(n)? = dma(p) ‘

B(g) <7~ {bo+ b1g® + bt + ...}
bo (11 — 2Ng)

(4 (4m)?

A-parameter (g = g(1)) = Renormalization Group Invariant log(u)
— Intrinsic scale of QCD = integration constant of RGE

2 _2 g
AN = ,u(bog2)_b1/2boe_1/2bog exp{/ dg[ﬁ(g) | bog ]}
0

g=g(p)




QCD coupling, energy dependence

2"
RGE: 38 = (@) B(uf = dral)
B(g) <7~ {bo+ b1g® + bt + ...}
bo @y (11— 5N)
A-parameter (g = g(1)) = Renormalization Group Invariant log(u)
— Intrinsic scale of QCD = integration constant of RGE
N M(bog_Z)—b1/2bSe—1/2bo§2 exp {/g dg[ﬁ(g) | bog ]}
0

singular behavior



QCD coupling, energy dependence

2"
RGE: 38 = (@) B(uf = dral)
8(g) <7 2 {bo+ big + bagt + ...
bo @y (11— 5N)
A-parameter (g = g(u)) = Renormalization Group Invariant log(u)
— intrinsic scale of QCD = integration constant of RGE
N M(bog_Z)—b1/2b§e—1/2bo§2 exp {/g dg[ﬁ(g) | bog ]}
0

singular behavior convergent for g -> 0



scheme (=definition) dependence
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scheme (=definition) dependence
g=0ns 2 A=Myg, G=gaq > A=1Ngq

Asig/Aqq = exp (c1/(2bo))
1

exactly known

(qq(p) = ogps () + crogg(p) +

A Is our main goal

uncertainty: — g(u) non-perturbative

— PB(g) perturbative, (n+1)-loop
= AA/A~[a(p)”




Remark on perturbative errors in a (or A\)

generally control by

high orders in PT
and large u



Remark on perturbative errors in a (or A\)

also relevant

Lattice Phenomenology
Euclidean move Euclidish
is an advantage by
PT works smearing, inclusiveness

moments
large 1 by SSF method



Limitations of lattice computations FIAG2013

Observable with energy/momentum scale p
O(p) = lir% Olat(a, 1) with p fixed
a—
avoid finite size and discretization effects

L > hadron size ~ AééD and 1/a> u

L/a>> p/Aqep ' _
11

n <& L/iax Aqgep ~ 5 —20GeV

\ ,
1 — 3GeV at most, in conflict with % ~ {a(u)}"
a challenge!
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should have a?u? < 1 to take continuum limit



Challenge

ags (1)
0.5+ —a=0.1fm
—a=0.075fm
0.4 —a=0.05fm
=03 . o
S | —contthguim limit
0.2
0.1_4 ........................................................ Contlnuum Ilmlt
Oo 0.5 1 , 1.5 > -
(au) a”

should have a?u? < 1 to take continuum limit
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Results reviewed by FLAG2016
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Results reviewed by FLAG2016
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using step scaling strategy



New results: ALPHA 2016

@)

o PACS-CS09A
o ALPHA(2016)SF
> ALPHA(2016)GF

0 005 0.1 015 02
(aw)

00000 O

continuum limit with good accuracy



Our Strategy to meet the Challenge ALPHA

Collaboration



Our Strategy to meet the Challenge ALPHA

Collaboration

> finite volume: u=1/L, with L/a » 1 get y2a2 « 1 for any u
finite volume (fv) as a probe of short distance

fv Is essential part of the definition of the short distance observable

finite size scaling



Our Strategy to meet the Challenge ALPHA

Collaboration

finite volume: u=1/L, with L/a » 1 get y2a2« 1 forany u

step scaling
Lame,
d
a4 )
same L /
)
2
same 9 (L))\ same
but
4smaller>
a!

needs L/a » 1, not more:

g2(2L,a/L) =
g2(2L,1/4)

g2(2L,a’/L) =
g2(2L,1/6)

ﬂ extrapolate

g2(2L,O) continuum



Our Strategy

finite volume: u=1/L, L/a> 1 atany u

step scaling function (SSF): §°(2L) = o(g*(L)) = lim X(2,u,a/L)

(discrete B-function) a/L—0
2(2,u,1/4)
g*=u
g5 g
| Uscher, Weisz, Wolff, "91
| (ischer, Narayanan, Weisz, Wolff, ’92 %(2,u,1/6)
| Uscher, S., Weisz, Wolft, '94
ALPHA g°=u

Collaboration

(g0)* (g0)*




Running to (almost) any scale non-perturbatively



Running to (almost) any scale non-perturbatively

T AN T | T@
) T @ | )
time T '
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Running to (almost) any scale non-perturbatively
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Now: Nf=3 ﬂclﬁIZI{A
with up, down, strange (others: see later)

two different schemes

Gradient flow Schrodinger functional
200 MeV « 8 GeV 4 GeV + 200 GeV
6 - 2.3 ngEIimaio\ika/g,uEVVé) R
7’ x &
5l 2.2+ i

/5’
Al . 21 ©
"0 (a/L)
3 /
20 [l 8 Bl
1 oo

10 100 1000 /A



Now: Nt=3 (hadronic world and running) ALPHA
with up, down, strange; others decoupled

two different schemes

Dirichlet bc’s (= can use massless schemes)

Gradient flow Schrodinger functional

dB,(t,x)
dt

A (2)]zo=0 = Cr(n,v),  Ap()|zo=r = Cr(n, )

— DVGVM(tv z), BM(Ov T) = Au(l’)

?

G, (t,z) =0,B o,B, + |B,,B,] Ch L[diag(—w/S,O,w/g)_|_77()\8_|_V)\3)
N2 NS/ — UnlLrv — Uvpu wy Puv .
Yoy B B B
9er(1/L) = N7 e)(tr [Gij (o, 1) Gij (0, t)] C = 7 ldiag(—m,7/3,2m/3) = n(As — vA3)].
V8t=cL;xq=T/2 197 1
<8775|?7:O> = — = 1271'[_—2 — V@]

9u 9

similar to Casimir effect

non-perturbative definition of background field (BF)
= classical solution with these bc’s
spatially constant, abelian



Now: Ni=3 (hadronic world and running) ALPHA

with up, down, strange; others decoupled

Collaboration

two different schemes

Gradient flow Schrodinger functional

200 MeV « 8 GeV

4 GeV « 200 GeV

high precision in MC high precision at small g
significant a2 effects small a2-effects

2-loop (universal)B-function  3-

oop B-function

2-loop a-effects
| Uscher, 2010 |_Uscher, Weisz, Wolff, 91
|_Uscher, Weisz, 2011 |_Uscher, Narayanan, Weisz, Wolft, '92
~ritzsch, Ramos, 2013 | Uscher, Sommer, Weisz, Wolff, '93

Sint '93



First: Schrodinger functional scheme ALPHA

Collaboration

arXiv:1604.06193

two dif t schemes
Gradient flow Schrodinger functional
200 MeV « 8 GeV 4 GeV + 200 GeV
6 - 2.3 ngEIimaio\ika/g,uEVVé) R
7 x s
5l 2.2+ i
/j’/
4_ . 21 ©
20 (a/L)
3 /
2 Pon (L) (3 Gér (Lewi)
1 oo

10 100 1000 /A



Continuum limit a(g?)= 2(g2,0) in small g2 region

: \ I I I I \ I I I I \ I I I I \ I I I I \ I I I I \ I I I I :
1.22 | W i
[ -
1.20 |- i
@ —————————— & s
s 1.18F7 -
) : ’
< 1.16 B ¥
S B
N N S
CalE s -3 [l
:*§ L) [
112 « = s s
[« = ¥ 5
1.10 f** : 'y =
\

0 0005 001 0015 002 0025 (q/[)
x2 of global fits is good - continuum limit is precise

constant continuum extrapolation has larger errors
due to propagation of boundary improvement error



Determination of A Lo

((((((

step scaling (from up=2.012)

001000 A

G°(1/Lo) =up, up =o0(upp1), non-pert
LoA = 276" (/i)

0s(3s) = (boga) "/ B0t/ (2000)

)
ng?’ bix

\QI

use perturbative B(g) in X 6Xp § —




Determination of A Lo

step scaling (from up=2.012)

G°(1/Lo) =up, up =o0(upp1), non-pert
LoA = 27 P" (\/uy,)

0s(Gs) = (bog?) 01/ (200) =1/ (2b0g;)

s
1 1 b1
{4 _
X exp{ / x [53(56) -+ bo? b%x] }
0

A\ independent of n ? < excellent check of accuracy of PT



Results for A Lo

0.033 [ Py =-0.5

0.032 | T }

0.029 |

- T o) )
< 0.031] e 7.4 g —
~ - b N =k i

::::-'-'“l"“"-'-' . LA < % ...... % ¢ V::

0.030 . | | :

A I I N N SN I I N S [ N S I I N A I I [ N S NN (NN Y N A B

0 0.005 0.01 0.015 0.02 0.025 0.03
o’ (p=1/Ly)

3% accuracy at « = 0.1 !

also for non-standard schemes: v=- 0.5, v=0.3

at « = 0.2 this is not so!

0.3



Very high precision quantity: w

0.14
3 0.13
0.12

0.11

gz g

1 1

= — — v xXw(g)

2

dy,...,dy
dq,...,ds

—— two-loop PT

N N T N O N S N

|

T T T NN T N N S N

0.02 0.04

0.

x x L1
06 0.08 0.1 0.12

8

deviation from PT ata =0.19 :

(w(g?) — v1 — v2G°)/v1 = —3.7(2) &*

not small, does not look perturbative

statistically very significant




Now: Gradient flow scheme ALPHA

Collaboration
arXiv:1607.06423

two different schemes

Gradient flow Schrodinger functional
200 MeV « 8 GeV 4 GeV + 200 GeV
6 - 2.3 ngEIimaio\ika/g,uEVVé) R
7’ x &
5l 2.2+ i

/iz
Al . 21 ©
"0 (a/L)
3 /
2 Felle)] % (T
1 oo

10 100 1000 /A


http://arxiv.org/abs/arXiv:1607.06423

Continuum limit a(g2)= 2(g2,0) in large g2 region

22 — | |
E Fit
Continuum +F—=—
I Data F—e—
2 _
[} t
+
1.8 + —
= 3
K
5 y 3
5:1.6 — 3
N . 3 - -
o
1.4 + * - -
T
m = = *
o * x X
1.2 = - = -
=
=
| | | | | | | |
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

(a/L)’

x° of global fits is good - continuum limit is precise
~ 12 pages discussion in the paper (slopes are significant!)



p-function from a(u)= 2(u,0) (u=g?)

log(2) = —/md—x :/mdxp(ﬁ)

vu Bl VU 3
po | 1 1]  m o(u)] e n—l—l
— L A
2 |o(u) u| + 2 6 ou Z

> fit directly to a parameterization P(x?)




Results (1): the non-perturbative B-functions

[ T [ A | | [ A
0 b — — — _ _ | %—%oop _
_Oop — — o
B Schrodinger Functional
0.5 radient Flow . _
l ALPHA
—1 k= ~ Collaboration |
| 0
—1.5 —
< —{ —0.05
—~ _2 | |
> - — —0.1
Q.
—2.5 —
— — —0.15
-3 \ _
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—3.5 \ _
— ~ —0.25 \
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Results (1): the non-perturbative B-functions

~ Mz ~ M. ~ 200MeV
[ T [ A | | [ A
0 b — — — _ _ | %—%oop _
— Oop — — .
i Schrodinger Functional s
radient Flow s —

ALPHA

Collaboration

B | AN _
—bo L - —0.05 |
ClN 4 —0.1 -
Q.
—25 - -
: - —0.15
3-loop is accurate \ _
. . - —0.2 \
in this scheme \ \ )
o 3y —0.25 \
-4 L | | | | | _03 \\ N
1 I I I I




Results (1): the non-perturbative B-functions

| T | A ! | [ A
0 b — — — _ _ %-%oop _
_— OOp — — .
\ Schrodinger Functional s
radient Flow s —

ALPHA

Collaboration

0 N
- | NP ~ 1-loop
o 7 —0.05 not 2-loop
S 2L 4 —o0.1 7
Q.
—2.9 |
) — —0.15
3-loop is accurate \ _
. . - —0.2 \
in this scheme \ \ )
o Y —0.25 \
-4 L | | | | | _0.3 \\ |
1 I I I I




Connection to hadronic world: CLS Ensembles

simulations: Tr M, = const.

other trajectories Mg

1
* ¢4 = Stg(mi + §m727) = const.

2

1
° mi+ 5My

2
K

* shift there (small
shifts in masses)

— const.

physical point:

m/ fare = phys. mi/firx = phys.

6/_‘\9«%/5 ; @&»:’r

large volume!

—  dy=1.11(2)

[St?)ymm] — 0-4130(45) fm GF scale [Ltscher "10]

M, =Wy



Connection to hadronic world: ...

Py=1

.11 trajectory

Continuum extrapolation fit

Viofrx = F"(¢2) +c

light quark mass dependence

0.116 |
0.114
0.112}
M 0.110

g 0.108

0.106 |-
0.104

0.102
0.100

Fcolht (gb )

4z 'FNLO ChPT

Frsymm i kl [¢2

cont

(¢2)

physical O pOi

02 03 04 05 06 0.7 08
P2

qbg — 875()”?,72T

1
M)

¢y = 8tg (mi + >

fwK —

2 1

a-dependence at symm. point

0.116 |
0.114 |
0.112F
0.110 |
0.108 |-
0.106 |-
0.104 |
0.102 |

0.00 005 010 015 020 025 030 035 0.40
2/t0



Connection to hadronic world

Ayis Lmax /g™ 1

AM—S —— X ASFLO X X X

ASF LO Lmax t%ym

/8EY™ = 0.4130(45) fm «— (fx + fr/2)FPC
G2 (Lmax) = 11.31 definition
G2 (Ly) = 2.012 definition

L maX/ t(s)ym

(3) _
— AS) = 332(14)MeV



Connection to hadronic world

tsym

Lmax

BEY™ = 0.4130(45) fm «— (fx + fr/2)FPC

G2 (Lmax) = 11.31 definition
G2 (Ly) = 2.012 definition
LmaX/ t(s)ym N
(3) 3
— AZ) = 332(14)MeV 2

0.1

0.2

0.3



Connection to hadronic world

A IMS o Aap Lo X Lmax X ty X !
MS = sFLo =
M ASF LO Lmax t%y

BEY™ = 0.4130(45) fm «— (fx + fr/2)FPC

G2 (Lmax) = 11.31 definition
G2 (Ly) = 2.012 definition
Lmax/ t(s)ym s N r.er o ‘ L ‘ | | | | % |
1_?'1; --::*_:-_:-_%:'-E- F.__-f """" "I" ______________
(3) _ ae T
— AL = 332(14)MeV -
a2/t3yr




Results (2): the value of as(mz)



Results (2): the value of as(mz)

Perturbative conversion Ni=3 — Ni=5



Results (2): the value of as(mz)

Perturbative conversion Ni=3 — Ni=5

Use relation of A-parameters [tomuiae: of. Bruno et al., Pos LATTICE2015 (2016) 256]
input: me(Me), Mo(Mmp) from PDG

AL = 289(14)MeV, ALL =207(11)MeV,

— MS
s (my) = 0.1179(10)(2)

Error n (= loops) ar n - Qn-1
estimate

2 0.11670 -

3 0.11771  0.00109

4 0.11787  0.00016

5-loop f(g) 0.11794  0.00007

P.A. Baikov (SINP, Moscow), K.G. Chetyrkin, J.H. Kihn (KIT, Karlsruhe, TTP)
arXiv:1606.08659



http://inspirehep.net/author/profile/Baikov%2C%20P.A.?recid=1472834&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22SINP%2C%20Moscow%22&ln=en
http://inspirehep.net/author/profile/Chetyrkin%2C%20K.G.?recid=1472834&ln=en
http://inspirehep.net/author/profile/K%C3%BChn%2C%20J.H.?recid=1472834&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22KIT%2C%20Karlsruhe%2C%20TTP%22&ln=en

Preliminary result for

(3) _
AL = 332(14)MeV

asrs(my) = 0.1179(10)(2)
A
™~
using 3-flavor theory (decoupling; Ni=3 — N¢=5 from PT)

error
budget:



Preliminary result for

(3) _
AL = 332(14)MeV

asrs(my) = 0.1179(10)(2)
A

N

using 3-flavor theory (decoupling; Ni=3 = Ni=5 from PT)

quantity value  error rel. err. comment
A Lo 0.0791  0.0021  0.026 arXiv:1604.06193
Log723/(2L0) 1 0.0080  0.008 scheme change
error arXiv:1607.06423
. s(11.31,2.6723) 10.93  0.21 0.019 scale factor
budget: ”
tO,symm/L11-31 0.1420 0.0036  0.025 preliminary, Lat16
[8to.symm]/? [fm]  0.4130 0.0045 0.011  at ¢4 = 1.11
preliminary, Lat16
tool2 [GeV]  1.3514  0.0146  0.0108  at ¢g = 1.11
A [GeV] 0.332  0.014  0.042
preliminary, Lat16
a(myz) 0.1179 0.0010 0.009 =+ 0.00016 = conversion error
a(mg) 0.1177 0.0010 0.0085  3-loop conversion
a(mg) 0.1179 0.0009  0.0085  5-loop S-function
A [GeV] 0.336  0.019 FLAG3 [ arXiv:1607.00299]




Preliminary result for

(3) _
AL = 332(14)MeV

Qg (my) = 0.1179(10)(2)
A—

~~
using 3-flavor theory (decoupling; Ni=3 — Ni=5 from PT)

agrees well with PDG non-lattice: 0.1175(17)

agrees well with FLAG16 (lattice): 0.1182(12)

also with FLAG13 (lattice): 0.1184(12)



Conclusions

errors of (asymptotic) series expansions are difficult to
assess

at a=0.2: we have examples where a=0.2 does not lead to
an accurate perturbative result
— more generally, this may be a reason for differences
in determinations in a(m;)
— also a reason for caution in some phenomenological
uses of PT, eg. in flavor physics

at «a=0.1: PT Is accurate

- SSF technology allows to get there

+very accurate prediction for LHC



Conclusions

> errors of (asymptotic) series expansions are difficult to
assess

» at a=0.2: we have examples where a=0.2 does not lead to
an accurate perturbative result
— more generally, this may be a reason for differences
in determinations in a(m;)
— also a reason for caution in some phenomenological
uses of PT, eg. in flavor physics

> at a=0.1: PT is accurate Euclidean
one scale observable

* SSF technology allows to get there  FREVAR, power correction

- very accurate prediction for LHC VAVATRES




Thank you



Backup



Change of N
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Figure 6: The mass-dependence P at 1-loop formula and at 4-loop (left) as well as 2,3,4-loop
correction normalised to the 1-loop approximation (right) for the case Nq =4, N} = 3.

(N:—1)
P = A
A (Ve)

it Is harmless in perturbation theory



The SF scheme - basic definition

M. Lﬁschér, R. Narayanan, P. Weisz, and U. Wolff, Nucl.
Phys. B384, 168 (1992), arXiv:hep-lat/9207009 [hep-lat].

M. Liischer, R. Sommer, P. Weisz, and U. Wollff, hep-lat/9309005

Dirichlet bc’s
Ak(x)‘ZIZo:O — Ck(nay)v Ak('CC)‘:Uo:L — 012(77»”)

- %[diag(—ﬁ/S, 0,7/3) + n(As + vAs)

(A
= E[dlag(—w,w/S, 2m/3) — n(Ag — vA3z)].
127 1

(OnSln=0) = ? — 1277[g_2 — v ]

Ch

Cr

similar to Casimir effect

non-perturbative definition of background field (BF)
= classical solution with these Dirichlet bc’s
spatially constant, abelian

each value of IV : a different scheme



The GF scheme - basic definition

dB, (t
MCZ(t,a:) = D,G,,(t, ), B,(0,z) = A,(x)

G, (tz)=0,B,—0,B,+ |B,, B,
ger(1/L) = PN~ (e)(tr [Gyj (0, t)Gij (o, t)]

8t=cL;xo=T/2




Continuum limit of 2 Ni=3 from now on

1.22
1.20 |
J; S 3 s
s 1.18F*
~ i
- i [)
S 116 E N
S B
A IR ——
1.14 *§ I —% (3
:*E‘ ****** () T
112+« = 2 5
o+ = —3 s
1.10*® * ) =
““““““““““““““““

linear in a/L discretisation errors suppressed by Symanzik
improvement (boundary terms)

* 2-loop coefticients

* In weak coupling region

* taking 1 + c1g2+ (C2+ Cc2) g* (g=Qo)
extrapolate with O( (a/L)?)



Properties of the SF scheme

Agtatg2 = s(a/L)g:+0(g%). good accuracy for small g

no =t ;=2 renormalons (infrared cutoft)
iInstead: secondary minimum of the action

exp(—2.62/a) ~ (A/p1)**

3-loop B
(47)° X by, = —0.06(3) — v x 1.26, (N = 3)

small discretisation effects (a*at LO PT)
we also subtract them including 2-loop terms
[hep-1at/9911018 Bode, Weisz, Wolff]

but O(a) discretisation effects due to boundary terms



Continuum limit of 2

Y(u,a/L)/u

1.22
1.20 |
J; S 3 s
118 | *
i [}
T ¥
1.14 e T —* =
:*E‘ & T
112+« = 2 5
o+ = —3 s
1.10*® * ® =
““““““““““““““““
0 0.005 0.01 0015 0.02 0.025 (q/L)2

use perturbative improvement (i=1,2)

and global fit

with

>0 (u,a/L) =

2(u,a/L)
1+ 22:1 Ok (a/L) u*

)

S0 (u,a/L) = o, (u) + py) (u) (a/ L)

n/(ol)
) =Y
k=1

(1)  i+1+k

v

kU

3
ooy (u) =u+u’ Z spu”
k=0



Continuum limit of 2

was also tested carefully in pure gauge theory

g%(2L) -
3.7 :— EZ(L)=2.4484 1 —: Iwasaki, 1-|p Ct
3.6 [ } ; 1 W, 1-pa
35 [ { { ﬁ ¢ -
L E :::::::Z{;{_::::%::;::::::::::::E:::::::::::::éx 1 plag, 2-pa:
E | ] ] ] | ] ] ] | ] ] ] | ] ] ] E

0 0.02 0.04 0.06
(a/L)?

Figure 8: A test of the continuum extrapolations with different actions
for Ny = 0. The data from top (triangles) to bottom (open circles) are
for the Iwasaki, the tree level Liischer Weisz and the Wilson gauge
action. Both the boundary improvement of the action and the im-
provement of the observables have been included. At present this is
possible at the 2-loop level for the Wilson gauge action only, and at
the 1-loop level in the two other cases. Figure from [29] based on data
from [63, 64].



Continuum limit of QO
Q(u,a/L) = ?_J‘gz(L>:u w(u) = Q(u, 0)

Global fits, similar to 2
but with L/a=6,8,10,12 (‘L") and L/a=12,16,24 (“2L")

a-effects different for “L” vs. “2L” (different def. of m=0)

I I T | 1 T T T [ T T T T [ T T T T [ T T T T [ T T T T [ T T T
0.1500 —o— [ —0—2L e1-loop —» w(global fit) | 1
- —— W —mWw *2-loop
—~ o
= 0.1400 |
-
~ *
= 0.1300 |
Q)
< 01200 5
0.1100 £ .

|| I I O S I A
0 0.006 0.01 0.015 0.02 0.025 0.03
(a/L)*



Continuum limit of QO
Q(u,a/L) = ?_J‘gz(L>:u w(u) = Q(u, 0)

Global fits, similar to 2

but with\/a=6,8,10,12 (“L") and L/a=12,16,24 (“2L”)

a-effects aifferent for “L” vs. “2L” (different def. of m=0)

N 1 1 1 1 1 1T 1T 1 [ T 1T 1 1T 17 1 T T 1 [ T 1T 1 T 17 T T T 1T 17 171 ]
0.1500 —o— [ —0—2L e1-loop —» w(global fit) | 1
—— W —mWw *2-loop
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0 0.006 0.01 0.015 0.02 0.025 0.03
(a/L)*



Continuum limit of Q2

Q(u,a/L) = V|z2(1)=u w(u) = Q(u,0)

Global fits, similar to 2

but with\/a=6,8,10,12 (“L") and L/a=12,16,24 (“2L”)

a-effects aifferent for “L” vs. “2L” (different def. of m=0)

N 1 1 1 1 1 1T 1T 1 [ T 1T 1 1T 17 1 T T 1 [ T 1T 1 T 17 T T T 1T 17 171 ]
0.1500 —o— L —o—2L e1-loop — w(global fit) | -
—— W —mWw *2-loop

local fits at fixed U=2.012

\ I I O S I A
0 0.006 0.01 0.015 0.02 0.025 0.03
(a/L)*



