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Linear SMEFT

Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

“Generic” theory of physics Beyond-the-SM (BSM) 
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Linear SMEFT

Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

L = LSM + L5 + L6 + L7 + L8 + ...

fermions scalars
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Operators effectively
describe interactions 
between SM and NP

Ignore operators involving baryon and lepton number violation
Truncate predictions for observables at order O(⇤�2
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Basis choice (shouldn’t matter)

Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

1 : X3

QG fABCGA⌫
µ GB⇢

⌫ GCµ
⇢

Q eG fABC eGA⌫
µ GB⇢

⌫ GCµ
⇢

QW ✏IJKW I⌫
µ W J⇢

⌫ WKµ
⇢

QfW ✏IJKfW I⌫
µ W J⇢

⌫ WKµ
⇢

2 : H6

QH (H†H)3

3 : H4D2

QH2 (H†H)2(H†H)

QHD

�
H†DµH

�⇤ �
H†DµH

�

5 :  2H3 + h.c.

QeH (H†H)(l̄perH)

QuH (H†H)(q̄pur
eH)

QdH (H†H)(q̄pdrH)

4 : X2H2

QHG H†H GA
µ⌫G

Aµ⌫

QH eG H†H eGA
µ⌫G

Aµ⌫

QHW H†H W I
µ⌫W

Iµ⌫

Q
HfW H†H fW I

µ⌫W
Iµ⌫

QHB H†H Bµ⌫B
µ⌫

QH eB H†H eBµ⌫B
µ⌫

QHWB H†⌧ IH W I
µ⌫B

µ⌫

Q
HfWB

H†⌧ IH fW I
µ⌫B

µ⌫

6 :  2XH + h.c.

QeW (l̄p�
µ⌫er)⌧

IHW I
µ⌫

QeB (l̄p�
µ⌫er)HBµ⌫

QuG (q̄p�
µ⌫TAur) eH GA

µ⌫

QuW (q̄p�
µ⌫ur)⌧

I eH W I
µ⌫

QuB (q̄p�
µ⌫ur) eH Bµ⌫

QdG (q̄p�
µ⌫TAdr)H GA

µ⌫

QdW (q̄p�
µ⌫dr)⌧

IH W I
µ⌫

QdB (q̄p�
µ⌫dr)H Bµ⌫

7 :  2H2D

Q
(1)
Hl (H†i

 !
D µH)(l̄p�

µlr)

Q
(3)
Hl (H†i

 !
D I

µH)(l̄p⌧
I�µlr)

QHe (H†i
 !
D µH)(ēp�

µer)

Q
(1)
Hq (H†i

 !
D µH)(q̄p�

µqr)

Q
(3)
Hq (H†i

 !
D I

µH)(q̄p⌧
I�µqr)

QHu (H†i
 !
D µH)(ūp�

µur)

QHd (H†i
 !
D µH)(d̄p�

µdr)

QHud + h.c. i( eH†DµH)(ūp�
µdr)

8 : (L̄L)(L̄L)

Qll (l̄p�µlr)(l̄s�
µlt)

Q
(1)
qq (q̄p�µqr)(q̄s�

µqt)

Q
(3)
qq (q̄p�µ⌧

Iqr)(q̄s�
µ⌧ Iqt)

Q
(1)
lq (l̄p�µlr)(q̄s�

µqt)

Q
(3)
lq (l̄p�µ⌧

I lr)(q̄s�
µ⌧ Iqt)

8 : (R̄R)(R̄R)

Qee (ēp�µer)(ēs�
µet)

Quu (ūp�µur)(ūs�
µut)

Qdd (d̄p�µdr)(d̄s�
µdt)

Qeu (ēp�µer)(ūs�
µut)

Qed (ēp�µer)(d̄s�
µdt)

Q
(1)
ud (ūp�µur)(d̄s�

µdt)

Q
(8)
ud (ūp�µTAur)(d̄s�

µTAdt)

8 : (L̄L)(R̄R)

Qle (l̄p�µlr)(ēs�
µet)

Qlu (l̄p�µlr)(ūs�
µut)

Qld (l̄p�µlr)(d̄s�
µdt)

Qqe (q̄p�µqr)(ēs�
µet)

Q
(1)
qu (q̄p�µqr)(ūs�

µut)

Q
(8)
qu (q̄p�µTAqr)(ūs�

µTAut)

Q
(1)
qd (q̄p�µqr)(d̄s�

µdt)

Q
(8)
qd (q̄p�µTAqr)(d̄s�

µTAdt)

8 : (L̄R)(R̄L) + h.c.

Qledq (l̄jper)(d̄sqtj)

8 : (L̄R)(L̄R) + h.c.

Q
(1)
quqd (q̄jpur)✏jk(q̄

k
sdt)

Q
(8)
quqd (q̄jpT

Aur)✏jk(q̄
k
sTAdt)

Q
(1)
lequ (l̄jper)✏jk(q̄

k
sut)

Q
(3)
lequ (l̄jp�µ⌫er)✏jk(q̄

k
s�

µ⌫ut)

Table 1. The 59 independent dimension-6 operators built from Standard Model fields which conserve
baryon number, as given in Ref. [31]. The operators are divided into eight classes: X3, H6, etc.
Operators with +h.c. in the table heading also have hermitian conjugates, as does the  2H2D operator
QHud. The subscripts p, r, s, t are flavour indices, The notation is described in [10].

– 36 –

Warsaw: Grzadkowski, Iskrzynski, Misiak, Rosiek 1008.4884
Motivation:1-loop anomalous dimension calculation in Warsaw basis* 
                        [(Alonso) Jenkins, Manohar, Trott : 1308.2627, 1310.4838, (1312.2014)] 

*Important ingredient in renormalisation: see next section

59+h.c. operators (classified by field content, 8 classes)

H̃j = ✏jk(H
k)⇤

classes 1-7
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�
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 !
D I
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QHu (H†i
 !
D µH)(ūp�
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µdr)

QHud + h.c. i( eH†DµH)(ūp�
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Iqr)(q̄s�
µ⌧ Iqt)

Q
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µqt)

Q
(3)
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I lr)(q̄s�
µ⌧ Iqt)

8 : (R̄R)(R̄R)

Qee (ēp�µer)(ēs�
µet)

Quu (ūp�µur)(ūs�
µut)

Qdd (d̄p�µdr)(d̄s�
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Qeu (ēp�µer)(ūs�
µut)

Qed (ēp�µer)(d̄s�
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Q
(1)
ud (ūp�µur)(d̄s�
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Q
(8)
ud (ūp�µTAur)(d̄s�
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Qle (l̄p�µlr)(ēs�
µet)
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µut)

Q
(8)
qu (q̄p�µTAqr)(ūs�
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Table 1. The 59 independent dimension-6 operators built from Standard Model fields which conserve
baryon number, as given in Ref. [31]. The operators are divided into eight classes: X3, H6, etc.
Operators with +h.c. in the table heading also have hermitian conjugates, as does the  2H2D operator
QHud. The subscripts p, r, s, t are flavour indices, The notation is described in [10].
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Basis choice (shouldn’t matter)

Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

Warsaw: Grzadkowski, Iskrzynski, Misiak, Rosiek 1008.4884
Motivation:1-loop anomalous dimension calculation in Warsaw basis* 
                        [(Alonso) Jenkins, Manohar, Trott : 1308.2627, 1310.4838, (1312.2014)] 

*Important ingredient in renormalisation: see next section

59+h.c. operators (classified by field content, 8 classes)

H̃j = ✏jk(H
k)⇤

classes 1-7
QdH : (H†H)(q̄dH)

Example (class 5):
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Basis choice (shouldn’t matter)

Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

Warsaw: Grzadkowski, Iskrzynski, Misiak, Rosiek 1008.4884
Motivation:1-loop anomalous dimension calculation in Warsaw basis* 
                        [(Alonso) Jenkins, Manohar, Trott : 1308.2627, 1310.4838, (1312.2014)] 

59+h.c. operators (classified by field content, 8 classes)

1 : X3

QG fABCGA⌫
µ GB⇢

⌫ GCµ
⇢

Q eG fABC eGA⌫
µ GB⇢

⌫ GCµ
⇢

QW ✏IJKW I⌫
µ W J⇢

⌫ WKµ
⇢

QfW ✏IJKfW I⌫
µ W J⇢

⌫ WKµ
⇢

2 : H6

QH (H†H)3

3 : H4D2

QH2 (H†H)2(H†H)

QHD

�
H†DµH

�⇤ �
H†DµH

�

5 :  2H3 + h.c.

QeH (H†H)(l̄perH)

QuH (H†H)(q̄pur
eH)

QdH (H†H)(q̄pdrH)

4 : X2H2

QHG H†H GA
µ⌫G

Aµ⌫

QH eG H†H eGA
µ⌫G

Aµ⌫

QHW H†H W I
µ⌫W

Iµ⌫

Q
HfW H†H fW I

µ⌫W
Iµ⌫

QHB H†H Bµ⌫B
µ⌫

QH eB H†H eBµ⌫B
µ⌫

QHWB H†⌧ IH W I
µ⌫B

µ⌫

Q
HfWB

H†⌧ IH fW I
µ⌫B

µ⌫

6 :  2XH + h.c.

QeW (l̄p�
µ⌫er)⌧

IHW I
µ⌫

QeB (l̄p�
µ⌫er)HBµ⌫

QuG (q̄p�
µ⌫TAur) eH GA

µ⌫

QuW (q̄p�
µ⌫ur)⌧

I eH W I
µ⌫

QuB (q̄p�
µ⌫ur) eH Bµ⌫

QdG (q̄p�
µ⌫TAdr)H GA

µ⌫

QdW (q̄p�
µ⌫dr)⌧

IH W I
µ⌫

QdB (q̄p�
µ⌫dr)H Bµ⌫

7 :  2H2D

Q
(1)
Hl (H†i

 !
D µH)(l̄p�

µlr)

Q
(3)
Hl (H†i

 !
D I

µH)(l̄p⌧
I�µlr)

QHe (H†i
 !
D µH)(ēp�

µer)

Q
(1)
Hq (H†i

 !
D µH)(q̄p�

µqr)

Q
(3)
Hq (H†i

 !
D I

µH)(q̄p⌧
I�µqr)

QHu (H†i
 !
D µH)(ūp�

µur)

QHd (H†i
 !
D µH)(d̄p�

µdr)

QHud + h.c. i( eH†DµH)(ūp�
µdr)

8 : (L̄L)(L̄L)

Qll (l̄p�µlr)(l̄s�
µlt)

Q
(1)
qq (q̄p�µqr)(q̄s�

µqt)

Q
(3)
qq (q̄p�µ⌧

Iqr)(q̄s�
µ⌧ Iqt)

Q
(1)
lq (l̄p�µlr)(q̄s�

µqt)

Q
(3)
lq (l̄p�µ⌧

I lr)(q̄s�
µ⌧ Iqt)

8 : (R̄R)(R̄R)

Qee (ēp�µer)(ēs�
µet)

Quu (ūp�µur)(ūs�
µut)

Qdd (d̄p�µdr)(d̄s�
µdt)

Qeu (ēp�µer)(ūs�
µut)

Qed (ēp�µer)(d̄s�
µdt)

Q
(1)
ud (ūp�µur)(d̄s�

µdt)

Q
(8)
ud (ūp�µTAur)(d̄s�

µTAdt)

8 : (L̄L)(R̄R)

Qle (l̄p�µlr)(ēs�
µet)

Qlu (l̄p�µlr)(ūs�
µut)

Qld (l̄p�µlr)(d̄s�
µdt)

Qqe (q̄p�µqr)(ēs�
µet)

Q
(1)
qu (q̄p�µqr)(ūs�

µut)

Q
(8)
qu (q̄p�µTAqr)(ūs�

µTAut)

Q
(1)
qd (q̄p�µqr)(d̄s�

µdt)

Q
(8)
qd (q̄p�µTAqr)(d̄s�

µTAdt)

8 : (L̄R)(R̄L) + h.c.

Qledq (l̄jper)(d̄sqtj)

8 : (L̄R)(L̄R) + h.c.

Q
(1)
quqd (q̄jpur)✏jk(q̄

k
sdt)

Q
(8)
quqd (q̄jpT

Aur)✏jk(q̄
k
sTAdt)

Q
(1)
lequ (l̄jper)✏jk(q̄

k
sut)

Q
(3)
lequ (l̄jp�µ⌫er)✏jk(q̄

k
s�

µ⌫ut)

Table 1. The 59 independent dimension-6 operators built from Standard Model fields which conserve
baryon number, as given in Ref. [31]. The operators are divided into eight classes: X3, H6, etc.
Operators with +h.c. in the table heading also have hermitian conjugates, as does the  2H2D operator
QHud. The subscripts p, r, s, t are flavour indices, The notation is described in [10].

– 36 –
*Important ingredient in renormalisation: see next section

class 8 
(four-fermion)
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Basis choice (shouldn’t matter)

Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

Warsaw: Grzadkowski, Iskrzynski, Misiak, Rosiek 1008.4884
Motivation:1-loop anomalous dimension calculation in Warsaw basis* 
                        [(Alonso) Jenkins, Manohar, Trott : 1308.2627, 1310.4838, (1312.2014)] 

59+h.c. operators (classified by field content, 8 classes)

1 : X3

QG fABCGA⌫
µ GB⇢

⌫ GCµ
⇢

Q eG fABC eGA⌫
µ GB⇢

⌫ GCµ
⇢

QW ✏IJKW I⌫
µ W J⇢

⌫ WKµ
⇢

QfW ✏IJKfW I⌫
µ W J⇢

⌫ WKµ
⇢

2 : H6

QH (H†H)3

3 : H4D2

QH2 (H†H)2(H†H)

QHD

�
H†DµH

�⇤ �
H†DµH

�

5 :  2H3 + h.c.

QeH (H†H)(l̄perH)

QuH (H†H)(q̄pur
eH)

QdH (H†H)(q̄pdrH)

4 : X2H2

QHG H†H GA
µ⌫G

Aµ⌫

QH eG H†H eGA
µ⌫G

Aµ⌫

QHW H†H W I
µ⌫W

Iµ⌫

Q
HfW H†H fW I

µ⌫W
Iµ⌫

QHB H†H Bµ⌫B
µ⌫

QH eB H†H eBµ⌫B
µ⌫

QHWB H†⌧ IH W I
µ⌫B

µ⌫

Q
HfWB

H†⌧ IH fW I
µ⌫B

µ⌫

6 :  2XH + h.c.

QeW (l̄p�
µ⌫er)⌧

IHW I
µ⌫

QeB (l̄p�
µ⌫er)HBµ⌫

QuG (q̄p�
µ⌫TAur) eH GA

µ⌫

QuW (q̄p�
µ⌫ur)⌧

I eH W I
µ⌫

QuB (q̄p�
µ⌫ur) eH Bµ⌫

QdG (q̄p�
µ⌫TAdr)H GA

µ⌫

QdW (q̄p�
µ⌫dr)⌧

IH W I
µ⌫

QdB (q̄p�
µ⌫dr)H Bµ⌫

7 :  2H2D

Q
(1)
Hl (H†i

 !
D µH)(l̄p�

µlr)

Q
(3)
Hl (H†i

 !
D I

µH)(l̄p⌧
I�µlr)

QHe (H†i
 !
D µH)(ēp�

µer)

Q
(1)
Hq (H†i

 !
D µH)(q̄p�

µqr)

Q
(3)
Hq (H†i

 !
D I

µH)(q̄p⌧
I�µqr)

QHu (H†i
 !
D µH)(ūp�

µur)

QHd (H†i
 !
D µH)(d̄p�

µdr)

QHud + h.c. i( eH†DµH)(ūp�
µdr)

8 : (L̄L)(L̄L)

Qll (l̄p�µlr)(l̄s�
µlt)

Q
(1)
qq (q̄p�µqr)(q̄s�

µqt)

Q
(3)
qq (q̄p�µ⌧

Iqr)(q̄s�
µ⌧ Iqt)

Q
(1)
lq (l̄p�µlr)(q̄s�

µqt)

Q
(3)
lq (l̄p�µ⌧

I lr)(q̄s�
µ⌧ Iqt)

8 : (R̄R)(R̄R)

Qee (ēp�µer)(ēs�
µet)

Quu (ūp�µur)(ūs�
µut)

Qdd (d̄p�µdr)(d̄s�
µdt)

Qeu (ēp�µer)(ūs�
µut)

Qed (ēp�µer)(d̄s�
µdt)

Q
(1)
ud (ūp�µur)(d̄s�

µdt)

Q
(8)
ud (ūp�µTAur)(d̄s�

µTAdt)

8 : (L̄L)(R̄R)

Qle (l̄p�µlr)(ēs�
µet)

Qlu (l̄p�µlr)(ūs�
µut)

Qld (l̄p�µlr)(d̄s�
µdt)

Qqe (q̄p�µqr)(ēs�
µet)

Q
(1)
qu (q̄p�µqr)(ūs�

µut)

Q
(8)
qu (q̄p�µTAqr)(ūs�

µTAut)

Q
(1)
qd (q̄p�µqr)(d̄s�

µdt)

Q
(8)
qd (q̄p�µTAqr)(d̄s�

µTAdt)

8 : (L̄R)(R̄L) + h.c.

Qledq (l̄jper)(d̄sqtj)

8 : (L̄R)(L̄R) + h.c.

Q
(1)
quqd (q̄jpur)✏jk(q̄

k
sdt)

Q
(8)
quqd (q̄jpT

Aur)✏jk(q̄
k
sTAdt)

Q
(1)
lequ (l̄jper)✏jk(q̄

k
sut)

Q
(3)
lequ (l̄jp�µ⌫er)✏jk(q̄

k
s�

µ⌫ut)

Table 1. The 59 independent dimension-6 operators built from Standard Model fields which conserve
baryon number, as given in Ref. [31]. The operators are divided into eight classes: X3, H6, etc.
Operators with +h.c. in the table heading also have hermitian conjugates, as does the  2H2D operator
QHud. The subscripts p, r, s, t are flavour indices, The notation is described in [10].

– 36 –
*Important ingredient in renormalisation: see next section

class 8 
(four-fermion)

Example (class 8):

Q(8)
qtqb : (q̄

jTAt)✏jk(q̄
kTAb)
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Let’s study 
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h ! bb̄

�(pp ! h) · BR(h ! X)Experimentally, access through  “                                      ”   data

H

b

b

– 3 –

�SM
h!bb̄ ⇡ 2.4 MeV

BR(h ! bb̄) ⇡ 0.6

Parameter value
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

BSMBR

γκ

gκ

bκ

τκ

tκ

Wκ

Zκ

 Run 1LHC
 PreliminaryCMS  and ATLAS

 1≤ Vκ
=0BSMBR

σ 1±
σ 2±

Figure 14: Fit results for the two parameterisations allowing BSM loop couplings, with V  1, where V stands
for Z or W , or without additional BSM contributions to the Higgs boson width, i.e. BRBSM = 0. The measured
results for the combination of ATLAS and CMS are reported together with their uncertainties. The error bars
indicate the 1� (thick lines) and 2� (thin lines) intervals. The uncertainties are not indicated when the parameters
are constrained and hit a boundary, namely V = 1 or BRBSM = 0.

35

Fig. 14 of ATLAS-CONF-2015-044

Motivation:
- First and foremost, easy theoretically
- Can study QCD and EW corrections
- Largest partial width (in SM)

  *Realistically, need a “Higgs-machine” for
   %-level precision measurements 

Interim Kappa-formalism defined in 1307.1347: Section 10
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Yukawa sector in the SMEFT
Consider the down-type Yukawa interactions in unbroken phase

Ld =
⇥
[Yd]rsH

†jdr Qsj + h.c.
⇤
+


C⇤

dH
sr
(H†H)H †jdr Qsj + h.c.

�

Leads to an effective mass matrix in the broken phase

[Md]rs =
vTp
2

✓
[Yd]rs �

v2T
2
C⇤

dH
sr

◆

For simplicity, assume SM-like flavour structure

H

b

b

– 3 –

Leads to the following Feynman rule for the         vertexhbb̄�

(1)

From      , convert into broken phase(1)

yb !
p
2
mb

vT
+

v2T
2
C⇤

bH

� ip
2

✓
yb [1 + CH,kin]�

3

2
v2TC

⇤
bH

�
PL + h.c.

◆
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Compute the partial width
d� =

d�2

2mH

X
|Mh!bb̄|2

Compute the Born amplitude (use Feynman rule from last slide) 

Mtree
h!bb̄ = �iū(pb)

�
Mtree

L PL +Mtree⇤
L PR

�
v(pb̄)

Mtree
L =

mb

vT
[1 + CH,kin]� v2Tp

2
C⇤

bH +O(⇤�4
NP)where
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Compute the partial width
d� =

d�2

2mH

X
|Mh!bb̄|2

Compute the Born amplitude (use Feynman rule from last slide) 

Mtree
h!bb̄ = �iū(pb)

�
Mtree

L PL +Mtree⇤
L PR

�
v(pb̄)

Mtree
L =

mb

vT
[1 + CH,kin]� v2Tp

2
C⇤

bH +O(⇤�4
NP)where

�(4,0) =
Ncmhm2

b�
3

8⇡v2T

�(6,0) =

 
2CH,kin �

p
2v3T
mb

CbH

!
�(4,0) +O(⇤�4

NP)

SM

EFT
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Compute the partial width
d� =

d�2

2mH

X
|Mh!bb̄|2

Compute the Born amplitude (use Feynman rule from last slide) 

Mtree
h!bb̄ = �iū(pb)

�
Mtree

L PL +Mtree⇤
L PR

�
v(pb̄)

Mtree
L =

mb

vT
[1 + CH,kin]� v2Tp

2
C⇤

bH +O(⇤�4
NP)where

�(4,0) =
Ncmhm2

b�
3

8⇡v2T

(4 = SM,  0 = LO)

SM

EFT

*More realistic UV completion  

see: J. Elias-Mero et al. 1308.1879
Q̃bH = yb

�
H†H

�
(q̄LbRH)

�(6,0) =

✓
2CH,kin � 2v2T

CbH

yb

◆
�(4,0) +O(⇤�4

NP)
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Compute the partial width
d� =

d�2

2mH

X
|Mh!bb̄|2

Compute the Born amplitude (use Feynman rule from last slide) 

Mtree
h!bb̄ = �iū(pb)

�
Mtree

L PL +Mtree⇤
L PR

�
v(pb̄)

Mtree
L =

mb

vT
[1 + CH,kin]� v2Tp

2
C⇤

bH +O(⇤�4
NP)where

SM

EFT

Evaluate numerically: {mb = 4.5,mh = 125, vT ⇡ 246} GeV

�(4,0) ⇡ 5 MeV

�(6,0) ⇡
✓

vT
⇤NP

◆2 
2C̄H,kin � 2

C̄bH

yb

�
�(4,0) + ...

*More realistic UV completion  

see: J. Elias-Mero et al. 1308.1879

C̄bH = ⇤2
NPCbH

Q̃bH = yb
�
H†H

�
(q̄LbRH)
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Compute the partial width
d� =

d�2

2mH

X
|Mh!bb̄|2

Compute the Born amplitude (use Feynman rule from last slide) 

Mtree
h!bb̄ = �iū(pb)

�
Mtree

L PL +Mtree⇤
L PR

�
v(pb̄)

Mtree
L =

mb

vT
[1 + CH,kin]� v2Tp

2
C⇤

bH +O(⇤�4
NP)where

SM

EFT

Evaluate numerically: {mb = 4.5,mh = 125, vT ⇡ 246} GeV

�(4,0) ⇡ 5 MeV

�(6,0) ⇡
✓

vT
⇤NP

◆2 
2C̄H,kin � 2

C̄bH

yb

�
�(4,0) + ...

*More realistic UV completion  

see: J. Elias-Mero et al. 1308.1879

C̄bH = ⇤2
NPCbH

Q̃bH = yb
�
H†H

�
(q̄LbRH)

Can think of it as a shift of SM:

�LO ⇡ �(4,0)

 
1 + 2


vT
⇤NP

�2
C̄

!
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Are we done? Going beyond LO?
It’s not difficult to compute observables at LO in the SMEFT
Do a global fit to LHC/LEP/Low energy Observables at LO? NO!

1) E.g. this decay constrains: 

- the Wilson coefficients are scale dependent and mix
- must be taken into account when performing a global 

fit to data (full RGE is known*)

CbH(mH) , CH,kin(mH)

*1-loop anomalous dimension: (Alonso) Jenkins, Manohar, Trott : 1308.627, 1310.4838, (1312.2014)

Ci(⇤NP)Ci(⇡ 200)Ci(mH)Ci(mZ)Ci(mb)

Flavour physics
EDMs, g-2 etc. LEP-I Higgs 

decays LEP-II Differential LHC 
distributions



19Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

Are we done? Going beyond LO?
It’s not difficult to compute observables at LO in the SMEFT
Do a global fit to LHC/LEP/Low energy Observables at LO? NO!

1) E.g. this decay constrains: 

- the Wilson coefficients are scale dependent and mix
- must be taken into account when performing a global 

fit to data (full RGE is known*)

2) The SMEFT is like the SM (or other UV completions) 
where are perturbative expansion is applied

CbH(mH) , CH,kin(mH)

*1-loop anomalous dimension: (Alonso) Jenkins, Manohar, Trott : 1308.627, 1310.4838, (1312.2014)

- higher-orders give better precision*
- the Wilson coefficients which appear at one-loop  

may not be present in tree-level observables 
(e.g. maybe poorly constrained Wilson coefficients)

- new diagrams appear
*There is a substantial theoretical effort in this direction (QCD/EW) by many groups



Interim
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h ! bb̄• Computing             at NLO (w/ B.D. Pecjak, D.J.Scott)

• General approach

• QCD corrections

• Vanishing gauge coupling corrections

• Other progress and conclusions



• Choose a set of independent parameters 
 

• Write bare parameters/fields as a combination of renormalised 
parameters and renormalisation constants: 
 

• Fix the counterterms with renormalisation conditions (e.g. on-shell)  
 
 

• Express physical quantities in terms of renormalised parameters 
 

• Fix input values for renormalised parameters with data

21Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

Renormalisation I (field/parameter)
Perform field and parameter renormalisation on-shell*

{ē ,mH ,MW ,MZ ,mf , Ci}

f (0)
L =

q
ZL
f fL =

✓
1 +

1

2
�ZL

f

◆
fL

�ZL
f =� fRe⌃L

f (m
2
f ) + ⌃S

f (m
2
f )� ⌃S⇤

f (m2
f )

�m2
f

@

@p2
fRe

⇥
⌃L

f (p
2) + ⌃R

f (p
2) + ⌃S

f (p
2) + ⌃S⇤

f (p2)
⇤ ����

p2=m2
f

�(4,0) =
Ncmhm2

b�
3

8⇡v2T
! Ncmhm2

b ē
2�3

32⇡M2
W (1�M2

W /M2
Z)

*see [Denner - 0709.1075]
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Contents

νµ
µ

t

b

W
e

νe

νµ
µ

b

t

W

e

νe

h

b

b

t

t

bb

t

– 1 –

fermions scalars

field l
j
Lp eRp q

αj
Lp uα

Rp dαRp Hj

hypercharge −

1

2
−1

1

6

2

3
−

1

3

1

2

1

b

b

b

G

– 4 –

�mb

mb
/ �↵sCFCb

✏

⇡


mbvTp

2

✓
3

✏̂
+ 1

◆
Re {CbG}+

✓
3

4✏̂
+ 1

◆�

�mb

mb
/ m3

tC
t
✏

mb

✓
1

✏̂
+ 1

◆h
(2Nc + 1)Re {C(1)

qtqb}+ CFRe {C(8)
qtqb}

i

Usual SM piece

Generated by QbG : gs(q̄�
µ⌫TAb)HGA

µ⌫

Cf
✏ = 1 + ✏ ln

"
µ2

m2
f

#

Generated by four-fermion operators (bbtt)

1

✏̂
=

1

✏
� �E + ln(4⇡)

Renormalisation I (field/parameter)
Perform field and parameter renormalisation on-shell*
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Renormalisation II (Operators)
Fortunately, can use the results of the full one-loop anomalous 
dimension calculation performed in the un-broken phase:

[(Alonso) Jenkins, Manohar, Trott : 1308.2627, 1310.4838, (1312.2014)]

C(0)
i = Ci(µ) + �Ci(µ) = Ci(µ) +

1

2✏̂

Ċi(µ)

(4⇡)2
Ċi(µ)

(4⇡)2
⌘ µ

d

dµ
Ci(µ)

1. Check which operators appear at tree-level (e.g.        )
2. Take the relevant Lambda/Yukawa/Gauge dependent terms
3. Convert to broken phase using LO SM relations, e.g.

yf !
p
2mf

vT
, � ! m2

H

2v2T

The combination of field/parameter/wilson coefficient 
renormalisation allows to construct the necessary 1-loop UV CTs

CbH
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QCD corrections

d� =
d�2

2mh

X��Mh!bb̄

��2 + d�3

2mh

X��Mh!bb̄g

��2
See RG, Ben D. Pecjak, D. J. Scott - 1607.06354 

2

of this approach is that new physics effects can be char-
acterised without specifying a particular UV complete
model of physics Beyond-the-SM (BSM). The interpreta-
tion of data in terms of non-vanishing Wilson coefficients
is therefore performed in a model-independent fashion.
In the absence of any direct evidence for new particle
states during Run-I of the LHC, we believe this approach
to be both justified and well motivated.

During Run-I, the interpretation of Higgs measure-
ments by ATLAS and CMS was generally performed in
the ‘interim’ κ and signal strength formalisms — see for
example the combined Run-I analysis of CMS and AT-
LAS data [7]. In Run-II, it is a recommendation of the
LHC Higgs Cross Section Working Group to move to-
wards a more general EFT framework (see for instance
Section 10.4 of [9]). In doing so, it is important to
note that the predictions for observables obtained in
SMEFT are not unlike those obtained in the SM (or UV-
completions of the SM for that matter) where a pertur-
bative expansion has been applied — higher-order cor-
rections reduce the theoretical uncertainty of the pre-
dictions of observables. Moreover, the next-to-leading
order (NLO) corrections to a given observable typically
depend on Wilson coefficients which are not present in
the tree-level result. It is therefore important to extend
SMEFT analyses to NLO (and beyond), to allow for a
more precise determination of Wilson coefficients (and
allowed ranges) through a comparison with experimental
data, and much recent work has been dedicated to this
task for a wide range of processes [27–53].

At present, it is possible to deduce logarithmi-
cally enhanced NLO corrections appearing in fixed-
order perturbation theory to arbitrary observables using
renormalisation-group (RG) equations for the Wilson co-
efficients along with the full one-loop anomalous dimen-
sion matrix calculated in [30–32]. However, it is common
practice to use RG-improved perturbation theory to ab-
sorb such logarithmic corrections into the running of the
scale-dependent Wilson coefficients between ΛNP and the
scale at which the underlying decay or scattering process
takes place (for h → bb̄ decays this is mh). This removes
large logarithms involving ΛNP from effective theory ma-
trix elements, and allows constraints on Wilson coeffi-
cients obtained at experimentally accessible energy scales
to be interpreted at the scale ΛNP where the effective
interactions are generated. The remaining NLO correc-
tions do not contain large logarithms involving the scale
ΛNP, and cannot be deduced from an RG analysis. How-
ever, these corrections can still be important numerically
because for the interesting region of ΛNP ∼ 1 TeV the
RG-induced logarithms are not dramatically enhanced.

In this work, we extend our previous calculation of such
NLO SMEFT corrections arising from four-fermion con-
tributions and the (presumably) numerically dominant
electroweak corrections [45] by computing the O(αs) cor-
rection to the h → bb̄ decay rate. We proceed by intro-

QH! (H†H)!(H†H)

QHD

(
H†DµH

)∗ (
H†DµH

)

QdH (H†H)(q̄pdrH)

QHG H†H GA
µνG

Aµν

QHG̃ H†H G̃A
µνG

Aµν

QdG gs(q̄pσ
µνTAdr)H GA

µν

TABLE I: A sub-set of the 59 independent dimension-6 op-
erators built from Standard Model fields which conserve
baryon number relevant for the current calculation, as given
in Ref. [54]. The subscripts p, r are flavour indices, and qp
and dr are left- and right-handed fields, respectively.

ducing the relevant details of the SMEFT framework for
the h → bb̄ decay, and discuss the renormalisation proce-
dure we adopt for performing SMEFT NLO calculations.
We then provide the analytic results, and make recom-
mendations for their use in phenomenological studies.

CALCULATIONAL SET-UP

Preliminaries

In the SMEFT, the usual SM Lagrangian is appended
by higher-dimensional operators multiplied by Wilson
coefficients. In the current work we are interested in
dimension-6 operators, and so use a Lagrangian of the
form

L = LSM + L(6) ; L(6) =
∑

i

Ci(µ)Qi(µ) . (1)

The operators relevant for this work are listed in Table I.
Note that in our convention the Wilson coefficients of
dimension-6 operators have mass dimension minus two,
so that the Ci are suppressed by Λ2

NP, and that we have
rescaled the operator QdG by a factor of the strong cou-
pling constant gs with respect to the usual definition.
The relevant interaction Lagrangian for Higgs couplings
to down-type quarks is

LHiggs =−
[
H†dr[Yd]rs qs + h.c.

]

+

[
C∗

dH
sr
(H†H)H†dr qs + h.c.

]
. (2)

where [Yd] and CdH are complex matrices in flavour
space. The Higgs potential is also altered compared to
the SM, and requiring that the kinetic terms are canoni-
cally normalised leads one to write the Higgs doublet in
unitary gauge in the broken phase of the theory as

H(x) =
1√
2

(
0

[1 + CH,kin]h(x) + vT

)
, (3)

Relevant operators

Appear at tree-level

New vertices:  
QHG -   hgg
QdG  -   hbbg
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QCD corrections

d� =
d�2

2mh

X��Mh!bb̄

��2 + d�3

2mh

X��Mh!bb̄g

��2

Contents

1

h

b

b

G
b

2

h

b

b

G

b

3

h

b

b

G

G

4

h

b

b

G

– 1 –

1

h

b

b

b

b

G

2

h

b

b

G

G

b

3

h

b

b

b

G

4

h

b

b

b

G

– 2 –

Mh!b¯b = Mone�loop +MC.T. +Mtree

H

b

b

– 3 –

5

Mh!bb̄g

See RG, Ben D. Pecjak, D. J. Scott - 1607.06354 
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QCD corrections

d� =
d�2

2mh

X��Mh!bb̄

��2 + d�3

2mh

X��Mh!bb̄g

��2

Contents

1

h

b

b

G
b

2

h

b

b

G

b

3

h

b

b

G

G

4

h

b

b

G

– 1 –

1

h

b

b

b

b

G

2

h

b

b

G

G

b

3

h

b

b

b

G

4

h

b

b

b

G

– 2 –

Mh!b¯b = Mone�loop +MC.T. +Mtree

H

b

b

– 3 –

5

Mh!bb̄g

See RG, Ben D. Pecjak, D. J. Scott - 1607.06354 
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QCD corrections

(Answer in MSbar scheme for b-quark mass, and limit           )

Proportional to NLO SM result

Contributions from new diagrams

� ! 1

See RG, Ben D. Pecjak, D. J. Scott - 1607.06354 

�
(6,1)
�!1 =

✓
2CH,kin � 2v2T

CbH

ȳb

◆
�
(4,1)
�!1

+
↵sCF

⇡

Ncm3
hmb

8
p
2⇡vT

CbG

+
↵sCF

⇡

Ncmhm
2
b

8⇡
CHG

✓
19� ⇡2 + ln2


m2

b

m2
h

�
+ 6 ln


µ2

m2
h

�◆
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QCD corrections
See RG, Ben D. Pecjak, D. J. Scott arXiv:1607.06354 

*More realistic UV completion  

see: J. Elias-Mero et al. 1308.1879
Q̃bH = yb

�
H†H

�
(q̄LbRH)

@µ = mH

• QCD corrections involving         and        important
•        ,             contributions - should scale by N4LO SM QCD
• If                 , only sensitive to this effective operator

1

yb(mH)
⇡ 60C̄i = ⇤2

NPCi

CbG

CbH CH,kin

CHG

CbH O(1)

(Answer in MSbar scheme for b-quark mass, and limit           )� ! 1

�
(6)
�!1 =

✓
vT
⇤NP

◆2 ✓
5.33C̄H,kin � 5.33

C̄bH

yb

◆
MeV

+

✓
vT
⇤NP

◆2 �
1.57C̄bG + 6.91C̄HG

�
MeV

C̄H,kin =

✓
CH⇤ � 1

4
CHD

◆
⇤2
NP
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Vanishing gauge coupling corrections
See RG, Ben D. Pecjak, D. J. Scott arXiv:1512.02508
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Again, proceeds in a similar way to the SM calculation

{yi , gi,�, Ci}
unbroken phase broken phase

{ē, gs ,mf , MW , MZ , mH , Ci}

{mf , ē/MW , ē/MZ , mH , Ci}{yi, �, Ci}

Apply vanishing gauge couplings
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Vanishing gauge coupling corrections
See RG, Ben D. Pecjak, D. J. Scott arXiv:1512.02508
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Much more complicated,  over 20 operators contribute

@µ = mH
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Vanishing gauge coupling corrections
See RG, Ben D. Pecjak, D. J. Scott arXiv:1512.02508
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QCD corrections N4LO  
[P.A. Baikov, K.G. Chetyrkin, J.H. Kühn - 0511063
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Summary of QCD + ~EW corrections
• QCD corrections for        = those in SM (known to N4LO)  
 
and implemented in eHDecay  

• Yukawa and Lambda corrections for        ~ N2LO QCD ones

CbH
[P.A. Baikov, K.G. Chetyrkin, J.H. Kühn - 0511063]

[R. Cotino et al. - 1403.3381, 1303.3876]

• Under the assumption of MFV-like scaling of        , the NLO 
corrections involving operators such as                   important  
A scaling of the effective Hbb-vertex (kappa) not appropriate

CbH

Λ�� = � ���
Λ�� = � ���

-� -� -� � � � �
-���

-���

���

���

���

�����
(�) (Λ��)

�
��
(Λ

�
�
)

• Else: Higgs signal strength 
measurement already  
constrains CbH(mH)

Can interpret this in terms of

CbH(⇤NP), C
(1)
qtqb(⇤NP)

CHG, CbG

CbH

[RG et al. - 1512.02508]

[RG et al. - 1607.06354]



• Several partial/complete SMEFT anomalous dimension calculations

• Global fits,  and several important works on input parameter schemes choices
See yellow report for review [G. Passarino, M. Trott - cds.cern.ch/record/2138031]
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Other progress in SMEFT at NLO
Automation: QCD corrections with MG5_aMC@NLO:  
[O. B. Bylund, C. Degrande, G. Durieux, D. B. Franzosi, F. Maltoni, I. Tsinikos, E. Vryonidou, J. 
Wang, C. Zhang] - see ICHEP talk of Cen Zhang here (focus on top-quark sector) 

Progress in full/partial electroweak corrections:  
                        [G. M. Pruna, A. Signer - 1408.3565]
                        [C. Hartmann, M. Trott - 1505.02646, 1507.03568]  
                        [M. Ghezzi, R. Gomez-Ambrosio, G. Passarino, S. Uccirati - 1505.0370]

     [RG, B. D. Pecjak, D. J. Scott - 1512.02508, 1607.06354], vanishing g1, g2  
     [M. Gorbahn, U. Haisch - 1607.03773], lambda dependence@2-loop

Other QCD corrections:  
Double Higgs production [R. Grober, M. Muhlleitner, M. Spira, J. Steircher - 1504.06577]

… If I have missed some, apologies and please let me know!

µ ! e�
h ! ��
h ! V V (⇤)

h ! bb̄(⌧ ⌧̄)
gg ! h
h ! ��

Haven’t even mentioned:

http://cds.cern.ch/record/2138031%5D
https://indico.cern.ch/event/432527/contributions/1071258/attachments/1320043/1979278/topeft.pdf


34Rhorry Gauld - Higgs Parallel, QCD@LHC (25/08/16) 

Back-ups
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Usual SM relations between parameters altered

H(x) =
1p
2

 
�
p
2i�+(x)

[1 + CH,kin]h(x) + i
h
1� v2

4 CHD

i
�0(x) + vT

!
Higgs field in 
general gauge:

V (H) = �

✓
H†H � v2

2

◆2

� CH

�
H†H

�3

Yielding the minimum: hH†Hi = v2

2

✓
1 +

3CHv2

4�

◆
⌘ v2T

2

For example, the 
shape of the 
scalar potential

*Normalisation of fields in          to fix Higgs kinetic termsH(x)

Relevant generalities of the SMEFT

CH,kin ⌘
✓
CH⇤ � 1

4
CHD

◆
v2T
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Choice of input parameters/vev

2.2 Input parameters

We have expressed the result (2.11) in terms of vT , but in practice this parameter should
be eliminated in terms of observables of the broken phase of the theory. In the renormali-
sation procedure discussed in the next section, we choose to work with the following set of
independent, physical parameters:

ē, mH , MW , MZ , mf , Ci . (2.12)

Using the expressions from [8], one has

M2
W =

ḡ2
2v

2
T

4
,

M2
Z =

v2
T

4
(ḡ2

1 + ḡ2
2) +

1

8
v4
T CHD(ḡ2

1 + ḡ2
2) +

1

2
v4
T ḡ1ḡ2CHWB ,

ē = ḡ2s̄w � 1

2
c̄wḡ2v

2
T CHWB ,

s̄2
w =

ḡ2
1

ḡ2
1 + ḡ2

2

+
ḡ1ḡ2(ḡ

2
2 � ḡ2

1)

(ḡ2
1 + ḡ2

2)
2

v2
T CHWB . (2.13)

The barred quantities appear as couplings in the covariant derivative in the broken phase of
the theory after rotation to the mass eigenbasis; in particular ḡ2 governs the charged current
couplings while ē is the electric charge. Manipulating the above expressions we can write

1

vT
=

ē

2MW s̄w

✓
1 +

ĉw

2ŝw
CHWB v̂2

T

◆
, (2.14)

where we have defined

v̂T ⌘ 2MW ŝw

ē
; ŝ2

w ⌘ 1� M2
W

M2
Z

, ĉ2
w ⌘ 1� ŝ2

w , (2.15)

such that the hatted quantities are the usual definitions in the SM. In expression (2.14),
we denote parameters multiplying the Wilson coefficients by the hatted quantities. This is
consistent to O(1/⇤2

NP ), and is the notation which will be adopted throughout this work. It
is possible to re-express vT and s̄w in terms of the gauge boson masses, and quantities derived
from them. In particular, the quantity s̄w can be expressed as

s̄2
w = ŝ2

w � ĉ2
wv2

T

2

✓
CHD + 2

ŝw

ĉw
CHWB

◆
, (2.16)

and inserting this into (2.14) leads to

1

vT
=

1

v̂T
+

ĉW

ŝW

✓
CHWB +

ĉW

4ŝW
CHD

◆
v̂T . (2.17)

Equation (2.17) then allows to write vT in terms of the parameters (2.12), that is, the physical
parameters in the broken phase of the theory. While this is a reasonable choice, it is instead
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2) +

1

2
v4
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where

Renormalise vev with                                               RC{MW ,MZ , ē, CHWB , CHD}

In practice, eliminate MW dependence in favour GFermi 
using the precise measurement from Muon decay

customary to eliminate MW in favour of the Fermi constant GF , defined and extracted through
the muon decay rate [37]. At tree level, and ignoring contributions which do not interfere with
the SM, we can write [8]

1p
2

1

v2
T

= GF � 1p
2

 
C

(3)
Hl
ee

+ C
(3)
Hl
µµ

!
+

1

2
p
2

✓
C ll

µeeµ
+ C ll

eµµe

◆
, (2.18)

where the operator C
(3)
Hl
ll

, which alters the W boson coupling to the lepton doublets, and also

the four-fermion operators C ll
eµµe

and C ll
µeeµ

explicitly enter the amplitude for muon decay.

One can then insert the above equation into (2.17) and solve for MW as a function of GF and
the other observables appearing in (2.12).

3 The one-loop renormalisation procedure

From a practical point of view, the calculation of one-loop corrections to h ! bb̄ and h ! ⌧ ⌧̄

decays in the SMEFT has two components — the bare one-loop matrix elements, and the UV
counterterms required to subtract the UV poles (and in some cases finite parts) from these
divergent matrix elements. The calculation of the one-loop matrix elements is conceptually
straightforward and will be discussed later on. In this section we cover the somewhat more
subtle issue of constructing the UV counterterms. In particular, we explain how to adapt the
on-shell renormalisation scheme used to calculate electroweak corrections in the SM to the
SMEFT case.

To renormalise bare amplitudes we must provide UV counterterms for the set of indepen-
dent, physical parameters in (2.12), and also perform wavefunction renormalisation on external
fields. We choose to renormalise the masses and electric charge in the on-shell scheme, and
construct counterterms related to these quantities exactly as in the SM. This requires the
computation of a number of two-point functions directly in the broken phase of the theory.
On the other hand, we renormalise the Wilson coefficients Ci in the MS scheme, as is standard
in EFT calculations. Crucially, the counterterms associated with the Wilson coefficients can
be taken from results in the unbroken phase of the theory calculated in [8, 10, 11].

We begin with wavefunction, mass, and electric charge renormalisation, which proceeds
as in the SM. We will only discuss those contributions relevant for h ! bb̄ and h ! ⌧ ⌧̄ decays.
Defining the renormalised fields in terms of bare ones, indicated with the superscript (0), we
have

h(0) =
p

Zhh =

✓
1 +

1

2
�Zh

◆
h ,

f
(0)
L =

q
ZL

f fL =

✓
1 +

1

2
�ZL

f

◆
fL ,

f
(0)
R =

q
ZR

f fR =

✓
1 +

1

2
�ZR

f

◆
fR , (3.1)
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At NLO, must also compute 
finite matching corrections! 
Partial results in 1512.02508
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The running b-quark mass
In Higgs decay, resum the Log[mb/mh] with the running b-mass

• Convert decay rate into MSbar for b-quark mass (drop finite del m)
• Find the LL solution for the b-quark mass. Eg: for the QCD corrections

6

mass in the next section. We note that the QCD cor-
rections involving CbH do not factorise explicitly in the
above expression, that is, they are not proportional to
the SM ones. This is a consequence of renormalising
the b-quark mass and the Wilson coefficients in different
schemes, as we shall see below.

Results in the MS scheme and the massless limit

The results presented in the previous section are valid
in the on-shell scheme for the masses, and the MS scheme
for the Wilson coefficients. In the presence of a large sep-
aration between the scales mb and mh, the fixed-order
predictions become inappropriate for phenomenology due
the appearance of large logarithms of mh/mb which de-
teriorate the convergence of the perturbative series in αs.

To overcome this, the decay rate predictions can be
converted into the MS scheme for the b-quark mass (we
refer to such predictions as being in the MS scheme for
the decay rate). In this scheme, the dominant large log-
arithmic corrections are resummed into RG evolution
factors relating the value of the running b-quark mass
at different energy scales. Mass renormalisation in the
MS scheme is achieved by dropping the finite contribu-
tions to the b-quark mass counterterm in Eq. (9). This
implies that the relation between the b-quark pole mass
and MS mass is

mb = mb(µ) (1− δm(µ)) , (25)

where the SM and dimension-6 contributions to δm(µ)
are

δ(4)m (µ) = −αsCF

π

(
1 +

3

4
ln

[
µ2

m2
b

])
,

δ(6)m (µ) = −αsCF

π

vTmb√
2

CbG

(
1 + 3 ln

[
µ2

m2
b

])
. (26)

We can then define tree-level results in the MS scheme
as3

Γ
(4,0)

=
Ncmhm

2
bβ

3

8πv2T
,

Γ
(6,0)

=

(
2CH,kin −

√
2v3T
mb

CbH

)
Γ
(4,0)

. (27)

3 Note that we have not used the MS mass in the β3 terms, which
are related to phase-space factors for on-shell quark production
rather than the Yukawa coupling of the Higgs. If the mb ap-
pearing in β were also converted, one would need to add extra
terms to Eq. (28). However, we have checked that the numerical
results obtained in that way are nearly identical to those given
below, so we have opted for the more streamlined (and physically
motivated) version where the phase-space factor is kept in the
on-shell scheme.

The corresponding results for the decay rate in the
MS scheme are therefore

Γ
(4,1)

= Γ(4,1) − 2δ(4)m (µ)Γ
(4,0)

,

Γ
(6,1)

= Γ(6,1) − 2δ(6)m (µ)Γ
(4,0)

− 2δ(4)m (µ)

(
2CH,kin − v3T√

2mb

CbH

)
Γ
(4,0)

,

(28)

where it is understood that mb → mb in the first term
on the right-hand side of each of the above equations. To
obtain the leading-logarithmic (LL) solution for the run-
ning mass, both SM and dimension-6 corrections to the
b-quark mass must be taken into account. By inspect-
ing Eq. (25), the following differential equation should
be solved

dmb

d ln(µ)
= −αsCF

π

3

2
mb

(
1 + 2

√
2vTmbCbG

)
+O(α2

s) .

(29)

This can be achieved analytically by first finding the LL
solution for the running of CbG(µ), and in addition the
running b-quark mass in the SM — which we label as

m(4)
b . In doing so we adopt the following convention for

the QCD β-function

d

d ln(µ)

αs(µ)

π
= −2β0

(
αs(µ)

π

)2

+ ..., (30)

where the ellipses refer to higher-order terms in αs and
Λ−2
NP, and β0 = (11Nc−2nf )/12, with nf = 5 the number

of active flavours. A solution for CbG(µ) can easily be
obtained when taking into account only the numerically
important self-mixing contribution [32]. This is achieved
by solving the equation

dCbG(µ)

d ln(µ)
= −2

αs(µ)

π
γ0
CCbG(µ) . (31)

We find

CbG(µ) = CbG(µ0)

(
αs(µ)

αs(µ0)

) γ0
C

β0

, γ0
C = −5CF − 2Nc

4
.

(32)

Note that our result for γ0
C differs with respect to that

presented in [32], since our operator definition in Table I
implies CbG = CbG/gs, where CbG is the definition used
in [32]. Writing

m(4)
b (µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0

, γ0
m =

3

4
CF , (33)

a solution for mb to O(Λ−2
NP) can then be obtained as

mb(µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0
(
1 +

2
√
2vT

γ0
m + γ0

c
[
m(4)

b (µ)CbG(µ)−m(4)
b (µ0)CbG(µ0)

])
. (34)

Pole/MSbar conversion:

6

mass in the next section. We note that the QCD cor-
rections involving CbH do not factorise explicitly in the
above expression, that is, they are not proportional to
the SM ones. This is a consequence of renormalising
the b-quark mass and the Wilson coefficients in different
schemes, as we shall see below.

Results in the MS scheme and the massless limit

The results presented in the previous section are valid
in the on-shell scheme for the masses, and the MS scheme
for the Wilson coefficients. In the presence of a large sep-
aration between the scales mb and mh, the fixed-order
predictions become inappropriate for phenomenology due
the appearance of large logarithms of mh/mb which de-
teriorate the convergence of the perturbative series in αs.

To overcome this, the decay rate predictions can be
converted into the MS scheme for the b-quark mass (we
refer to such predictions as being in the MS scheme for
the decay rate). In this scheme, the dominant large log-
arithmic corrections are resummed into RG evolution
factors relating the value of the running b-quark mass
at different energy scales. Mass renormalisation in the
MS scheme is achieved by dropping the finite contribu-
tions to the b-quark mass counterterm in Eq. (9). This
implies that the relation between the b-quark pole mass
and MS mass is

mb = mb(µ) (1− δm(µ)) , (25)

where the SM and dimension-6 contributions to δm(µ)
are

δ(4)m (µ) = −αsCF

π

(
1 +

3

4
ln

[
µ2

m2
b

])
,

δ(6)m (µ) = −αsCF

π

vTmb√
2

CbG

(
1 + 3 ln

[
µ2

m2
b

])
. (26)

We can then define tree-level results in the MS scheme
as3

Γ
(4,0)

=
Ncmhm

2
bβ

3

8πv2T
,

Γ
(6,0)

=

(
2CH,kin −

√
2v3T
mb

CbH

)
Γ
(4,0)

. (27)

3 Note that we have not used the MS mass in the β3 terms, which
are related to phase-space factors for on-shell quark production
rather than the Yukawa coupling of the Higgs. If the mb ap-
pearing in β were also converted, one would need to add extra
terms to Eq. (28). However, we have checked that the numerical
results obtained in that way are nearly identical to those given
below, so we have opted for the more streamlined (and physically
motivated) version where the phase-space factor is kept in the
on-shell scheme.

The corresponding results for the decay rate in the
MS scheme are therefore

Γ
(4,1)

= Γ(4,1) − 2δ(4)m (µ)Γ
(4,0)

,

Γ
(6,1)

= Γ(6,1) − 2δ(6)m (µ)Γ
(4,0)

− 2δ(4)m (µ)

(
2CH,kin − v3T√

2mb

CbH

)
Γ
(4,0)

,

(28)

where it is understood that mb → mb in the first term
on the right-hand side of each of the above equations. To
obtain the leading-logarithmic (LL) solution for the run-
ning mass, both SM and dimension-6 corrections to the
b-quark mass must be taken into account. By inspect-
ing Eq. (25), the following differential equation should
be solved

dmb

d ln(µ)
= −αsCF

π

3

2
mb

(
1 + 2

√
2vTmbCbG

)
+O(α2

s) .

(29)

This can be achieved analytically by first finding the LL
solution for the running of CbG(µ), and in addition the
running b-quark mass in the SM — which we label as

m(4)
b . In doing so we adopt the following convention for

the QCD β-function

d

d ln(µ)

αs(µ)

π
= −2β0

(
αs(µ)

π

)2

+ ..., (30)

where the ellipses refer to higher-order terms in αs and
Λ−2
NP, and β0 = (11Nc−2nf )/12, with nf = 5 the number

of active flavours. A solution for CbG(µ) can easily be
obtained when taking into account only the numerically
important self-mixing contribution [32]. This is achieved
by solving the equation

dCbG(µ)

d ln(µ)
= −2

αs(µ)

π
γ0
CCbG(µ) . (31)

We find

CbG(µ) = CbG(µ0)

(
αs(µ)

αs(µ0)

) γ0
C

β0

, γ0
C = −5CF − 2Nc

4
.

(32)

Note that our result for γ0
C differs with respect to that

presented in [32], since our operator definition in Table I
implies CbG = CbG/gs, where CbG is the definition used
in [32]. Writing

m(4)
b (µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0

, γ0
m =

3

4
CF , (33)

a solution for mb to O(Λ−2
NP) can then be obtained as

mb(µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0
(
1 +

2
√
2vT

γ0
m + γ0

c
[
m(4)

b (µ)CbG(µ)−m(4)
b (µ0)CbG(µ0)

])
. (34)
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mass in the next section. We note that the QCD cor-
rections involving CbH do not factorise explicitly in the
above expression, that is, they are not proportional to
the SM ones. This is a consequence of renormalising
the b-quark mass and the Wilson coefficients in different
schemes, as we shall see below.

Results in the MS scheme and the massless limit

The results presented in the previous section are valid
in the on-shell scheme for the masses, and the MS scheme
for the Wilson coefficients. In the presence of a large sep-
aration between the scales mb and mh, the fixed-order
predictions become inappropriate for phenomenology due
the appearance of large logarithms of mh/mb which de-
teriorate the convergence of the perturbative series in αs.

To overcome this, the decay rate predictions can be
converted into the MS scheme for the b-quark mass (we
refer to such predictions as being in the MS scheme for
the decay rate). In this scheme, the dominant large log-
arithmic corrections are resummed into RG evolution
factors relating the value of the running b-quark mass
at different energy scales. Mass renormalisation in the
MS scheme is achieved by dropping the finite contribu-
tions to the b-quark mass counterterm in Eq. (9). This
implies that the relation between the b-quark pole mass
and MS mass is

mb = mb(µ) (1− δm(µ)) , (25)

where the SM and dimension-6 contributions to δm(µ)
are

δ(4)m (µ) = −αsCF

π

(
1 +

3

4
ln

[
µ2

m2
b

])
,

δ(6)m (µ) = −αsCF

π

vTmb√
2

CbG

(
1 + 3 ln

[
µ2

m2
b

])
. (26)

We can then define tree-level results in the MS scheme
as3

Γ
(4,0)

=
Ncmhm

2
bβ

3

8πv2T
,

Γ
(6,0)

=

(
2CH,kin −

√
2v3T
mb

CbH

)
Γ
(4,0)

. (27)

3 Note that we have not used the MS mass in the β3 terms, which
are related to phase-space factors for on-shell quark production
rather than the Yukawa coupling of the Higgs. If the mb ap-
pearing in β were also converted, one would need to add extra
terms to Eq. (28). However, we have checked that the numerical
results obtained in that way are nearly identical to those given
below, so we have opted for the more streamlined (and physically
motivated) version where the phase-space factor is kept in the
on-shell scheme.

The corresponding results for the decay rate in the
MS scheme are therefore

Γ
(4,1)

= Γ(4,1) − 2δ(4)m (µ)Γ
(4,0)

,

Γ
(6,1)

= Γ(6,1) − 2δ(6)m (µ)Γ
(4,0)

− 2δ(4)m (µ)

(
2CH,kin − v3T√

2mb

CbH

)
Γ
(4,0)

,

(28)

where it is understood that mb → mb in the first term
on the right-hand side of each of the above equations. To
obtain the leading-logarithmic (LL) solution for the run-
ning mass, both SM and dimension-6 corrections to the
b-quark mass must be taken into account. By inspect-
ing Eq. (25), the following differential equation should
be solved

dmb

d ln(µ)
= −αsCF

π

3

2
mb

(
1 + 2

√
2vTmbCbG

)
+O(α2

s) .

(29)

This can be achieved analytically by first finding the LL
solution for the running of CbG(µ), and in addition the
running b-quark mass in the SM — which we label as

m(4)
b . In doing so we adopt the following convention for

the QCD β-function

d

d ln(µ)

αs(µ)

π
= −2β0

(
αs(µ)

π

)2

+ ..., (30)

where the ellipses refer to higher-order terms in αs and
Λ−2
NP, and β0 = (11Nc−2nf )/12, with nf = 5 the number

of active flavours. A solution for CbG(µ) can easily be
obtained when taking into account only the numerically
important self-mixing contribution [32]. This is achieved
by solving the equation

dCbG(µ)

d ln(µ)
= −2

αs(µ)

π
γ0
CCbG(µ) . (31)

We find

CbG(µ) = CbG(µ0)

(
αs(µ)

αs(µ0)

) γ0
C

β0

, γ0
C = −5CF − 2Nc

4
.

(32)

Note that our result for γ0
C differs with respect to that

presented in [32], since our operator definition in Table I
implies CbG = CbG/gs, where CbG is the definition used
in [32]. Writing

m(4)
b (µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0

, γ0
m =

3

4
CF , (33)

a solution for mb to O(Λ−2
NP) can then be obtained as

mb(µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0
(
1 +

2
√
2vT

γ0
m + γ0

c
[
m(4)

b (µ)CbG(µ)−m(4)
b (µ0)CbG(µ0)

])
. (34)

SM EFT
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mass in the next section. We note that the QCD cor-
rections involving CbH do not factorise explicitly in the
above expression, that is, they are not proportional to
the SM ones. This is a consequence of renormalising
the b-quark mass and the Wilson coefficients in different
schemes, as we shall see below.

Results in the MS scheme and the massless limit

The results presented in the previous section are valid
in the on-shell scheme for the masses, and the MS scheme
for the Wilson coefficients. In the presence of a large sep-
aration between the scales mb and mh, the fixed-order
predictions become inappropriate for phenomenology due
the appearance of large logarithms of mh/mb which de-
teriorate the convergence of the perturbative series in αs.

To overcome this, the decay rate predictions can be
converted into the MS scheme for the b-quark mass (we
refer to such predictions as being in the MS scheme for
the decay rate). In this scheme, the dominant large log-
arithmic corrections are resummed into RG evolution
factors relating the value of the running b-quark mass
at different energy scales. Mass renormalisation in the
MS scheme is achieved by dropping the finite contribu-
tions to the b-quark mass counterterm in Eq. (9). This
implies that the relation between the b-quark pole mass
and MS mass is

mb = mb(µ) (1− δm(µ)) , (25)

where the SM and dimension-6 contributions to δm(µ)
are

δ(4)m (µ) = −αsCF

π

(
1 +

3

4
ln

[
µ2

m2
b

])
,

δ(6)m (µ) = −αsCF

π

vTmb√
2

CbG

(
1 + 3 ln

[
µ2

m2
b

])
. (26)

We can then define tree-level results in the MS scheme
as3

Γ
(4,0)

=
Ncmhm

2
bβ

3

8πv2T
,

Γ
(6,0)

=

(
2CH,kin −

√
2v3T
mb

CbH

)
Γ
(4,0)

. (27)

3 Note that we have not used the MS mass in the β3 terms, which
are related to phase-space factors for on-shell quark production
rather than the Yukawa coupling of the Higgs. If the mb ap-
pearing in β were also converted, one would need to add extra
terms to Eq. (28). However, we have checked that the numerical
results obtained in that way are nearly identical to those given
below, so we have opted for the more streamlined (and physically
motivated) version where the phase-space factor is kept in the
on-shell scheme.

The corresponding results for the decay rate in the
MS scheme are therefore

Γ
(4,1)

= Γ(4,1) − 2δ(4)m (µ)Γ
(4,0)

,

Γ
(6,1)

= Γ(6,1) − 2δ(6)m (µ)Γ
(4,0)

− 2δ(4)m (µ)

(
2CH,kin − v3T√

2mb

CbH

)
Γ
(4,0)

,

(28)

where it is understood that mb → mb in the first term
on the right-hand side of each of the above equations. To
obtain the leading-logarithmic (LL) solution for the run-
ning mass, both SM and dimension-6 corrections to the
b-quark mass must be taken into account. By inspect-
ing Eq. (25), the following differential equation should
be solved

dmb

d ln(µ)
= −αsCF

π

3

2
mb

(
1 + 2

√
2vTmbCbG

)
+O(α2

s) .

(29)

This can be achieved analytically by first finding the LL
solution for the running of CbG(µ), and in addition the
running b-quark mass in the SM — which we label as

m(4)
b . In doing so we adopt the following convention for

the QCD β-function

d

d ln(µ)

αs(µ)

π
= −2β0

(
αs(µ)

π

)2

+ ..., (30)

where the ellipses refer to higher-order terms in αs and
Λ−2
NP, and β0 = (11Nc−2nf )/12, with nf = 5 the number

of active flavours. A solution for CbG(µ) can easily be
obtained when taking into account only the numerically
important self-mixing contribution [32]. This is achieved
by solving the equation

dCbG(µ)

d ln(µ)
= −2

αs(µ)

π
γ0
CCbG(µ) . (31)

We find

CbG(µ) = CbG(µ0)

(
αs(µ)

αs(µ0)

) γ0
C

β0

, γ0
C = −5CF − 2Nc

4
.

(32)

Note that our result for γ0
C differs with respect to that

presented in [32], since our operator definition in Table I
implies CbG = CbG/gs, where CbG is the definition used
in [32]. Writing

m(4)
b (µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0

, γ0
m =

3

4
CF , (33)

a solution for mb to O(Λ−2
NP) can then be obtained as

mb(µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0
(
1 +

2
√
2vT

γ0
m + γ0

c
[
m(4)

b (µ)CbG(µ)−m(4)
b (µ0)CbG(µ0)

])
. (34)

Must solve:

Find solution for CbG, then we find simple analytic formula

mb(µ) = mb(µ0)

✓
↵s(µ)

↵s(µ0)

◆ �0
m
�0

✓
1 +

2
p
2vT

�0
m + �0

c

h
m(4)

b (µ)CbG(µ)�m(4)
b (µ0)CbG(µ0)

i◆

6

mass in the next section. We note that the QCD cor-
rections involving CbH do not factorise explicitly in the
above expression, that is, they are not proportional to
the SM ones. This is a consequence of renormalising
the b-quark mass and the Wilson coefficients in different
schemes, as we shall see below.

Results in the MS scheme and the massless limit

The results presented in the previous section are valid
in the on-shell scheme for the masses, and the MS scheme
for the Wilson coefficients. In the presence of a large sep-
aration between the scales mb and mh, the fixed-order
predictions become inappropriate for phenomenology due
the appearance of large logarithms of mh/mb which de-
teriorate the convergence of the perturbative series in αs.

To overcome this, the decay rate predictions can be
converted into the MS scheme for the b-quark mass (we
refer to such predictions as being in the MS scheme for
the decay rate). In this scheme, the dominant large log-
arithmic corrections are resummed into RG evolution
factors relating the value of the running b-quark mass
at different energy scales. Mass renormalisation in the
MS scheme is achieved by dropping the finite contribu-
tions to the b-quark mass counterterm in Eq. (9). This
implies that the relation between the b-quark pole mass
and MS mass is

mb = mb(µ) (1− δm(µ)) , (25)

where the SM and dimension-6 contributions to δm(µ)
are

δ(4)m (µ) = −αsCF

π

(
1 +

3

4
ln

[
µ2

m2
b

])
,

δ(6)m (µ) = −αsCF

π

vTmb√
2

CbG

(
1 + 3 ln

[
µ2

m2
b

])
. (26)

We can then define tree-level results in the MS scheme
as3

Γ
(4,0)

=
Ncmhm

2
bβ

3

8πv2T
,

Γ
(6,0)

=

(
2CH,kin −

√
2v3T
mb

CbH

)
Γ
(4,0)

. (27)

3 Note that we have not used the MS mass in the β3 terms, which
are related to phase-space factors for on-shell quark production
rather than the Yukawa coupling of the Higgs. If the mb ap-
pearing in β were also converted, one would need to add extra
terms to Eq. (28). However, we have checked that the numerical
results obtained in that way are nearly identical to those given
below, so we have opted for the more streamlined (and physically
motivated) version where the phase-space factor is kept in the
on-shell scheme.

The corresponding results for the decay rate in the
MS scheme are therefore

Γ
(4,1)

= Γ(4,1) − 2δ(4)m (µ)Γ
(4,0)

,

Γ
(6,1)

= Γ(6,1) − 2δ(6)m (µ)Γ
(4,0)

− 2δ(4)m (µ)

(
2CH,kin − v3T√

2mb

CbH

)
Γ
(4,0)

,

(28)

where it is understood that mb → mb in the first term
on the right-hand side of each of the above equations. To
obtain the leading-logarithmic (LL) solution for the run-
ning mass, both SM and dimension-6 corrections to the
b-quark mass must be taken into account. By inspect-
ing Eq. (25), the following differential equation should
be solved

dmb

d ln(µ)
= −αsCF

π

3

2
mb

(
1 + 2

√
2vTmbCbG

)
+O(α2

s) .

(29)

This can be achieved analytically by first finding the LL
solution for the running of CbG(µ), and in addition the
running b-quark mass in the SM — which we label as

m(4)
b . In doing so we adopt the following convention for

the QCD β-function

d

d ln(µ)

αs(µ)

π
= −2β0

(
αs(µ)

π

)2

+ ..., (30)

where the ellipses refer to higher-order terms in αs and
Λ−2
NP, and β0 = (11Nc−2nf )/12, with nf = 5 the number

of active flavours. A solution for CbG(µ) can easily be
obtained when taking into account only the numerically
important self-mixing contribution [32]. This is achieved
by solving the equation

dCbG(µ)

d ln(µ)
= −2

αs(µ)

π
γ0
CCbG(µ) . (31)

We find

CbG(µ) = CbG(µ0)

(
αs(µ)

αs(µ0)

) γ0
C

β0

, γ0
C = −5CF − 2Nc

4
.

(32)

Note that our result for γ0
C differs with respect to that

presented in [32], since our operator definition in Table I
implies CbG = CbG/gs, where CbG is the definition used
in [32]. Writing

m(4)
b (µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0

, γ0
m =

3

4
CF , (33)

a solution for mb to O(Λ−2
NP) can then be obtained as

mb(µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0
(
1 +

2
√
2vT

γ0
m + γ0

c
[
m(4)

b (µ)CbG(µ)−m(4)
b (µ0)CbG(µ0)

])
. (34)
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mass in the next section. We note that the QCD cor-
rections involving CbH do not factorise explicitly in the
above expression, that is, they are not proportional to
the SM ones. This is a consequence of renormalising
the b-quark mass and the Wilson coefficients in different
schemes, as we shall see below.

Results in the MS scheme and the massless limit

The results presented in the previous section are valid
in the on-shell scheme for the masses, and the MS scheme
for the Wilson coefficients. In the presence of a large sep-
aration between the scales mb and mh, the fixed-order
predictions become inappropriate for phenomenology due
the appearance of large logarithms of mh/mb which de-
teriorate the convergence of the perturbative series in αs.

To overcome this, the decay rate predictions can be
converted into the MS scheme for the b-quark mass (we
refer to such predictions as being in the MS scheme for
the decay rate). In this scheme, the dominant large log-
arithmic corrections are resummed into RG evolution
factors relating the value of the running b-quark mass
at different energy scales. Mass renormalisation in the
MS scheme is achieved by dropping the finite contribu-
tions to the b-quark mass counterterm in Eq. (9). This
implies that the relation between the b-quark pole mass
and MS mass is

mb = mb(µ) (1− δm(µ)) , (25)

where the SM and dimension-6 contributions to δm(µ)
are

δ(4)m (µ) = −αsCF

π

(
1 +

3

4
ln

[
µ2

m2
b

])
,

δ(6)m (µ) = −αsCF

π

vTmb√
2

CbG

(
1 + 3 ln

[
µ2

m2
b

])
. (26)

We can then define tree-level results in the MS scheme
as3

Γ
(4,0)

=
Ncmhm

2
bβ

3

8πv2T
,

Γ
(6,0)

=

(
2CH,kin −

√
2v3T
mb

CbH

)
Γ
(4,0)

. (27)

3 Note that we have not used the MS mass in the β3 terms, which
are related to phase-space factors for on-shell quark production
rather than the Yukawa coupling of the Higgs. If the mb ap-
pearing in β were also converted, one would need to add extra
terms to Eq. (28). However, we have checked that the numerical
results obtained in that way are nearly identical to those given
below, so we have opted for the more streamlined (and physically
motivated) version where the phase-space factor is kept in the
on-shell scheme.

The corresponding results for the decay rate in the
MS scheme are therefore

Γ
(4,1)

= Γ(4,1) − 2δ(4)m (µ)Γ
(4,0)

,

Γ
(6,1)

= Γ(6,1) − 2δ(6)m (µ)Γ
(4,0)

− 2δ(4)m (µ)

(
2CH,kin − v3T√

2mb

CbH

)
Γ
(4,0)

,

(28)

where it is understood that mb → mb in the first term
on the right-hand side of each of the above equations. To
obtain the leading-logarithmic (LL) solution for the run-
ning mass, both SM and dimension-6 corrections to the
b-quark mass must be taken into account. By inspect-
ing Eq. (25), the following differential equation should
be solved

dmb

d ln(µ)
= −αsCF

π

3

2
mb

(
1 + 2

√
2vTmbCbG

)
+O(α2

s) .

(29)

This can be achieved analytically by first finding the LL
solution for the running of CbG(µ), and in addition the
running b-quark mass in the SM — which we label as

m(4)
b . In doing so we adopt the following convention for

the QCD β-function

d

d ln(µ)

αs(µ)

π
= −2β0

(
αs(µ)

π

)2

+ ..., (30)

where the ellipses refer to higher-order terms in αs and
Λ−2
NP, and β0 = (11Nc−2nf )/12, with nf = 5 the number

of active flavours. A solution for CbG(µ) can easily be
obtained when taking into account only the numerically
important self-mixing contribution [32]. This is achieved
by solving the equation

dCbG(µ)

d ln(µ)
= −2

αs(µ)

π
γ0
CCbG(µ) . (31)

We find

CbG(µ) = CbG(µ0)

(
αs(µ)

αs(µ0)

) γ0
C

β0

, γ0
C = −5CF − 2Nc

4
.

(32)

Note that our result for γ0
C differs with respect to that

presented in [32], since our operator definition in Table I
implies CbG = CbG/gs, where CbG is the definition used
in [32]. Writing

m(4)
b (µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0

, γ0
m =

3

4
CF , (33)

a solution for mb to O(Λ−2
NP) can then be obtained as

mb(µ) = mb(µ0)

(
αs(µ)

αs(µ0)

) γ0
m
β0
(
1 +

2
√
2vT

γ0
m + γ0

c
[
m(4)

b (µ)CbG(µ)−m(4)
b (µ0)CbG(µ0)

])
. (34)
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Anomalous dimension example
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QCD corrections

Yukawa and Lambda corrections


