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Introduction

Jets not only display the behaviour of QCD over a wide range of energy scales, from hard 
colliding energy to the hadronization energy, but also contain important signatures of exotic 
physics, such as top quarks or particles beyond the SM. In particular, jet substructure 
observables are playing a central role in a large number of analyses at the LHC. Most of the 
theoretical discussion on these aspects has taken place in the context of Monte Carlo (MC) 
simulation studies. However, MC analysis is not always good enough, and it is difficult to extract 
the key characteristics of individual methods and reveal the relations between them. With this 
motivation, it is imperative to understand jet observables from the first principles QCD.

Sterman-Weinberg dijet cross section
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• Infrared finite, but problems for small β, δ

• Large logarithms spoil perturbative expansion

• Scale choice: Q? Qβ? Qβδ? Qδ? 

Non-global logarithms in jet observables 
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Jet observables involve non-global logarithms(NGLs) 
because they are insensitive to emissions inside the 
cone.

These types of logarithm can not be described in 
the usual resummation formula. 

Leading Logarithms(LL) resummation:

• Dasgupta-Salam dipole shower [2]

• Banfi-Marchesini-Smye equation [3]


No all-order factorization formula

Effecitve Field Theory for SW jet process

In Ref.[4] we constructed a new effective field theory(EFT) which fully factorizes non-
global jet observables for the first time. Analysing SW jet processes in EFT, we find that 
in addition to soft and collinear fields their description requires degrees of freedom that 
are simultaneously soft and collinear to the jets. These collinear-soft(coft) particles can 
resolve individual collinear partons, leading to a complicated multi-Wilson-line structure 
of the associated operators at higher orders.
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Figure 3. Momentum modes and associated scales for wide-angle (left) and narrow-angle (right)
jet production.

right hemisphere can then be expanded around a common reference vector n and combined

using (2.6), and similarly for the soft Wilson lines in the left hemisphere. This yields the

same Wilson-line structure as in (2.19). Squaring the soft amplitudes yields

S(Q�)1 =

Z

Xs

X
h0|S†(n̄)S(n) |XsihXs|S†(n)S(n̄) |0i✓(Q� � 2EXs) . (2.32)

Because the soft radiation has parametrically large angle, it is always outside the jet and the

energy constraint is imposed on the total energy EXs . The coft function Um({nR}, Q��)

with m Wilson lines is given by

Um({nR}, Q��)

=

Z

Xt

X
h0|U †

0 (n̄)U
†
1 (n1) . . .U

†
m(nm) |XtihXt|U0(n̄) . . .Um(nm) |0i ✓(Q� � n̄ · p out) . (2.33)

The right-moving coft particles are always outside the left jet in the sense that the out-of-

jet constraint is always fulfilled after the multipole expansion, independent of the angle of

the coft particle. The momentum p out is therefore the total momentum outside the right

jet. The anti-coft function eUk has the Wilson line U0 along the n instead of the n̄ direction

and the constraint is placed on n · p out.

Putting these ingredients together, the cross section in Laplace space takes the form [38]

e�(⌧, �) = �0H(Q) eS(Q⌧)

" 1X

m=1

⌦Jm(Q�)⌦ eUm(Q�⌧)
↵
#2

, (2.34)

where we have used the fact that both jets give an identical contribution. In Figure 3

we show a pictorial representation of the structure of the factorization formula and the

di↵erent types of radiation relevant in both the wide-angle and narrow-jet cases.

2.3 Renormalization and resummation

The factorization theorems we have obtained involve operators with an arbitrary number of

Wilson lines, both in the wide-angle and narrow-jet case. We now discuss the renormaliza-

tion of these operators. The associated RG equations form the basis for the resummation
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Figure 2. Momentum regions relevant for narrow-angle jet production. The plot shows the scaling
of the light-cone components n · p and n̄ · p, and we assume that � < � (we use � ⇠ �2 in the
narrow jet case to ensure this condition). The meshed gray area shows the veto in the out-of-jet
region which forbids contributions from energetic modes. In the wide angle limit � ! 1, soft and
coft modes coincide and the collinear and hard scaling are the same.

2.2 Narrow-angle jets and coft radiation

In the narrow angle limit � ⌧ 1, in addition to hard and soft momentum modes, two more

momentum regions need to be included in our e↵ective theory. On the one hand, we need

the usual collinear modes to describe the energetic collimated radiation inside the jets

collinear: pc ⇠ Q (1, �2, �) ,

anti-collinear: pc̄ ⇠ Q (�2, 1, �) , (2.12)

but in addition, we need modes which describe small-angle soft radiation

coft: pt ⇠ Q� (1, �2, �) ,

anti-coft: pt̄ ⇠ Q� (�2, 1, �) . (2.13)

In Fig. 2 we show the corresponding momentum regions. One way to construct the e↵ective

theory containing these modes is to first match QCD onto standard SCET with collinear

and soft fields. In this step, one will match the QCD quark vector current onto the vector

current in the e↵ective theory. The relevant matching coe�cient CV (�Q2) contains all the

hard physics and one can decouple the soft field from the collinear ones, which yields the

standard two-Wilson-line soft function. In a next step, one splits the collinear field into

two submodes

Aµ
c ! Aµ

c +Aµ
t , Aµ

c̄ ! Aµ
c̄ +Aµ

t̄
, (2.14)
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new coft mode 

Factorization formula
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Light jet mass distribution

NLL’ (global log only) 
NLL 
ALEPH 

Many collider observables suffer from NGLs not 
captured by standard resummation techniques.  
Classic examples are the light-jet mass event 
shape in the limit of small mass As an application 
of our jet EFT, in Ref.[5] we studied facotirzatioin 
and resummation for light jet mass distribution.

• NLL resummation results:

• Contribution from NGLs are sizeable.  

Including NGLs leads to better 
agreement with data.


• further improvement:

• N2LL? Non-perturbation effects?

• Superleading logarithms at hadron 

colliders?
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Figure 7. Numerical comparison to results obtained using the Event2 generator. The solid lines
in the upper panel show the logarithmic part of two-loop coe�cient B given in (3.36), the points
(with invisibly small error bars) are the result of Event2. In the lower panel, we show the di↵erence
�B which must be equal to the missing two-loop constant in (3.36) for small � and �.

3.1 NNLO cross section

We now have all the ingredients at hand to obtain the full NNLO result for the cone-jet

cross section. The bare ingredients need to be combined according to the NNLO expansion

(3.1) of the factorization formula (2.33). After coupling renormalization, all divergences

cancel and we get a finite result for the Laplace-transformed cross section e�(⌧). This

provides a highly nontrivial check of the factorization formula (2.33), since the individual

two-loop ingredients all depend on di↵erent scales. After expanding in ✏, the divergences

then involve logarithms of the di↵erent scales which must cancel in the cross section. Notice,

that one would not obtain a finite result starting from the standard factorization formula

(1.2) which involves only two soft Wilson lines. Starting at two loop order the nontrivial

structure in (2.33) is essential since we pick up contributions from terms involving multiple

Wilson lines.

Up to the desired order, the Laplace-transformed cross section is a quadratic polyno-

mial in ln ⌧ . For such a function, the Laplace transformation can be inverted by the simple

substitutions

ln ⌧ ! ln� , ln2 ⌧ ! ln2 � � ⇡2

6
. (3.34)
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Two-loop expansion (CFCA structure):

The factorization formula can be 
justified order by order in 
perturbation theory. We calculate 
all ingredients up to NNLO and 
expand our factorisation formula 
to two loop order. At the NLO, we 
can check our results analytically, 
and at the NNLO we check them 
numerically. 

Consistent with EVENT2 numerically

Consistent with NLO SW dijet cross section

• In order to manifest the NGLs resummation property. We choose δ∼O(1), then the 
collinear direction vanish and the dijet process only involve hard and soft modes. The 
resumed cross section is given by

�(�, �) =
1X

l=2

⌦Hl({n}, Q, �, µh)⌦
X

m�l

US
lm({n}, �, µs, µh) ⌦̂Sm({n}, Q�, �, µs)

• All the large logs are resumed by renoramlizaion group(RG) evolution factor. Infinity hard 
and soft operators are mixed under RG renormalisation.


!
!
!
!
!
!
• Resummation accuracy can be improved systematically., e.g. two-loop anomalous dimension 

and one-loop matching conditions.

�⇤(Q) ! 2j • Jet cross sections are the most important class 
of observables. Such cross section were 
introduced in a seminal paper by Sterman and 
Weinberg [1]
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Processes involving narrow jets receive perturbative corrections enhanced by logarithms of the
jet opening angle and the ratio of the energies inside and outside the jets. Analyzing cone-jet
processes in e↵ective field theory, we find that in addition to soft and collinear fields their description
requires degrees of freedom which are simultaneously soft and collinear to the jets. These collinear-
soft particles can resolve individual collinear partons, leading to a complicated multi-Wilson-line
structure of the associated operators at higher orders. Our e↵ective field theory provides, for the
first time, a factorization formula for a cone-jet process, which fully separates the physics at di↵erent
energy scales. Its renormalization-group equations control all logarithmically enhanced higher-order
terms, in particular also the non-global logarithms.

I. LARGE LOGARITHMS IN JET CROSS
SECTIONS

Jet cross sections are the most important class of ob-
servables used to study high-energy processes, because
they closely mirror the underlying hard-scattering reac-
tion. They are thus well suited to study short-distance
physics and play an important role in the search for
physics beyond the standard model. Such cross sec-
tions were introduced in a seminal paper by Sterman and
Weinberg [1], who defined a dijet cross section in e+e�

collisions by requiring that for jet events all energy must
be inside oppositely directed narrow cones of half-angle
�, except for a small fraction �/2. They computed the
corresponding cross section as

�(�, �)

�
0

= 1 +
↵sCF

4⇡
(�16 ln � ln� � 12 ln � + c

0

) , (1)

where �
0

is the Born-level cross section, ↵s ⌘ ↵s(µ) is the
strong coupling constant, and c

0

is a constant. Jet cross
sections must include soft and collinear radiation to be
infrared finite, but (1) shows that there are two related
problems a↵ecting them: (i) higher-order corrections are
enhanced by logarithms of � and �, (ii) the appropri-
ate value for the renormalization scale is unclear: should
one choose µ = Q, Q�, Q� or Q�� ? These di�culties
are present in any perturbative computation of a multi-
scale problem and the standard solution is to factorize the
physics associated with the disparate scales. Once this
has been achieved, one can compute each contribution at
the appropriate scale and then use evolution equations to
resum the large logarithms to all orders. Such resumma-
tions have been performed for many collider observables
(see [2] for a recent review), but factorization and resum-
mation for jet observables has remained an important
open problem. In this letter, we will, for the first time,
obtain a factorization theorem which achieves full scale
separation for a jet cross section.

A convenient method to separate physics asocciated
with di↵erent scales is to use low-energy e↵ective field
theories. Soft-Collinear E↵ective Theory (SCET) [3–5]

has been successfully applied to perform resummations of
collider obervables [6], but it has proven di�cult to apply
this framework to jet processes. An important stumbling
block is that for such processes the usual factorization of
cross sections into jet and soft functions is insu�cient
to achieve a complete scale separation, since the relevant
soft functions su↵er from large logarithms themselves.
These so-called non-global logarithms (NGLs) [7] arise
when the soft radiation is not distributed evenly. This
is the case for all observables involving hard phase-space
cuts and also for all jet cross sections, because they are in-
sensitive to soft radiation in the jet direction. For the jets
defined in [1], NGLs arise because only a small amount of
radiation is allowed outside the jets, but no restriction is
imposed on the radiation inside. NGLs have been com-
puted at two [7–11] and more loops [4, 13], and methods
for their resummation at the leading-logarithmic level ex-
ist [7, 14–17]. However, a fully factorized form of jet cross
sections has not been available, despite recent progress
towards this goal [18]. Recently, an approximate method
for computing non-global observables based on an expan-
sion in the number of sub-jets was proposed [19], but it
remains unclear whether there is a parametric suppres-
sion of higher-order terms in this expansion. Apart from
this, the resummation of NGLs has not been addressed
within SCET. In this letter we construct an e↵ective field
theory which factorizes such cross sections and allows for
the resummation of NGLs with renormalization-group
(RG) methods. This result opens the door for higher-
logarithmic resummations for a wide class of observables.
Given the prevalence of jet observables at the LHC there
are many potential applications for our approach.

II. MOMENTUM REGIONS IN CONE-JET
PROCESSES

For concreteness and simplicity, we follow [1] and con-
sider the process e+e� ! 2 jets at center-of-mass energy
Q. We use the thrust axis ~n as the jet axis and define
two light-like vectors nµ = (1,~n) and n̄µ = (1,�~n) along
the jets. Using these vectors, we can rewrite any four-

↵2
sCFCA⇡

2 ln2 �

Soft 
function

Coft 
function

�̃(⌧, �) =

Z 1

0
d� e��/(⌧e�E) d�(�)

d�

Laplace transformation

color trace

integration over angles

Multi-Wilson-line structure: Coft radiation resolves the colours and directions of individual 
energetic collinear patrons        infinite summation, nontrivial convolution between jet and coft 
function

First all order factorization theorem for non-global observable. Achieves full scale separation!

The virtual gluon can be either inside or outside the cone. Since the gluon is soft, we can

replace Q − Ek → Q in the hard function. Adding up the two terms and extracting the

divergence from the lower end of the energy integration, the total result for the divergent

part becomes

αs

4π
z
(1)
m,m({n}, Q, δ, ϵ, µ) +

αs

4π

∫
dΩ(nm+1)

4π
z
(1)
m,m+1({n, nm+1}, Q, δ, ϵ, µ)

= − αs

2πϵ

∑

(ij)

Ti · Tj

∫
dΩ(nk)

4π
W k

ij Θ
nn̄
out(nk) . (5.8)

Since the color factors are contracted with the trivial tree-level soft function, we do not need

to distinguish the left and right color generators. Note that inside the cone the real and

virtual corrections have cancelled, so that the net result only gets contributions from out-

of-cone radiation and precisely cancels against the divergence of the soft function. We see

that the renormalization indeed works at the one-loop level. We have repeated the same

exercise also for the narrow-jet case, see Appendix C. In this case, we can give explicit

expressions for the angular integrals. Again, we find that the divergences cancel as they

should.

5.2 Renormalization-group evolution at leading logarithmic level

We now discuss the anomalous-dimension matrix ΓH defined in (2.40), which governs the

RG evolution of the hard (2.38) and soft functions (2.39), and verify the agreement between

the perturbative expansion of the BMS equation and our RG-based resummation method.

In order to resum the leading logarithmic terms, the anomalous-dimension matrix is needed

up to O(αs). It can be expressed as

ΓH ({n}, Q, δ, µ) =
αs

4π
Γ(1) ({n}, Q, δ, µ) +O(α2

s) , (5.9)

where

Γ(1) =

⎛

⎜⎜⎜⎜⎜⎜⎝

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .

⎞

⎟⎟⎟⎟⎟⎟⎠
. (5.10)

It follows from the discussion in the previous section that, in the soft approximation, the

corresponding matrix elements are given by

Vm = Γ(1)
m,m = 2

∑

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫
dΩ(nk)

4π
W k

ij

[
Θnn̄

in (k) +Θnn̄
out(k)

]
,

Rm = Γ
(1)
m,m+1 = −4

∑

(ij)

Ti,L · Tj,RWm+1
ij Θnn̄

in (nm+1) . (5.11)

The anomalous dimensions Vm and Rm depend on the directions {n} = {n1, . . . , nm} and

colors of the hard partons, and the indices i, j in the sum run from 1 to m. The quantities
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One-loop anomalous dimension:

Compare to gap between jets result, discussed in 
Matthias’s talk: Right hemisphere ≡ inside of jet 

    

  

• Soft radiation resolves directions of hard 
partons on the right: multi Wilson-line operators 

• New: jet function for branching of energetic 
parton on the left.
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Gavin Salam (CERN) Jets and jet substructure (1) TASI, June 2013 3

Sterman and Weinberg, 
Phys. Rev. Lett. 39, 1436 (1977):

Jets date back to the late 1970s

Hm

J

energies but at fixed directions {n} = {n1, . . . , nm}, where the ni’s are light-like vectors.

The soft functions Sm+1 consist of m + 2 Wilson lines along the directions {n} of the m

hard partons and the two jets along nµ = (1, n⃗) and n̄µ = (1,−n⃗). Both of these are

matrices in color space [32, 33], and ⟨. . . ⟩ indicates a sum over color indices. The symbol

⊗ indicates that one has to integrate over the m directions of the emissions into the right

hemisphere. The form of the factorization theorem (1.4) is basically the same as the one

for wide-angle cone-jet cross sections derived in [20]. To see the connection, one should

view the right hemisphere as the inside of a jet which contains hard particles with momenta

pµ ∼ ωR and the left hemisphere as the outside region where a veto on radiation is imposed

which constrains the momenta to pµ ∼ ωL.

Before analyzing the factorization formula (1.4) in more detail and providing operator

definitions for its ingredients, we now turn to the light-jet mass ρℓ. Due to left-right sym-

metry and its definition, ρℓ is directly related to the left-jet mass ρL = M2
L/Q

2 according

to
dσ

dρℓ
= 2

dσ

dρL
− dσ

dρh

!!!!
ρL=ρh=ρℓ

. (1.5)

Instead of the light-jet mass one can therefore equally well analyze the factorization for

ρL. If one only measures the left-jet mass, the mass of the right jet will typically be large,

so that scale hierarchy c.) applies. We find that the cross section for the left-jet mass

factorizes as

dσ

dM2
L

=
"

i=q,q̄,g

# ∞

0
dωL Ji(M

2
L −QωL)

∞"

m=1

$
H

i
m({n}, Q)⊗ Sm({n},ωL)

%
. (1.6)

Since the unobserved radiation in the right hemisphere is typically hard, such that pµ ∼ Q,

we no longer encounter a jet function for this hemisphere, in contrast to the previous case

(1.3). The hard functions also differ from the function HS
m encountered for the hemisphere

soft functions. Rather than Wilson-line matrix elements as in (1.4), the functions Hi
m in

this case are given by squared QCD amplitudes with a single parton of flavor i in the left

hemisphere propagating along the n̄-direction and m partons in the right hemisphere. The

subsequent branchings of the hard parton on the left are described by the jet functions Ji.

A graphical representation of the factorization theorems is shown in Figure 1.

Our paper is organized as follows. In the next section, we will flesh out the factorization

formulas for the hemisphere soft function and for the light-jet mass event shape and discuss

their derivation, which can be obtained following similar steps as in [20]. The soft functions

in these theorems can be related to the coft functions computed in that reference so that the

only new ingredients to our factorization formulas are the hard functions. After computing

these in Section 3 up to O(α2
s), we verify that we reproduce the known NNLO result for

the hemisphere soft function in the limit ωL → 0. Next, we analyze the light-jet mass

distribution in Section 4 and compare to the numerical fixed-order result for this quantity.

In Section 5 we use the known result for the leading non-global logarithms in the hemisphere

soft function to obtain numerical results for the light-jet mass at NLL accuracy. In Section

6 we discuss the necessary steps to perform higher-order resummation for this event shape

and conclude.
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Factorization formula:
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