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Higgs pair production probes triple-Higgs coupling

Motivation



Gluon Fusion 

Vector Boson Fusion (VBF) 
NLO [1,2] NNLO [3] 
+ non-negligible contribution 
from                      LO [5]                        

Top-Quark Associated 
NLO [2] 

Higgs-strahlung 
NLO [1,2] NNLO [1,4]
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Production Channels
�(pp ! HH +X) @ 14 TeV

[1] Baglio, Djouadi, Gröber, Mühlleitner, Quevillon, Spira 12; 
[2] Frederix, Frixione, Hirschi, Maltoni, Mattelaer, Torrielli, Vryonidou, Zaro 14; 
[3] Ling, Zhang, Ma, Guo, Li, Li 14    [4] Li, Wang 16 
[5] Dolan, Englert, Greiner, Nordstrom, Spannowsky 15;

gg ! HHjj



Gluon Fusion1
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qq/gg → tt̄HH

qq̄ → ZHH
qq̄′ → WHH

qq′ → HHqq′

gg → HHMH = 125 GeV
σ(pp → HH+X) [fb]
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VBF2

Associated Top3

Higgs-strahlung4

Baglio, Djouadi, Gröber, Mühlleitner, Quevillon, Spira 12

1 NLO QCD HEFT HPAIR

2 NLO QCD VBFNLO

4 NNLO QCD

3 LO QCD (NLO, aMC@NLO)

�(pp ! HH +X) ⇠ 1

1000
�(pp ! H +X)

Production Channels (II)



2. Born Improved NLO H(iggs)EFT                 K≈ 2 

A. Including       in Real radiation                    -10% 

B. Including                  terms in Virtual MEs   ±10%
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Glover, van der Bij 88

Dawson, Dittmaier, Spira 98

Maltoni, Vryonidou, Zaro 14

Grigo, Hoff, Melnikov, Steinhauser 13; Grigo, Hoff 14; 
Grigo, Hoff, Steinhauser 15

mT ! 1

mT

O(1/m12
T )

Gluon Fusion

this talk

1. LO (1-loop), Dominated by top (bottom <1%)

3. NLO (2-loop) with full top mass
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; 
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16



4. Born Improved NNLO HEFT                       +20% 

Including matching coefficients 

Including terms                 in Virtual MEs 

(Threshold) NNLL + NNLO Matching          +9% 

5. NNLO HEFT (Differential)
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De Florian, Mazzitelli 13

Grigo, Melnikov, Steinhauser 14

(SCET) Shao, Li, Li, Wang 13; de Florian, Mazzitelli 15

Grigo, Hoff, Steinhauser 15

Gluon Fusion (II)

Jonas Lindert's talk
de Florian, Grazzini, Hanga, Kallweit, Lindert, Maierhöfer, 
Mazzitelli, Rathlev 16

O(1/m4
T )
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H(iggs)EFT:                
Effective tree-level couplings between gluons and Higgs 
Lowers number of loops by 1

HEFT valid for

Born improved NLO HEFT:

HH production for

Higgs EFT

d�NLO(mT ) ⇡ d�̄NLO(mT ) ⌘
d�NLO(mT ! 1)

d�LO(mT ! 1)
d�LO(mT )

Spira et al. (HPAIR)

Small energy range in which HEFT is technically justified

mT ! 1

p
ŝ ⌧ 2mT

2mH <
p
ŝ
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LO & Born Improved NLO HEFT

LO: HEFT describes 
distributions poorly, 
underestimates 
XS @ LO by 14%

PDF4LHC15_nlo_30_pdfas 

Uncertainty:

µR = µF =
mHH

2

mH = 125 GeV
mT = 173 GeV

NLO: HEFT indicates

K ⇡ 2

µ 2
hµ0

2

, 2µ0

i
(7� point)
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�LO (fb) �NLO (fb)

HEFT 17.07+30.9%
�22.2% 31.93+17.6%

�15.2%

B.I. HEFT 19.85+27.6%
�20.5% 38.32+18.1%

�14.9%

Full Theory 19.85+27.6%
�20.5% . . .

p
s = 14TeV



B. Expansion Grigo, Hoff, Steinhauser 15

±10%

A. FTapprox

Born Improved NLO QCD HEFT
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K ⇡ 2

�10%

d�R(mT )

d�V (mT )

Maltoni et al.14 d�̂(mT ) ⌘ d�0 + d�1
m2

H

m2
T

+ . . .+ d�6
m12

H

m12
T

d�̄SV
NLO(mT ) ⌘ d�̂SV

NLO(mT )
d�V

LO(mT )

d�̂V
LO(mT )

d�̄H
NLO(mT ) ⌘ d�̂H

NLO(mT )
�V
LO(mT )

�̂V
LO(mT )

NLO HEFT

d�NLO(mT ) ⇡ d�̄NLO(mT ) ⌘
d�NLO(mT ! 1)

d�LO(mT ! 1)
d�LO(mT )
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A. FT approx

Distribution: Agreement 
between HEFT 
approximations in first 
bin where                  , 
not much hard real 
emission

Total:       in only reals 
suppresses XS by 11% 
compared to HEFT

mT

p
ŝ ⇡ 2mH

�LO (fb) �NLO (fb)

B.I. HEFT 19.85+27.6%
�20.5% 38.32+18.1%

�14.9%

FTapprox 19.85+27.6%
�20.5% 34.26+14.7%

�13.2%

Full Theory 19.85+27.6%
�20.5% . . .

p
s = 14TeV
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B. Expansion in Top Quark Mass

Mass effects give large uncertainty 
Required NLO calculation with full mass dependence

Low        : Expansion 
seems ok in first bin

mhh

Increasing        : Fewer 
reasons to trust expansion

mhh

Total:            differences 
between first few terms 
of expansion

O(5%)

(Tom Zirke) Virtuals: asymptotic expansion in            (q2e/exp+ Reduze + matad)
Harlander, Seidensticker, Steinhauser 97,99; von Manteuffel, Studerus 12; Steinhauser 00

1/m2
T

p
ŝ < 2mT

p
s = 14TeV
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Yukawa only (≤ 4-point) Self-coupling (≤3-point)

Integrals Known
gg ! H

Virtual MEs: NNLO

NLO Calculation

Non-planar

Reducible

gg ! HH qq̄ ! HH

Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Many integrals not known analytically, except:
Bonciani, Del Duca, Frellesvig et al. 15; Gehrmann, Guns, Kara 15;

Degrassi, 
Giardino, 
Gröber 16 We check against SUSHI

H ! Z�

Harlander, Liebler, Mantler 13,16;
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Integrals 1-loop 2-loop

Direct 63 9865

+ Symmetries 21 1601

+ IBPs 8 ~260-270 
(currently 327)

S =
l(l + 1)

2
+ lm

Tensor integrals rewritten as inverse propagators

l = 2

m = 3
S = 9

# Loops
# L.I External momenta

Choose 5 planar + 3 non-planar integral families

(Mostly) Finite Basis
Panzer 14; von Manteuffel, Panzer, Schabinger 15

Reduction with REDUZE 2

Simplification, fix:
mT = 173 GeV, mH = 125 GeV

Scalar products:

Non-planar integrals computed 
mostly without reduction

Integral Reduction

Up to 4 inverse propagators
von Manteuffel, Studerus 12

4 scales ŝ, t̂,m2
T ,m

2
H
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Amplitude Structure

1-loop

Mass Counter-Terms

2-loop

F = aF(1) + a2(�ZA + �Za)F
(1) + a2�m2

tF
ct,(1) + a2F(2) +O(a3)

F(1) =

✓
µ2
R

M2

◆✏ h
b
(1)
0 + b

(1)
1 ✏+ b

(1)
2 ✏2 +O(✏3)

i

Fct,(1) =

✓
µ2
R

M2

◆✏ h
c
(1)
0 + c

(1)
1 ✏+O(✏2)

i

F(2) =

✓
µ2
R

M2

◆2✏
"
b
(2)
�2

✏2
+

b
(2)
�1

✏
+ b

(2)
0 +O(✏)

#

      scheme strong coupling    and      top-quark mass:MS OSa

Red terms contain integrals, computed numerically at each PS point,  
not re-evaluated for scale variations

Real Radiation (HH + j…):

Catani-Seymour Dipole Subtraction Catani, Seymour 96

Cullen et al. 14GoSam for MEs
gg ! HH + g

qq̄ ! HH + g

gq̄ ! HH + q̄

gq ! HH + q
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Evaluating the Amplitude
All master integrals processed with SecDec
Sector decompose Feynman integrals 
Contour deformation

Borowka, Heinrich, Jahn, 
SJ, Kerner, Schlenk, Zirke

Soper 00; Binoth, Guillet, Heinrich et al. 05;Nagy, Soper 06; 
Borowka et al. 12

Hepp 66; Denner, Roth 96; Binoth, Heinrich 00

Use Quasi-Monte-Carlo (QMC) integration             error scalingO(n�1)
Review: Dick, Kuo, Sloan 13; Li, Wang, Yan, Zhao 15

compute once
integralcoeff.

Entire 2-loop amplitude evaluated with a single code

F =
X

i

0

@
X

j

Ci,j✏
j

1

A
 
X

k

Ii,k✏
k

!
= ✏�2

h
C(L)

1,�2I
(L)
1,0 + . . .

i

+ ✏�1
h
C(L)

1,�1I
(L)
1,0 + . . .

i
+ . . .

Dynamically set target precision for each sector, minimising time:

Implemented in OpenCL, evaluated on GPUs

T =
X

i

ti + �̄

 
�2 �

X

i

�2
i

!
, �i ⇠ t�e

i

¯� � Lagrange multiplier

� � precision goal

�i � error estimate
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k1

p2

g

H

g

H

sector integral value error time [s] #points

5 (-1.34e-03, 2.00e-07) (2.38e-07, 2.69e-07) 0.255 1310420

6 (-1.58e-03, -9.23e-05) (7.44e-07, 5.34e-07) 0.266 1310420

. . .

41 (0.179, -0.856) (1.10e-05, 1.22e-05) 29.484 79952820

42 (0.359, -1.308) (1.40e-06, 1.58e-06) 80.24 211436900

44 (0.0752, -1.185) (5.44e-07, 6.76e-07) 99.301 282904860

1

integral value error time [s]

. . .

F1 011111110 ord0 (0.484, 4.96e-05) (4.40e-05, 4.23e-05) 11.8459

. . .

N3 111111100 k1p2k2p2 ord0 (0.0929, -0.224) (6.32e-05, 5.93e-05) 235.412

N3 111111100 1 ord0 (-0.0282, 0.179) (8.01e-05, 9.18e-05) 265.896

N3 111111100 k1p2k1p2 ord0 (0.0245, 0.0888) (5.06e-05, 5.31e-05) 282.794

N3 111111100 k1p2 ord0 (-0.00692, -0.108) (3.05e-05, 3.05e-05) 433.342

1

I(s, t,m2
t ,m

2
h) = �

✓
µ2

M2

◆2"

�(3 + 2✏)M�4

✓
A�2

✏2
+

A�1

✏1
+A0 +O(✏)

◆

p
s = 327.25GeV,

p
�t = 170.05GeV, M2 = s/4Contributing integrals:

Sector Decomposition

Amplitude Evaluation

Slide:  
Matthias Kerner 
(LL 2016)
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B.I. HEFT 19.85+27.6%
�20.5% 38.32+18.1%

�14.9%

FTapprox 19.85+27.6%
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�13.2%

Full Theory 19.85+27.6%
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Results (I): Invariant Mass

PDF4LHC15_nlo_30_pdfas 

Uncertainty:

µR = µF =
mHH

2

mH = 125 GeV
mT = 173 GeV

µ 2
hµ0

2

, 2µ0

i
(7� point)

HEFT: Outside scale var.
mhh > 420GeV

FTapp: Outside scale var. 
mhh > 620GeV

HEFT overestimates by 16% 
FTap. overestimates by 4%

±0.3%(stat.)± 0.1%(int.)

p
s = 14TeV
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Results (II): pT either Higgs

HEFT: Can poor approx. 
for larger         

Note: ambiguous how to 
rescale HEFT reals by full 
LO born differentially

pT,h

FTapp: Significantly better 
but still overestimating

Real radiation plays larger role for large  
(As hoped) Including full reals does improve over HEFT in tails

pT,h



�LO (fb) �NLO (fb)

B.I. HEFT – 1511+16.0%
�13.0%

FTapprox – 1220+11.9%
�10.7%

Full Theory 731.3+20.9%
�15.9% 1149+10.8%

�10.0%
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Results (III): 100TeV

0

1

2

3

4

5

6

d
�
/d

m
h
h
[f
b
/G

eV
]

LO

B-i. NLO HEFT

NLO FTapprox

LO basic HEFT

NLO basic HEFT

NLO

300 400 500 600 700 800 900 1000
mhh [GeV]

0.5
1.0
1.5
2.0

K
fa

ct
or

0

1

2

3

4

5

6

7

8

d
�
/d

p T
,h

[f
b
/G

eV
]

LO

B-i. NLO HEFT

NLO FTapprox

LO basic HEFT

NLO basic HEFT

NLO

0 100 200 300 400 500
pT,h [GeV]

0.5
1.0
1.5
2.0

K
fa

ct
or

Difference between full theory and HEFT more pronounced

HEFT overestimates by 32% 
FTap. overestimates by 6%
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Comparison to Expansion
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Can compare just virtual ME to expansion:

Expansion converges on full

Rescaled better but 
does not describe full 
above threshold

VN≥4 thanks to J. Hoff
Grigo, Hoff, Steinhauser 15

p
ŝ < 2mT

V 0
N = VN

d�̂LO

d�̂LO
N

VN =
�
d�̂V

N + d�̂LO
N ⌦ I

�
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Triple-Higgs Coupling Sensitivity
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SM: Destructive interference 
between         and      contrib. 

Distributions: can help to 
distinguish between    values
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Figure 13: The sensitivity of the various Higgs pair production processes to the trilinear
SM Higgs self–coupling at different c.m. energies. The left panels display the total cross
sections, the right panels display the ratio between the cross sections at a given κ =
λHHH/λSM

HHH and the cross sections at κ = 1.

boson decaying into a photon pair, 6.12% for the Higgs boson decaying into a τ pair and
21.50% for the Higgs boson decaying into off–shell W ∗ bosons.

At the time of the analysis, no generator existed for the signal process, but the matrix

22

Baglio, Djouadi, Gröber, Mühlleitner, Quevillon, Spira 12

ghhh y2T

VBF

�

VBF: More sensitive (but small XS)

ghhh = �gSMhhh

pmin
T,jet

Barr, Dolan, Englert, Ferreira de Lima, Spannowsky 15;  
Mangano et al. 16; Goertz, Papaefstathiou, Yang, Zurita 13; 
Behr, Bortoletto, Frost, Hartland, Issever, Rojo 15

Can increase sensitivity to HH: 
•          cut 
•  
•Multivariate 
�(gg ! HH)/�(gg ! H)

bb̄bb̄
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BSM EFT

*Just varying   : one ``direction'' in EFT parameter space�

g

g h

h g

g h

h

h

g

g h

h

t

Parametrise non-resonant new physics with EFT (5 parameters):

y(2)t cgg cg

Azatov, Contino, Panico, Son 15; 
(Cluster analysis) Dall’Osso, Dorigo, Gottardo, Oliveira, Tosi, Goertz 15;  
+ Carvalho, Manzano, Dorigo, Gouzevich 16; 
(B.I. HEFT) Gröber, Mühlleitner, Spira, Streicher 15; 

g

g h

h

t

g

g h

h

t
h
��3

�yt

12 representative 
``clusters''
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NLO Improved NNLO HEFT

d�approx.

dmhh
⌘ d�NLO

dmhh
⇥ d�HEFT

NNLO/dmhh

d�HEFT
NLO /dmhh

First attempt to combine 
full NLO  

+ 
NNLO HEFT (Differential)
de Florian, Grazzini, Hanga, Kallweit, 
Lindert, Maierhöfer, Mazzitelli, Rathlev 
16

Bin-by-bin rescaling of NLO 
by NNLO HEFT K-factor

Borowka, Greiner, Heinrich, SPJ, 
Kerner, Schlenk, Zirke 16

�approx. = 38.67+5.2%
�7.6%

p
s = 14TeV



Gluon Fusion 
• Key measurement for probing the self coupling (HL-LHC era) 
• NLO deviates from Born Improved HEFT 

-14% @ 14 TeV, -24% @ 100 TeV 
• Distributions altered significantly 

Future 
• Improve combination with NNLO HEFT (?), include resummation (?) 
• Apply methods/framework GoSam-2L+SecDec to other processes 

Thank you for listening!

24

Conclusion



Backup
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Current Experimental Limits

Decay Ch. B.R. 95% Excl. Analysis (
⇥
fb�1

⇤
,
p
s [TeV])

bb̄bb̄ 33% < 29 · �SM ATLAS-CONF-2016-017 (3.2,13)
ATLAS-CONF-2016-049 (13.3,13)

bb̄WW 25% – –
bb̄⌧⌧ 7.3% < 200 · �SM CMS PAS HIG-16-012 (2.7,13)

CMS PAS HIG-16-028 (12.9,13)
CMS PAS HIG-15-013 (18.3,8)

bb̄ZZ 3.0% – –
WW ⌧⌧ 2.71% – –
WWZZ 1.13% – –
bb̄�� 0.26% < 3.9pb ATLAS-CONF-2016-004 (3.2,13)

< 74 · �SM CMS-HIG-13-032 (19.7,8)
���� 0.001% – –

bb̄V V (! l⌫l⌫) 1.23% 400 · �SM CMS PAS HIG-16-024 (2.3,13)
��WW ⇤(! l⌫jj) – < 25pb ATLAS-CONF-2016-071 (13.3,13)

Comb Ch. – < 70 · �SM ATLAS arXiv:1509.04670v2 (20.3,8)



HL-LHC (14 TeV)  
ATLAS+CMS bbγγ + bbττ: Expected significance 1.9 sigma 

ATLAS bbγγ: Signal significance 1.3 sigma 

ATLAS bbττ: Signal significance 0.6 sigma
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Future Experimental Prospects

FCC (100 TeV)

rate growth with collider energy follows the expected pattern, with the neutral channels, gg-dominated,
displaying larger ⇢ with respect to ttW±Z. Theoretical uncertainties for these channels (as well as for
tt̄V ) are under better control with respect to tt̄tt̄, due to the presence of only two powers of the strong
coupling at the LO. These processes, elusive at the LHC, will be accessible at 100 TeV, having cross
sections in the 102 to 103 fb range. Exploiting asymmetry and polarisation effects to probe new physics
is possible for this category as well [420], but the potential of this kind of observables for a 100-TeV
collider still needs to be studied in detail.

Process �NLO(8 TeV) [fb] �NLO(100 TeV) [fb] ⇢

pp ! tt̄tt̄ 1.71 · 100 +25%
�26%

+8%
�8% 4.93 · 103 +25%

�21%
+2%
�2% 2883

pp ! tt̄Z 1.99 · 102 +10%
�12%

+3%
�3% 5.63 · 104 +9%

�10%
+1%
�1% 282

pp ! tt̄W± 2.05 · 102 +9%
�10%

+2%
�2% 1.68 · 104 +18%

�16%
+1%
�1% 82

pp ! tt̄W+W� (4FS) 2.27 · 100 +11%
�13%

+3%
�3% 1.10 · 103 +9%

�9%
+1%
�1% 486

pp ! tt̄W±Z 9.71 · 10�1 +10%
�11%

+3%
�2% 1.68 · 102 +16%

�13%
+1%
�1% 173

pp ! tt̄ZZ 4.47 · 10�1 +8%
�10%

+3%
�2% 1.58 · 102 +15%

�12%
+1%
�1% 353

Table 59: Production of two top-antitop pairs, and of a top-antitop pair in association with up to two
electroweak vector bosons at 8 and 100 TeV [419, 420]. The rightmost column reports the ratio ⇢ of
the 100-TeV to the 8-TeV cross sections. Theoretical uncertainties are due to scale and PDF variations,
respectively. Production of tt̄tt̄ is with the setup of ref. [420].

15.3 Multi Higgs boson production by gluon fusion and VBF
Processes featuring many Higgs bosons in the final state are of the utmost importance at colliders, as
they offer direct information about Higgs self-interactions, which at present have not been observed
at the LHC. These processes offer a unique handle on the nature of the Higgs potential, with crucial
implications not only for SM and BSM phenomenology, but also for more fundamental questions like
the origin of electroweak-symmetry breaking and the stability of the vacuum [492].

In the SM the Higgs potential is

V (H) =
1

2
m2

HH2 + �3HvH3 +
1

4
�4HH4,

with triple and quadruple Higgs couplings equal to each other and predicted in terms of the Higgs mass
and VEV, �3H = �4H ⌘ �SM = m2

H/2v2; measurement of multi-Higgs final states is thus the most direct
way to confirm or disprove this prediction, and for example to provide information about the possible
existence of a richer scalar sector, featuring additional scalar fields.

The dominant production mechanisms of a Higgs pair in the SM are displayed in table 60 and in
figure 173 [493], where the total rate at the NLO in QCD is shown as a function of the hadron-collider
energy. The dominant channel is gluon fusion, as it is for single Higgs, followed by VBF, with a cross
section smaller by more than an order of magnitude.

The cross section for gluon fusion is in excess of 1.5 pb at 100 TeV, see for example [494–496].
This rate is expected to provide a clear signal in the HH ! (bb̄)(��) channel and to allow determination
of �3H with an accuracy of 30�40% with a luminosity of 3 ab�1, and of 5�10% with a luminosity of 30
ab�1 [497–499]. A rare decay channel which is potentially interesting is HH ! (bb̄)(ZZ) ! (bb̄)(4l),
with a few expected signal events against O(10) background events at 3 ab�1 [500].
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YR4 Numbers (maybe...)

YR4 Prescription:

UNOFFICIAL

p
s �0

NNLL (fb) Scale Unc. (%) PDF Unc. (%) ↵S Unc. (%)
7 TeV 7.078 +4.0� 5.7 ±3.4 ±2.8
8 TeV 10.16 +4.1� 5.7 ±3.1 ±2.6
13 TeV 33.53 +4.3� 6.0 ±2.1 ±2.3
14 TeV 39.64 +4.4� 6.0 ±2.1 ±2.2

�(gg ! hh)exactNLO = �(gg ! hh)HEFT
NLO (1 + �t)

�0
NNLL = �NNLL + �t�

HEFT
NLO
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Top-quark Width Effects

Γt = 0 GeV
Γt = 1.5 GeVTop Width Effect
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Figure 3: Top width effect on the one-loop (Born) matrix element squared for gg → HH . The
results for Γt = 0 and 1.5 GeV are shown along with the corresponding ratio.

the replacement

mt → mt

√

1− iΓt/mt (4.1)

everywhere in the computation, i.e. to modify the kinematical mass as well as the Yukawa

coupling. The effect of including a non-zero top-quark width is shown in fig. 3, where

the LO matrix element squared for gg → HH is plotted as a function of the invariant

mass of the Higgs pair for Γt = 0 and 1.5 GeV.2 A behaviour similar in size and with the

same negative sign as the single Higgs case [54] is found, with the non–zero width result

displaying a maximum decrease of ∼4% compared to the narrow width result right after

the tt̄ threshold. The results shown here have been obtained at the matrix element squared

level. The final effect on the total cross section at LO at 14 TeV LHC is shown in tab. 1

and amounts to a correction of ∼-2%. For our NLO predictions we will use a top-quark

width of 1.5 GeV.

We now consider the inclusion of the finite top mass in the NLO computation. In

what we dub NLO FTapprox, the Born and real configurations are reweighted with the

corresponding Born and real emission finite top-quark mass matrix elements and for the

virtual configurations, the HEFT result, yet rescaled by the Born in the FT, is used. We

stress again that the only approximation made in this procedure is that coming from the

absence of the exact results for the two-loop virtual terms. As a check we have applied

this method to single Higgs production in gluon-gluon fusion where all elements of the

2We note that here we assumed a 90◦ scattering for all points included in fig. 3, but as the matrix

element has an extremely weak angular dependence [19], this provides a perfectly good demonstration of

the effect also at the level of the Higgs pair invariant mass distribution.

– 8 –

Maltoni, Vryonidou, Zaro 14

Total XS @ LO: reduced by 2% by including top-quark width
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Lambda Variation
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Lambda Variation
p
s = 100TeV
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Scaling
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Lambda 0 x SM
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Lambda 2 x SM
p
s = 14TeV
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Resonant Production
YR4 details two benchmark scenarios for initial study 

Higgs Singlet Model 

Large                
Cross-section can be enhanced by up to 10-20x 

2 Higgs Doublet Model (2HDM) 

Behaviour strongly depends on the scenario

Chapter 7. Higgs Pair Production 9 219

4.2 Higgs Singlet Model5045

The Higgs singlet model [470–472] is a simple example where double Higgs production can receive5046

large contributions from a resonance. The model contains a Higgs doublet, �T = (�+, �̃0 = �0+vp
2

), and5047

Higgs singlet, S = s+hSip
2

, and is described by 5 parameters in the potential:5048

V = �m2�†� � µ2S2 + �1(�
†�)2 + �2S

4 + �3�
†�S2 , (7.15)

where a Z2 symmetry S ! �S and � ! � has been imposed for simplicity. After electroweak symme-
try breaking, both �̃0 and S get vacuum expectation values and the physical fields h, H are mixtures of
the original fields

h = cos ↵ �0 � sin ↵ s

H = sin ↵ �0 + cos ↵ s , (7.16)

and we assume MH > mh in the following. The LO trilinear Higgs couplings are,5049

�hhh = �3m2
h

v

✓

cos3 ↵ � tan � sin3 ↵

◆

(7.17)

�Hhh = �m2
h

v
sin(2↵)(cos ↵ + sin ↵ tan �)

✓

1 +
M2

H

2m2
h

◆

. (7.18)

The NLO relations for the trilinear couplings are in Ref. [473].5050

The input parameters can be taken as (see e.g. [474]),5051

– mh = 125 GeV, MH , cos ↵, v, tan � = v/hsi ,5052

and the Higgs branching ratios to SM particles, XSM , are:5053

�(h ! XSMXSM ) = cos2 ↵ �(h ! XSMXSM )SM

�(H ! XSMXSM ) = sin2 ↵ �(H ! XSMXSM )SM

�H = sin2 ↵ �H,SM (MH) + �(H ! hh)

�h = cos2 ↵ �h,SM (mh) , (7.19)

where �H,SM (MH) are the Standard Model Higgs widths evaluated at MH which are completely fixed in5054

terms of tan �, MH , and cos ↵. ATLAS [475] considered the restrictions from Higgs coupling measure-5055

ments on the parameters of the singlet model and found | cos ↵| > 0.93, where we omit the possibility5056

of the H decaying to some new invisible particles. The heavier Higgs boson contributes to the W mass,5057

which imposes a further limit on cos ↵ as a function of MH [476, 477]. The branching ratio, H ! hh,5058

can be quite large, O ⇠ 20 � 30%, leading to large effects in di-Higgs production. Values of the LO5059

branching ratios and widths for H ! hh for representative values of the parameters are shown in Figs.5060

12 and 13. The maximum and minimum allowed branching ratios, consistent with experimental restric-5061

tions, are shown in Tab. 4.25 as a function of MH .5062

The Mhh distributions in the singlet model show clear resonance peaks as illustrated in Fig. 14.5063

The NLO QCD corrections to double Higgs production can be found in the large mt limit [479] and5064

give a K factor which is approximately the same as in the Standard Model. For MH ⇠ 2mh, the rate is5065

dominated by the resonance contribution which is implemented in the code sHDECAY [480]. For fixed5066

sin ↵ = 0.28 and tan � = 0.5, the predictions for a range of heavy Higgs masses are given in Tabs.5067

7.20-7.23.5068

The enhancements of the di-Higgs cross section in the singlet model can be as large as factors of5069

O(10 � 20) and are typical of those which can be obtained in models with a heavy Higgs particle with a5070

mass near 2mh and a large branching ratio to hh, such as the 2HDM, the MSSM, or the NMSSM. It is5071

interesting to tabulate the largest allowed values of the di-Higgs cross section in the singlet model using5072

the restrictions of Tab. 4.25. These cross sections are shown in Tabs. 7.24-7.27.5073

�T = (�+, �̃0 =
�0 + vp

s
)

S =
s+ hSip

2
H ! hhO(20� 30%)

h0, H0, A,H+, H�2 neutral scalars

Pseudoscalar

2 charged Higgs

Hespel, López-Val, Vryonidou 14
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Checks

Real Emission / Subtraction Terms
• Independence of dipole-cut     parameter  Nagy `03 
• Agreement with  Maltoni, Vryonidou, Zaro `14  

↵

Virtual Corrections
• Two calculations of amplitude up to reduction 
• Amplitude result invariant under   t � u 
• Pole cancellation 
• Mass renormalization using two methods: 

counter-term insertion vs. calculating                   numerically 

• Agreement of contributions gg → H → HH with SusHi 
• Convergence of           expansion to full result  

where agreement is expected

Harlander,Liebler, Mantler1/mT

dMLO/dm2
t

Checks

Slide: Matthias Kerner (Loopfest 2016)
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Integral Families
tensor integrals:      scalar products → inverse propagators

# l.i. scalar products:

) S = 9
l = 2 : # loops

m = 3 : # l.i. externalmomenta

S =
l(l + 1)

2
+ lm

→ integral families with 9 propagators
→ general loop integral:

D1 = p21 �m2
t

D2 = p22 �m2
t

D3 = (p1 � p2)
2

D4 = (p1 + k1)
2 �m2

t

D5 = (p2 + k1)
2 �m2

t

D6 = (p1 � k2)
2 �m2

t

D7 = (p2 � k2)
2 �m2

t

D8 = (p1 � k2 � k3)
2 �m2

t

D9 = (p2 � k2 � k3)
2 �m2

t

planar family 1: D5

D2

D7

D3

D4

D8

D6

k1

k2
k3

k4

p1p2

D2

D5

D3

D9

D4 D8

D6

k1

p2

k2
k3

k4

p1

⌫i 2 ZI famj
⌫1,...,⌫9

=

Z
ddp1

Z
ddp2

1

D⌫1
1 D⌫2

2 · · ·D⌫9
9

Slide: Matthias Kerner
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Integral Families
tensor integrals:      scalar products → inverse propagators

→ integral families with 9 propagators

planar family 2:
planar family 3: planar  

families 
 4/5:

3 non-planar families:

# l.i. scalar products:

) S = 9
l = 2 : # loops

m = 3 : # l.i. externalmomenta

S =
l(l + 1)

2
+ lm

Slide: Matthias Kerner
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Form Factors (Contain integrals)

Choose:

(Tensor) Basis, built from external 
momenta & metric

Expose tensor structure: M = ✏1µ✏
2
⌫Mµ⌫

• Self-coupling diagrams are 1PR by 
cutting a scalar propagator 

• By angular momentum conservation 
they contribute only to      

Form Factor Decomposition

Construct projectors such that:

Pµ⌫
1 Mµ⌫ = F1(ŝ, t̂,m

2
h,m

2
t , D)

Pµ⌫
2 Mµ⌫ = F2(ŝ, t̂,m

2
h,m

2
t , D)

Mµ⌫ = F1(ŝ, t̂,m
2
h,m

2
t , D)Tµ⌫

1 + F2(ŝ, t̂,m
2
h,m

2
t , D)Tµ⌫

2

F1

M++ = M�� = �F1

M+� = M�+ = �F2

40



Same Basis as 
amplitude

Projectors (CDR                   ):

Pµ⌫
1 Mµ⌫ = F1(ŝ, t̂,m

2
h,m

2
t , D)

Pµ⌫
2 Mµ⌫ = F2(ŝ, t̂,m

2
h,m

2
t , D)

Pµ⌫
1 =

1

4

D � 2

D � 3
Tµ⌫
1 � 1

4

D � 4

D � 3
Tµ⌫
2

Pµ⌫
2 = �1

4

D � 4

D � 3
Tµ⌫
1 +

1

4

D � 2

D � 3
Tµ⌫
2

Compute:

D = 4� 2✏

41

Form Factor Decomposition (II)

Tµ⌫
1 = gµ⌫ � pµ2p

⌫
1

p1 · p2

Tµ⌫
2 = gµ⌫ +

m2
Hpµ2p

⌫
1

p2T p1 · p2
� 2p1 · p3pµ2p⌫3

p2T p1 · p2
� 2p2 · p3pµ3p⌫1

p2T p1 · p2
+

2pµ3p
⌫
3

p2T

Glover, van der Bij 88

p2T =
ut�m4

H

s



QGRAF

SecDec

GoSam-XLoop

using QGRAF & FORM
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Nogueira 93

Vermaseren et al. 12

Borowka, Heinrich, Jahn, SJ, Kerner, Schlenk, Zirke

Cullen et al. 14 + Jahn, SJ, Kerner, Zirke

REDUZE 2

REDUZE 2/LiteRed/FIRE

Mathematica GoSam-XLoop

Partial cross-check: 2 Implementations

Amplitude Generation

Integral 
Reduction Lee 13; Smirnov, Smirnov 13

von Manteuffel, Studerus 12

Code 
Generation

Virtual MEs: Tool Chain
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3-point, 1 off-shell leg 
HPLs

Up to 4-point, 
4 scales   ,  ,      ,    
SecDec

Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Gehrmann, Guns, Kara 15

3-point, 2 off-shell legs 
Generalized HPLs, 12 Letters

Known Analytically:

Numeric Evaluation:

Slide: Matthias Kerner

m2
Hm2

Tts

Master Integrals



To evaluate Master Integrals we use SecDec which implements Sector 
Decomposition 

Completely automated procedure 

Sector Decomposition 
1) Feynman Parametrise integral and compute momentum integrals 

Here          are 1st, 2nd Symanzik Polynomials 

We have exchanged    momentum integrals for     parameter integrals

44

G = (�1)N⌫
�(N⌫ � LD/2)
QN

j=1 �(⌫j)

Z 1

0

NY

j=1

dxj x

⌫j�1
j �(1�

NX

i=1

xi)
UN⌫�(L+1)D/2(~x)

FN⌫�LD/2(~x, sij)

L N

U ,F

Collaboration: Borowka, Heinrich, Jahn, SJ, Kerner, Schlenk, Zirke

Numerical Master Integrals
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2) After integrating out    we are faced with integrals of the form: 

Which may contain overlapping singularities which appear when 
several              simultaneously (corresponding to UV/IR singularities) 

Sector decomposition maps each integral into integrals of the form: 

Polynomials in F.P

Powers depending on ✏
Gi =

Z
1

0

0

@
N�1Y

j=1

dxjx
⌫j�1

j

1

A Ui(~x)expoU(✏)

Fi(~x, sij)expoF(✏)

Gik =

Z
1

0

0

@
N�1Y

j=1

dxjx
aj�bj✏
j

1

A Uik(~x)expoU(✏)

Fik(~x, sij)expoF(✏)

Uik(~x) = 1 + u(~x)

Fik(~x) = �s0 + f(~x)  have no constant termu(~x), f(~x)

Hepp 66; Denner, Roth 96; Binoth, Heinrich 00

xj ! 0

Singularity structure can be read off

�

Sector Decomposition
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One technique Iterated Sector Decomposition repeat: 

If this procedure terminates depends on order of decomposition steps 

An alternative strategy Geometric Sector Decomposition always 
terminates; both strategies are implemented in SecDec.
Kaneko, Ueda 10; See also: Bogner, Weinzierl 08; Smirnov, Tentyukov 09

Binoth, Heinrich 00 

Overlapping singularity for x1, x2 ! 0

Singularities factorised

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+✏

(✓(x1 � x2) + ✓(x2 � x1))

=

Z 1

0
dx1

Z
x1

0
dx2

1

(x1 + x2)2+✏

+

Z 1

0
dx2

Z
x2

0
dx1

1

(x1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dt2

x1

(x1 + x1t2)2+✏

+

Z 1

0
dx2

Z 1

0
dt1

x2

(x2t1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dt2

x

�1�✏

1

(1 + t2)2+✏

+
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Sector Decomposition (II)
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3) Expand in   (simple case             ): 

By Definition:                       finite 

4) Numerically integrate 

SecDec supports: numerators, inverse propagators, ``dots’’, physical 
kinematics, arbitrary loops & legs (within reason)

Key Point: Sector Decomposed integrals can be expanded in   
and numerically integrated✏

a = �1

Finite

Poles

✏

g(0) 6= 0, g(0)

g(0)Note: `subtraction’ of

Z 1

0
dx�1�b✏

g(x) =
g(0)

�b✏

+

Z 1

0
dxx�b✏


g(x)� g(0)

x

�

Soper 00; Nagy, Soper 06; 
Borowka 14

Sector Decomposition (III)



Generating vector    precomputed for a fixed number of lattice 
points, chosen to minimise worst-case error

             algorithm for numerical integration:

~�k

{}

Is[f ] ⌘
Z

[0,1]s
dsxf(~x)

- Random shift vec.

- Fractional part

~�1

f : Rs ! C

n - # Lattice points

- # Random shiftsm

Is[f ] ⇡ Q̄s,n,m[f ] ⌘ 1

m

mX

k=1

1

n

n�1X

i=0

f

✓⇢
i~z

n
+ ~�k

�◆
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Review: Dick, Kuo, Sloan 13O(n�1)

~z - Generating vec.

~z

n

~z

Nuyens 07

Rank 1 Shifted Lattices
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Unbiased error estimate computed from random shifts:

Var[Q̄s,n,m[f ]] ⇡ 1

m(m� 1)

mX

k=1

(Qs,n,k � Q̄s,n,m)2

4 Shifts

Typically 10-50 shifts, production run: 20 shifts

~�1

~z

n

1 Shift

Rank 1 Shifted Lattices (II)
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Example: Rel. Err. of one sector of sector decomposed loop integral

``Guaranteed” 
Lattice Scaling

Monte Carlo Scaling
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See Also: Li, Wang, Yan, Zhao 15

6 dimensional 
numerical 
integral

R1SL: Algorithm Performance



Accuracy limited primarily by number of function evaluations 
Implemented in OpenCL 1.1 for CPU & GPU, generate points on GPU/
CPU core, sum blocks of points (reduce memory usage/transfers)

n CPU (s) GPU(s) C/G

655357 6.63 1.60 4.1

7208951 72.3 16.4 4.4

67264993 674.2 152.2 4.4

2 CPUs (20 Cores + HT)

1 GPU

Hyperthreading

4.1x115x

M
illi

on
 F

un
ct
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n 

Ev
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tio

ns
 / 

Se
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nd

Cores

2 x Xeon E5-2680v2 (CPU)
1 x Tesla K20Xm (GPU)
Ideal Linear Scaling
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R1SL: Implementation Performance
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Single program to compute all coefficients & integrals to obtain amplitude to given 
accuracy

desired precision list of GPUs & CPUs

name & reference to 
integrand to integrate

vector of coefficients  
                         for all Form 
Factors, evaluated at this 
phase-space point

C1,�2, C1,�1, ...

(ŝ, t̂,m2
t ,m

2
h)

Find contour 
deformation 
(physical region) in 
parallel for all 
integrals in 
amplitude

Computes integrals in parallel on GPUs 
& CPUs. Dynamically adjusts # points 
per sector to reduce amplitude error

SecDec as a Library



Phase-space implemented by hand  
limited to 2-3 w/ 2 massive particles 

Events for virtual: 

1) VEGAS algorithm applied to LO 
matrix element               events 
computed  

2) Using LO events unweighted 
events generated using accept/reject 
method             events remain 

3) Randomly select 666 Events 
(woops), compute at NLO, exclude 1

53

O(100k)

O(30k)

Note: No grids used either for integrals or phase-space
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Phase-space Sampling



Matthias Kerner — Higgs boson pair production in gluon fusion at NLO  — Loops and Legs, April 26, 2016 54

Phase-space points
LO calculation

unweighted events

sampling points 
virtual amplitude

• Importance  
sampling:

665 phase-space points

�V with 2.5% accuracy} using

• Accuracy goal: - 3% for form factor F1 
- 5-20% for form factor F2 (depending on F2/F1)

• Run time:
(gpu time)

- 80 min - 2 d  (≙wall-clock limit)  
- median: 2h

• one point at                     excluded (huge integration error)  
(stable results for points at                      and                     )

s/m2
t = 4.01

s/m2
t = 4.05s/m2

t = 3.98

Slide: Matthias Kerner



Hardware (numerics): ~16 Dual Nvidia Tesla K20X GPGPU Nodes 

Median GPU time per PS point: 2 hours 

Total compute time used: 4680 GPU Hours 

Wall time: 6 days

55

Key Point: Even after the advances discussed here numerical 
integration is slow but our setup can scale to use the available 

compute resources 

Bottleneck: Integral reduction, tried Fire, Litered, Reduze 2

Note: Not a criticism, we are not using these tools smartly or on 
ideal hardware, this problem is HARD for these tools

Smirnov, Smirnov 13; Lee 13; von Manteuffel, Studerus 12

Thanks: MPCDF

Timings



• full real-emission matrix elements and dipoles 
• virtual corrections as asymptotic expansion in 1/mt2 

with q2e/exp [Harlander, Seidensticker, Seidensticker] + 
Reduze [von Manteuffel, Studerus] + matad [Steinhauser] 

• not directly comparable with [Grigo, Hoff, Steinhauser], 
(real radiation treated differently, expansion parameter (mH/mt)2)

Approximate top-mass effects at NLO

u(k1)

g(k2)

u(k3)

H(k4)
H(k5)

g

t

t

t

t

g(k1)

g(k2)

g(k3)

H(k4)

H(k5)

g
H

tt

t
g(k1)

g(k2)
g(k3)

H(k4)

H(k5)

g t

t

t

t

u(k1)
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Figure 2. Examples of diagrams contributing to the real radiation part at NLO. The dia-

grams in the second row do not lead to infrared singularities.

2.2.4 Real radiation

For the real radiation, we use the Catani-Seymour dipole formalism [54], i.e. we write

the cross section as

�NLO(p) =

Z

d�3

2

4

�

d�R(p)
�

✏=0
�
 

X

dipoles

d�LO(p)⌦ dVdipole

!

✏=0

3

5

+

Z

d�2

⇥

d�V (p) + d�LO(p)⌦ I
⇤

✏=0

+

Z 1

0

dx

Z

d�2

⇥

d�LO(xp)⌦ (P+K) (x)
⇤

✏=0
. (2.42)

There are four partonic channels for the real radiation contribution to the cross section:

�r(gg ! hh+ g), �r(gq ! hh+ q), �r(gq̄ ! hh+ q̄), �r(qq̄ ! hh+ g) . (2.43)

The qq̄ channel is infrared finite.

In the following we will use a phase space restriction parameter ↵ to restrict the dipole

subtraction to a limited region, as suggested in Ref. [55]. The general formula for the

infrared insertion operator is given by

I({p};↵; ✏) = �↵s

2⇡

1

�(1� ✏)

X

I

1

T2
I

VI(↵, ✏)
X

J 6=I

TI ·TJ

✓

4⇡µ2

2pI · pJ

◆✏

, (2.44)

– 14 –

✅

✅

Thus we are left with only spin correlation, which we evaluate by formally projecting

onto |µ, ⌫i = |µi ⌦ |⌫i so that

Dai,b =
1

2pa · pi
1

xi,ab
heh1,eh2; eai, b||µ0, ⌫ 0ihµ0|Vai,b |µih⌫ 0||⌫ihµ, ⌫||eh1,eh2; eai, bi, (2.63)

where hµ||⌫i = P

pol.(✏
µ)⇤✏⌫ and

hµ, ⌫||eh1,eh2; eai, bi = Mµ⌫(epai, pb, eph1, eph2). (2.64)

Making use of the decomposition (2.1), the dipoles can be expressed in terms of the

form factors F1,2 evaluated in D = 4.2 For the numerical evaluation we implement the

analytic results for the LO form factors from Ref. [5].

The relevant splitting functions are given by

hµ|Vg
a

g
i

,b(xi,ab)|⌫i = 16⇡µ2✏↵s CA



�gµ⌫
✓

xi,ab

1� xi,ab
+ xi,ab(1� xi,ab)

◆

+ (1� ✏)
1� xi,ab

xi,ab

pa · pb
pi · pa pi · pb

✓

pµi �
pipa
pbpa

pµb

◆✓

p⌫i �
pipa
pbpa

p⌫b

◆�

(2.65)

for the gg ! ghh channel, and

hµ|Vq
a

q
i

,b(xi,ab)|⌫i = 8⇡µ2✏↵s CF

h

�gµ⌫xi,ab

+
1� xi,ab

xi,ab

2pa · pb
pi · pa pi · pb

✓

pµi �
pipa
pbpa

pµb

◆✓

p⌫i �
pipa
pbpa

p⌫b

◆�

(2.66)

for qg ! qhh (q̄g ! q̄hh).

2.3 Heavy-top expansion

For comparison we perform the calculation additionally in the limit of a large top-quark

mass using the method of asymptotic expansion [56, 57]. Thus we write the partonic

di↵erential cross section as

d�exp,N =
N
X

k=0

d�(k)

✓

⇤

mt

◆2k

, (2.67)

where ⇤ 2 �p
s,
p
t,
p
u,mh

 

stands for any combination of external momenta, and

determine the first few terms (up to N = 3) of this asymptotic series. Choosing N = 0

2 Note that for gg ! hh the spin correlation is indeed non-trivial, i.e. the dipoles cannot be
written as LO cross section times splitting function. In particular, there is a non-vanishing mixed
term proportional to ReF ⇤

1 F2.

– 19 –

reproduces to the usual e↵ective theory approach, without the need to calculate Wilson

coe�cients separately, however.

To generate the diagrams we again use qgraf [37]. The generation and expansion of

the amplitude in small external momenta is then performed using q2e/exp [58, 59]

and leads to two-loop vacuum integrals inserted into tree-level diagrams as well as one-

loop vacuum integrals inserted into massless one-loop triangles. Whereas the vacuum

integrals are evaluated with Matad [60], the massless integrals can be expressed in

terms of a single one-loop bubble, which we achieve with the help of Reduze [40].

Again, the algebraic processing of the amplitude is done with Form [38, 39].

We can now obtain di↵erent approximations by combining the exact and expanded

matrix elements in various ways:

(1) Series expansion only for virtual corrections, rescaled with exact born:

d�V + d�LO(✏)⌦ I ⇡ d�V
exp,N

d�LO(✏)

d�LO
exp,N(✏)

+ d�LO(✏)⌦ I

=
�

d�V
exp,N + d�LO

exp,N(✏)⌦ I
� d�LO(✏)

d�LO
exp,N(✏)

=
�

d�V
exp,N + d�LO

exp,N(✏)⌦ I
� d�LO(✏ = 0)

d�LO
exp,N(✏ = 0)

+O (✏) (2.68)

The first identity is valid because the colour structure of the exact and the expanded

LO cross section are identical, and the second because the sum in the bracket is

finite. Thus one needs to know only the ✏ dependence of the expanded LO cross

section in this approximation.

There is some ambiguity when to do the rescaling (before/after phase-space inte-

gration, convolution with the PDFs etc.). We opt to do it on a fully di↵erential

level, i.e. the rescaling is done for each phase-space point individually.

(2) Virtual corrections as above, expand and rescale real radiation as well:

d�R �
X

dipoles

d�LO ⌦ dVdipole ⇡ d�R
exp,N · d�LO

d�LO
exp,N

�
X

dipoles

d�LO
exp,N ⌦ dVdipole · d�LO

d�LO
exp,N

(2.69)

It seems arbitrary which momenta to use for the born matrix elements entering the

rescaling factor applied to d�R
exp,N on the di↵erential level. One possible choice is a

weighted average between the rescaling factors used for the dipoles.3 This ensures

3 As weight we use 1
zi3

= p1·p2

pi·p3
, i = 1, 2.

– 20 –
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Thus we are left with only spin correlation, which we evaluate by formally projecting

onto |µ, ⌫i = |µi ⌦ |⌫i so that

Dai,b =
1

2pa · pi
1

xi,ab
heh1,eh2; eai, b||µ0, ⌫ 0ihµ0|Vai,b |µih⌫ 0||⌫ihµ, ⌫||eh1,eh2; eai, bi, (2.63)

where hµ||⌫i = P

pol.(✏
µ)⇤✏⌫ and

hµ, ⌫||eh1,eh2; eai, bi = Mµ⌫(epai, pb, eph1, eph2). (2.64)

Making use of the decomposition (2.1), the dipoles can be expressed in terms of the

form factors F1,2 evaluated in D = 4.2 For the numerical evaluation we implement the

analytic results for the LO form factors from Ref. [5].

The relevant splitting functions are given by
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for the gg ! ghh channel, and
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for qg ! qhh (q̄g ! q̄hh).

2.3 Heavy-top expansion

For comparison we perform the calculation additionally in the limit of a large top-quark

mass using the method of asymptotic expansion [56, 57]. Thus we write the partonic

di↵erential cross section as

d�exp,N =
N
X

k=0

d�(k)

✓

⇤

mt

◆2k

, (2.67)

where ⇤ 2 �p
s,
p
t,
p
u,mh

 

stands for any combination of external momenta, and

determine the first few terms (up to N = 3) of this asymptotic series. Choosing N = 0

2 Note that for gg ! hh the spin correlation is indeed non-trivial, i.e. the dipoles cannot be
written as LO cross section times splitting function. In particular, there is a non-vanishing mixed
term proportional to ReF ⇤

1 F2.

– 19 –
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Figure 1: The Higgs pair invariant mass distribution for Ecm = 14 TeV and the central scale µ0 = Q, for
the fixed order (left) and resummed (right) predictions. In the left (right) we show the LO (LL), NLO
(NLL) and NNLO (NNLL) curves, with blue dotted, red dashed and black solid lines respectively.
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Figure 2: The Higgs pair invariant mass distribution for Ecm = 14 TeV and the central scale µ0 = Q/2,
for the fixed order (left) and resummed (right) predictions. The color coding is the same of Figure 1.

3 NNLL phenomenology

We present in this section the phenomenological results. For the computation we take the Higgs
mass to be MH = 125 GeV. All the results are normalized by the exact LO top mass dependence,
with Mt = 173.21 GeV. For the parton luminosities and strong coupling we use the MSTW2008
sets, consistently at each perturbative order (i.e. LO PDFs and one-loop ↵S evolution for LO
and LL cross sections, etc.). The scale uncertainty was evaluated by varying independently the
renormalization and factorization scales in the range µ0/2  µR, µF  2µ0 with the constraint
1/2  µR/µF < 2, where µ0 is the central scale. The analysis was performed for two choices of
the central scale: µ0 = Q and µ0 = Q/2, being Q the invariant mass of the Higgs pair system.

The contributions from all the relevant partonic channels are always included in our numerical
results. As described in the previous section, the threshold resummation only applies for the gg
channel. With the corresponding matching we also account for the other partonic subprocesses at
the corresponding fixed order accuracy.

We start by showing the Higgs pair invariant mass distribution for a collider center of mass
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Figure 3: The K-factors for the fixed order and resummed cross sections as a function of the Higgs pair
invariant mass, for Ecm = 14 TeV. The left (right) panel shows the results for µ0 = Q (µ0 = Q/2). The
color coding is the same of Figure 1.

energy Ecm = 14 TeV. In Figure 1 we present the results corresponding to the central scale
µ0 = Q, while in Figure 2 the ones corresponding to µ0 = Q/2 are shown. For both figures, in the
left plot we present the fixed order prediction (at LO, NLO and NNLO) while in the right one we
show the resummed cross section (at LL, NLL and NNLL). ‡

In the first place we can observe that, with the exception of the µ0 = Q/2 resummed distribu-
tions, there is no overlap between the LO (LL) and NLO (NLL) bands, and it is only at second
order that a sensible superposition of the bands occurs. We can also see from the plots that at
every order the inclusion of the resummed contributions results in an increase of the cross section.
Also, we can observe that the size of the uncertainty band at NNLL is always smaller than the
corresponding NNLO one. This e↵ect is more clear with the choice µ0 = Q, for which also a better
overlap between the NNLL and NLL bands is observed, with respect to the NNLO and NLO ones.
The fixed order and resummed distributions have less di↵erences for µ0 = Q/2, as was already
observed for single Higgs production, where the choice µ0 = MH/2 partially mimics some of the
threshold resummation e↵ects. Regarding the shape of the distributions, we observe very small
di↵erences after the resummation is performed. This is due to the fact that the relative size of
the resummed contributions has a rather small dependence on the Higgs pair invariant mass.

In Figure 3 we present the K-factors, defined as the ratio between a given prediction and the
LO one. For the denominator we fix µR = µF = µ0. We observe, in more detail, the same features
described above at the level of the cross section. In particular, it is visible that the resummed
series has a better convergence than the fixed order one, exhibiting a larger overlap between the

‡For simplicity, we always label our resummed predictions as LL, NLL and NNLL. As explained before, these
results include the matching to the fixed order cross section, so they should be interpreted as LL+LO, NLL+NLO
and NNLL+NNLO respectively.
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Figure 4: The ratio between the NNLL and the NNLO predictions as a function of the Higgs pair
invariant mass, for the scales µ = Q (left) and µ = Q/2 (right). Results are shown for center of mass
energies of 8 TeV (orange solid), 14 TeV (magenta dashed), 33 TeV (purple dot-dashed) and 100 TeV
(black dotted).

µ0 = Q NNLO (fb) scale unc. (%) NNLL (fb) scale unc. (%) PDF unc. (%) PDF+↵S unc. (%)
8 TeV 9.92 +9.3� 10 10.8 +5.4� 5.9 +5.6� 6.0 +9.3� 9.2

13 TeV 34.3 +8.3� 8.9 36.8 +5.1� 6.0 +4.0� 4.3 +7.7� 7.5
14 TeV 40.9 +8.2� 8.8 43.7 +5.1� 6.0 +3.8� 4.0 +7.5� 7.3
33 TeV 247 +7.1� 7.4 259 +5.0� 6.1 +2.2� 2.8 +6.1� 6.1
100 TeV 1660 +6.8� 7.1 1723 +5.2� 6.1 +2.1� 3.0 +5.7� 5.8

µ0 = Q/2 NNLO (fb) scale unc. (%) NNLL (fb) scale unc. (%) PDF unc. (%) PDF+↵S unc. (%)
8 TeV 10.8 +5.7� 8.5 11.0 +4.0� 5.6 +5.8� 6.1 +9.6� 9.3

13 TeV 37.2 +5.5� 7.6 37.4 +4.2� 5.8 +4.1� 4.3 +7.8� 7.6
14 TeV 44.2 +5.5� 7.6 44.5 +4.2� 5.9 +3.9� 4.1 +7.6� 7.4
33 TeV 264 +5.3� 6.6 265 +4.6� 6.1 +2.4� 2.7 +6.3� 6.1
100 TeV 1760 +5.3� 6.7 1762 +4.9� 6.4 +2.2� 3.1 +6.2� 7.0

Table 1: The total cross section and theoretical uncertainties for di↵erent center of mass energies, at
NNLO and NNLL, for µ0 = Q and µ0 = Q/2. PDF and PDF+↵S uncertainties correspond to the
resummed predictions, and are estimated using the sets of MSTW2008 at 90% confidence level.

first and second order bands.

In Figure 4 we show the ratio between the NNLL and the NNLO predictions, again as a
function of the Higgs pair invariant mass, for di↵erent collider energies. The ratio shows an
almost linear dependence on Q, increasing for higher invariant masses. Actually, this is expected
because resummation contributions are enhanced when the process becomes closer to the partonic
threshold. The same feature is reflected by the fact that the resummation contributions are
relatively smaller for larger collider energies. We can also observe, as it was already clear from
Figures 1 and 2, that the ratio between NNLL and NNLO is significantly smaller for the scale
choice µR = µF = µ = Q/2. At the total cross section level, for example, we find that the increase
in the NNLL result with respect to the NNLO prediction is of 6.8% for Ecm = 14 TeV and µ = Q,
while it drops down to 0.65% for µ = Q/2.

We focus now on the theoretical uncertainty arising from the missing higher order contributions,
which is estimated by the scale variation indicated above. In Table 1 we present the total cross
section predictions at NNLO and NNLL, together with the scale uncertainty. We can observe
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