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The Breit frame II

p = (E, 0, 0, �p)

p0 = (E, 0, 0, p0)

q = (0, 0, 0, �Q)

k

k0

p̂ = (E, 0, 0, �p)

p̂0 = (E, 0, 0, p0)

• The elastic scattering condition now becomes

Q2 = 2 p̂ · q = 2⇠ p · q ! ⇠ =
Q2

2 p · q = x

• So we can identify the Bjorken-x variable as the 3-momentum frac-
tion of the struck quark in the Breit frame.

• Let us at this point introduce the notion of a quark distribution
fi(x)dx, which gives the number of quarks of flavour i which carry
a 3-momentum fraction (in the Breit frame) between x and x+dx.

• Remark: note that in the Breit frame the proton moves very fast
towards the photon, and is therefore Lorentz contracted to a kind
of pancake. The interaction then takes place on the very short time
scale when the photon passes that pancake. On the other hand, in
the rest frame of the proton, the inter-quark interactions take place
on time scales of the order of rp/c but because of time dilatation
these interactions are like ‘frozen’ the Breit frame. During the short
interaction time, the struck quark thus does not interact with the
spectator quarks and can be regarded as a free parton.
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Deep Inelastic Scattering

• clean probe of proton structure 
(PDFs) 

• two independent variables, (x,Q2) 

• Clear exposition in “Breit” (brick-
wall) frame
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Z
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X

a

fa(⇠)d�a
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p
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HERA’s legacy
• 1994-2000 HERA I 

• 2000-2007 HERA II 

• H1 and Zeus experiments 0.5fb-1 
each 

• e± (27.5 GeV) + p (460, 575, 820, 
920 GeV) —> √s ~ 225-318 GeV 

• huge impact on PDFs (esp quark) 

• large set of jet data over broad 
kinematic range… not yet fully 
exploited

HERA Kinematics



A future e-p collider (LHeC)
Prospect for e-p collider to run with HL-
LHC: 

• Q2 > 1 TeV2 , x~0.5 

• precision QCD  

• PDF uncertainties ~1%  

• boosts value of LHC (and VLHC) data 

•  x~10-6 gluon saturation? 

• (CC) H+J+ME disentangle WWH from 
ZZH
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LHeC gluon

The determination of xg is predicted to be radically improved with the LHeC precision
data which extend up to lowest x near to 10�6 and large x � 0.7. The result of the QCD
fit analysis for xg as described above in Sect. 3.2.1 is shown in Fig. 3.19. One observes a
dramatic improvement at low x, as must be expected from the extension of the kinematic
range, but also at high x, as is attributed to the high x precision measurements of the NC
and CC cross sections. At x = 0.6, for example, the predicted experimental uncertainty of
xg is 5%, which is about ten times more accurate than the results of MSTW08 or of the
HERA fit indicate.

It is worth noting that the uncertainties considered here are restricted to those related
to the genuine cross section measurement errors. There are further uncertainties, as dis-
cussed e.g. in [38], related to the di�culty of parameterising the PDFs and choosing the
optimum solution in such a fit analysis. These will be also considerably reduced with the
LHeC extended data base. Moreover, this analysis is not making use of the plethora of
extra information on xg, which the LHeC will provide with FL, F

c,b
2

and jet cross section
measurements. The understanding of the gluon and its interactions is a primary task of the
LHeC and undoubtedly a new horizon in strong interaction physics will be opened.

Figure 3.19: Relative uncertainty of the gluon distribution at Q2 = 1.9GeV2, as resulting
from an NLO QCD fit to HERA (I) alone (green, outer), HERA and BCDMS (crossed),
HERA and LHC (light blue, crossed) and the LHeC added (blue, dark). Left: logarithmic
x, right: linear x.

3.4 Prospects to measure the strong coupling constant

The precise knowledge of ↵s(M2

Z) is of instrumental importance for the correct prediction of
the electroweak gauge boson production cross sections and the Higgs boson cross section at
Tevatron and the LHC [87]. Independently of such applications, the accurate determination
of the coupling constants of the known fundamental forces is of importance in the search for
their possible unification within a more fundamental theory. Among the coupling constants
of the forces in the Standard Model, the strong coupling ↵s exhibits the largest uncertainty,
which is currently of the size of ⇠ 1%. Any future improvement of this precision, along
with the consolidation of the real central value, is one of the central issues of contemporary
elementary particle physics. It demands deep experimental and theoretical e↵orts to obtain
the required precision and especially to handle all essential systematic e↵ects.

Experimentation at the LHeC will allow to measure the strong coupling constant ↵s(M2

Z)
at much higher precision than hitherto, both from the scaling violations of the deep inelastic
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Jet production
• Dijet production in BGF channel at LO 

• rare handle on gluon PDF and        at HERA 

• Inclusive jet production, measure 

• dijets, measure                                      and                  

• normalized distributions (relative to NC DIS) for clean measurements

QCD Compton scattering Boson-gluon fusion

P jet
T

hPT i2 =
1

2
(PT,1 + PT,2) ⇠2 = x(1 +M

2
12/Q

2)

⇠P↵s



NLO at HERA

• Good description of data by NLO 

• dominated by scale uncertainty…need for NNLO 

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

7 10 20 30
0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

7 10 20 30
0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

0.6
0.8

1
1.2

7 10 20 30
0.6
0.8

1
1.2

Inclusive Jet Dijet Trijet

 [GeV]T
jetP  [GeV]2〉T

jtP〈  [GeV]3〉T
jtP〈

Ra
tio

 to
 N

LO

2 < 200 GeV2150 < Q

2 < 270 GeV2200 < Q

2 < 400 GeV2270 < Q

2 < 700 GeV2400 < Q

2 < 5000 GeV2700 < Q

2 < 15000 GeV25000 < Q

H1 Data ew c⊗ had c⊗NLO 
Sys. Uncertainty 0.118 =s αMSTW2008, 

NLOJet++ with fastNLO

H1

Figure 11: Ratio of jet cross sections to NLO predictions as function of Q2 and PT. The
error bars on the data indicate the statistical uncertainties of the measurements, while the to-
tal systematic uncertainties are given by the open boxes. The shaded bands show the theory
uncertainty.
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Figure 14: Ratio of normalised jet cross sections to NLO predictions as a function of Q2 and
PT. The error bars on the data indicate the statistical uncertainties of the measurements, while
the total systematic uncertainties are given by the open boxes. The shaded bands show the
theory uncertainty.
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NLO at HERA

• extraction of strong coupling dominated by NLO scale uncertainty 

• experimental accuracy of normalised jet data close to world average 

• would like to include jet data in NNLO average, less reliant on lattice studies 

)
Z

(Ms α
0.11 0.115 0.12

H1 Collaboration

World average
PDG, Phys. Rev. D 86 (2012) 010001 (2014 update)

Normalised multijet
Multijet

Normalised trijet
Normalised dijet
Normalised inclusive jet

Trijet
Dijet
Inclusive jet

Figure 20: Comparison of αs-values extracted from different jet cross section measurements,
separately and simultaneously, to the world average value of αs(MZ). The full line indicates the
experimental uncertainty and the dashed line the theoretical uncertainty. The band indicates the
uncertainty of the world average value of αs(MZ).
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Subtraction at NLO

Recast into a finite form using auxiliary subtraction terms 
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Subtraction at NNLO
At NNLO more terms to regulate 

!

!

!

!
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Antenna functions built from matrix elements: 

!

Quark-antiquark: 

!

Quark-gluon: 

!

Gluon-gluon: 

Uses and Techniques for NNLO Calculations

Antenna Subtraction

What is an antenna?

Constructed from physical matrix elements

X0
3 (i, j, k) ⇠ |M0

3(i, j, k)|2
|M0

2(I, K)|2 , X0
4 (i, j, k, l) ⇠ |M0

4(i, j, k, l)|2
|M0

2(I, L)|2
Three main types:

I Quark-antiquark. Derived from the process �⇤ ! qq̄ + · · ·

I Quark-gluon. Derived from the process �̃0 ! g̃g + · · ·

I Gluon-gluon. Derived from the process H ! gg + · · ·
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Antenna mimics all singularities of QCD 

!

!

!

Phase space map smoothly interpolates momenta for 
reduced matrix element between limits 

!

A0
4(1q, 2g, 3g, 4q̄)

P 0
qgg

S0
1234

S0
1;234

1||2||3 3||4 + 2~02,3~0

(g123) = xp1 + r1p2 + r2p3 + zp4

(g234) = (1� x)p1 + (1� r1)p2 + (1� r2)p3 + (1� z)p4



Integrating the Antennae
• Relate phase space integrals to multiloop integrals via optical theorem 

• apply well developed techniques IBP LI to masters 

!

!

!

!

• Final-Final [Gehrman, Gehrmann-De Ridder, Glover ’04, ’05] 

• Initial-Final [Daleo, Gehrmann-De Ridder, Gehrmann, Luisoni ’10] 

• Initial-Initial [Gehrmann, Monni ’11; Boughezal, Gehrmann-De Ridder, Ritzmann ’11; 
Gehrmann, Ritzmann ’12]

NNLO Antenna Subtraction with One Hadronic Initial State Gionata Luisoni

I[0] I[2] I[2, 6]

I[1, 2, 5] I[2, 3, 5] I[2, 4, 9]

I[1, 3, 4, 6] I[2, 3, 5, 6] I[1, 2, 4, 5]

V[1, 3] V[1, 4] V[2, 4]

V[1, 3, 4] V[1, 2, 3, 4, 5] C[1, 2, 3, 4]

Figure 1: Master integrals for the phase space integration of the double real tree level initial-final antennae
at NNLO (left), and for the loop plus phase space integration of the one loop initial-final antennae at NNLO
(right). The double line in the external states represents the off-shell momentum, qwith q2=−Q2, the single
one is the incoming parton. All internal lines are massless. The cut propagators are the ones intersected by
the dotted line.

colour piece of the two-loop gluon initiated structure function can be written as the following linear
combination of antennae:

T
(2)
φ ,g

∣

∣

∣

N2
= F

0
g,ggg+4F 1,R

g,gg+4δ (1− z)
(

2F (2)
g +F(1)2

g

)
∣

∣

∣

N2
, (4.1)

where F 0
g,ggg is the integrated tree level gluon-gluon double real radiation antenna, F

1,R
g,gg the in-

tegrated one-loop gluon-gluon antenna and F(1)
g and F (2)

g are respectively the one- and two-loop
coefficients of the gluon form factor given in [21]. An explicit expression for the two-loop quark-
and gluon-initiated structure functions can be found in [14,20]. The explicit linear combinations of
antennae reproducing the different color contributions of the coefficient functions are given in [14].

The quark-gluon antennae, derived from neutralino decay, cannot be associated to any physical
process and only the deepest pole structure could be checked against a combination of Altarelli-
Parisi splitting functions.

5. Conclusions

In this talk, we presented the extension of the NNLO antenna subtraction formalism [11] to
include initial-final antenna configurations, where one of the hard radiator partons is in the ini-
tial state. Furthermore a highly non-trivial check of our results was performed by rederiving the
two-loop coefficient functions for deep inelastic scattering. The subtraction terms presented here
allow the construction of a parton-level event generator program for the calculation of NNLO cor-
rections to jet production observables in deeply inelastic electron-proton scattering. Moreover, the
initial-final antenna functions derived here are an important ingredient to the calculation of NNLO
corrections to jet observables at hadron colliders, which will be possible once the computation of
the initial-initial antenna configurations will be accomplished [23].
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Analytic pole cancellation against 2-loop and 1-loop matrix element 

!

!

!

!

!

!

!



NNLOJET
Semi-automated Monte Carlo for NNLO phenomenology (see Mark Sutton’s talk) 

• completely standalone code at LO, NLO, NNLO 

• fully differential parton level event generator 

• many processes now included at NNLO: 

• H(𝛾𝛾)+ 0,1,2 jets 

• Z(l+l-)+ 0,1 jet 

• DIS jets 

• LHC+Tevatron dijet 

• is being `Appl-tised’ for pheno studies



H1 low Q2 inclusive jet
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Figure 2: Ratio of normalised inclusive jet cross sections, NNLO and aNNLO predictions to
the NLO predictions. Other details as in fig. 1.
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Figure 2: Ratio of normalised inclusive jet cross sections, NNLO and aNNLO predictions to
the NLO predictions. Other details as in fig. 1.
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H1 low Q2 dijet 
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Figure 4: Ratio of normalised dijet cross sections and NNLO predictions to NLO predictions.
Other details as in fig. 1.
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Discussion
• NNLO inclusive jet improves scale uncertainty relative to NLO (see 

H1prelim-16-062 and Daniel Britzger’s talk for normalized low Q2 analysis) 

• NNLO high Q2  dijet reduces scale dependence but shows some tension with 
data (see Daniel Britzger’s talk for normalised low Q2  analysis) 

• potential for impact on PDF fits 

• high Q2 dijet analysis uses symmetric Pt jet cuts and additional Mjj cut to 
mitigate known perturbative instability 

• Mjj cut vetoes LO phase space in section of lowest Pt bin, large K-factors 

• also, possibly insufficient to remove perturbative instability at high rapidity 

• more comprehensive investigation of cuts warranted (no Mjj, asymmetric cuts)



Summary and outlook
• HERA data provides vital information on strong coupling and gluon PDF, not yet 

fully exploited 

• prospect of future precision e-p machine demands NNLO accurate jet calculations 

• we have used Antenna Subtraction method in NNLOJET framework to calculate 
fully differential NNLO dijets for the first time 

• NNLO significantly improves scale dependence of inclusive jet and dijet 
predictions relative to NLO 

• interesting interplay of cuts requires further investigation to maximise impact of 
data 

• comparison with Zeus analysis forthcoming 

• preparation of grids for PDF and strong coupling phenomenology


