
IV) … let´s talk about acceleration  

crab nebula, 
 
burst of charged  
particles E = 10 20 eV  



 Lorentz force 

 ... we have to start again from the basics 

Energy Gain 

in long. direction the  
B-field creates no force 

v || B 

€ 

F =
d p
dt

= eE acc. force is given by the electr. Field 

222
0

2 cpEE +=

In relativistic dynamics, energy and momentum satisfy the relation: 

Hence: 

€ 

dE = Fds =∫ vdp

( )WEE += 0

€ 

dW = dE = eEzds ⇒ W = e Ezds∫ = eV

and the kinetic energy gained from the field  along the z path is:  

!
F = q*(

!
E + !v ×

!
B)



11.) Electrostatic Machines 

 (Tandem –) van de Graaff Accelerator 

creating high voltages  by mechanical  
transport of charges  

* Terminal Potential: U ≈ 12 ...28 MV 
   using high pressure gas to suppress discharge ( SF6 ) 
 

Problems: * Particle energy limited by high voltage discharges 
   *  high voltage can only be applied once per particle ...  
  ... or twice ?   



Electro Static Accelerator:12 MV-Tandem van de Graaff  
Accelerator at MPI Heidelberg 

 The „Tandem principle“: Apply the accelerating voltage twice ... 
                                                   ... by working with negative ions (e.g. H-) and  
                                                     stripping the electrons in the centre of the    

 structure 

€ 

dW = dE = eEzds ⇒ W = e Ezds∫ = eV

nota bene: all particles are “synchron” with the acceleration potential 



12.) Linear Accelerator 1928, Wideroe 

+ + + + -̶ -̶ -̶ Energy Gain per „Gap“: 

tUqW RFωsin0=

drift tube  
structure at a  
proton linac  
(GSI Unilac) 

 “synchronisation” with the acceleration potential is established 

via the geometry of the machine ... i.e. the drift tube length 



The Synchrotron (Mac Millan, Veksler, 1945) 

The synchrotron: Ring Accelerator of const. R  
where the increase in momentum (i.e. B-field) is  
automatically synchronised with the correct  
synchronous phase of the particle in the rf cavities  

€ 

eV
^
sinΦ

Φ =Φs = cte
ωRF = hωr

ρ = cte R = cte

Bρ = P e ⇒ B

Energy gain per turn 
 
Synchronous particle 
 
RF synchronism  
 
Constant orbit 
 
Variable magnetic field 

 



13.) The Acceleration 

Where is the acceleration? 
Install an RF accelerating structure in the ring  
and adjust the phase (the timing) between particle and RF-
Voltage in the right way: “Synchronisation” 

z 

c 

E
!

! 

B. Salvant 
N. Biancacci 

500 MHz cavities in an electron storage ring 



14.) The Acceleration for Δp/p≠0 
  “Phase Focusing” below transition 

ideal particle  !"
particle with Δp/p > 0   ! faster "
particle with Δp/p < 0 !      slower 
 
 

! ! ! 

Focussing effect  in the  
longitudinal direction 
keeping the particles  
close together  
... forming a  “bunch” 

€ 

fs = f rev −
hα s

2π
* qU0 cosφs

Es
≈ some Hz oscillation frequency: 



... so sorry, here we need help from Albert: 
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kinetic energy of a proton 
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... some when the particles  
do not get faster anymore 
 
.... but heavier ! 



15.) The Acceleration for Δp/p≠0 
  “Phase Focusing” above transition 

ideal particle  !"
particle with Δp/p > 0   ! heavier  "
particle with Δp/p < 0 !       lighter 
 
 

! ! ! 

Focussing effect  in the longitudinal direction 
 keeping the particles close together ... forming a  “bunch” 

... and how do we accelerate now ??? 
   with the dipole magnets ! 
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ADT Q5 Q6 Q7 
ACS ACS 

ACS ACS 

4xFour-cavity cryo module 400 MHz, 16 MV/beam 
Nb on Cu cavities @4.5 K (=LEP2) 
Beam pipe diam.=300mm 

D3 D4 

The RF system: IR4 

Bunch length (4σ) ns 1.06 
Energy spread (2σ) 10-3 0.22 
Synchr. rad. loss/turn 
 
Synchr. rad. power 

keV 
 
kW 

7 
 

3.6 
RF frequency M

Hz 
400 

Harmonic number 35640 
RF voltage/beam MV 16 
Energy gain/turn  keV 485 
Synchrotron 
frequency 

Hz 23.0 
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Introduction to Accelerator Physics 
 Beam Dynamics for „Summer Students“  

IV.) Are there Any Problems ??? 
 

 sure there are 



 Liouville during Acceleration 

x´ 

x 
εβ

εα β−εγ

εα γ−

●

●

●●

Beam Emittance corresponds to the area covered in the  
x, x´ Phase Space Ellipse 

Liouville: Area in phase space is constant. 

But so sorry ...  ε ≠ const ! 

●

Classical Mechanics:  
 

 phase space = diagram of the two canonical variables  
                  position    &  momentum                                           
                      x                         px 

EnergypotEnergykinVTL
q
Lp
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∂
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According to Hamiltonian mechanics:     
phase space diagram relates the variables q and p 

Liouvilles Theorem: pdq const=∫

1x dxε
βγ

ʹ′⇒ = ∝∫
the beam emittance  
shrinks during  
acceleration   ε ~ 1 / γ 

q = position = x 
p = momentum = γmv = mcγβx 
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∫∫ = dxmcpdq xγβ

∫∫ ʹ′= dxxmcpdq γβ

ε 

for convenience (i.e. because we are lazy bones) we use in accelerator theory: 
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Nota bene: 

1.)  A proton machine … or an electron linac … needs the highest aperture at injection energy !!! 
      as soon as we start to accelerate the beam size shrinks as γ -1/2 in both planes. 

  
 
 
2.) At lowest energy the machine will have the major aperture problems,  
      # here we have to minimise  
 
 
3.) we need different beam optics adopted to the energy:  
     A Mini Beta concept will only be adequate at flat top.  

εβσ =

β̂

LHC injection  
optics at 450 GeV 

LHC mini beta  
optics at 7000 GeV 



Example: HERA proton ring 

injection energy: 40 GeV        γ = 43 
flat top  energy: 920 GeV        γ = 980 
 
emittance ε (40GeV)   = 1.2 * 10 -7 

                 ε (920GeV) = 5.1 * 10 -9 
 

7 σ beam envelope at E = 40 GeV  

… and at E = 920 GeV  



RF Acceleration-Problem: 
panta rhei !!! 
(Heraklit: 540-480 v. Chr.) 

Bunch length of Electrons ≈ 1cm just a stupid (and nearly wrong) example) 
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t
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ν = 400MHz
c = λ ν
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λ = 75 cm
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λ = 75 cm
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typical momentum spread of an electron bunch:  
3100.1 −≈

Δ

p
p

Z X, Y,( )



 Dispersive and Chromatic Effects: Δp/p ≠ 0  
 

Are there any Problems ???  
       Sure there are !!! 

 

font colors due to  
pedagogical reasons 



17.) Dispersion and Chromaticity:  
                     Magnet Errors for Δp/p ≠ 0 

Influence of external fields on the beam:  prop. to magn. field & prop. zu 1/p  
 

   

dipole magnet 

focusing lens gk p
e

=

particle having ...   
          to high energy 
          to low energy 
          ideal energy 
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/
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p
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. ρ 

xβ 

Closed orbit for Δp/p > 0 

( ) ( )i
px s D s
p
Δ

= ⋅

Matrix formalism: 

( ) ( ) ( ) px s x s D s
pβ
Δ

= + ⋅

0 0( ) ( ) ( ) ( ) px s C s x S s x D s
p
Δ

ʹ′= ⋅ + ⋅ + ⋅

Dispersion 
 Example: homogeneous dipole field 

xβ 

00
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ʹ′

Δ
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
ʹ′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
ʹ′ʹ′

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ʹ′ D

D
p
p

x
x

SC
SC

x
x

s



0
0 0 1p p

p ps

x C S D x
x C S D x
Δ Δ

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟ʹ′ ʹ′ ʹ′ ʹ′ ʹ′= ⋅⎜ ⎟ ⎜ ⎟⎜ ⎟

⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠

Example  
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Amplitude of Orbit oscillation  
                           contribution due to Dispersion ≈ beam size 

          # Dispersion must vanish at the collision point  

Calculate D, D´:  ... takes a couple of sunny Sunday evenings ! 

or expressed as 3x3 matrix 

D

β

! 



p
p*)s(DxD

Δ
=

Dispersion is visible  

HERA Standard Orbit 

dedicated energy change of the stored beam 
     # closed orbit is moved to a   
         dispersions trajectory 

HERA Dispersion Orbit 

Attention: at the Interaction Points  
                 we require D=D´= 0  



Periodic Dispersion:  
                     „Sawtooth Effect“ at LEP (CERN)  

BPM Number 

Electron course  
 

In the arc the electron beam loses so much energy in each  
octant that the particle are running  
more and more on a dispersion trajectory. 

In the straight sections they are accelerated by the rf 
cavities so much that they „overshoot“ and  
reach nearly the outer side of the vacuum chamber.  



26.) Chromaticity:  
                      A Quadrupole Error for Δp/p ≠ 0 

Influence of external fields on the beam:  prop. to magn. field & prop. zu 1/p  
 

   

focusing lens gk p
e

=

particle having ...   
          to high energy 
          to low energy 
          ideal energy 

definition of chromaticity: 

… which acts like a quadrupole error in the machine  
and leads to a tune spread: 

dssk
p
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Problem: chromaticity is generated by the lattice itself !! 
 
Q' is a number indicating the size of the tune spot in the working diagram,  
Q' is always created if the beam is focussed  
   # it is determined by the focusing strength k of all quadrupoles 

k = quadrupole strength 
β = betafunction indicates the beam size … and even more the sensitivity of   
      the beam to external fields 

Example: LHC 
 
                     Q' = 250  

      Δ p/p = +/- 0.2 *10-3 

        Δ Q = 0.256 … 0.36 
                  

à Some particles get very close to  
    resonances and are lost  
 
    in other words: the tune is not a point 
                          it is a pancake 

… what is wrong about Chromaticity: 

Q ' = − 1
4π

k(s)β(s)ds!∫



Tune signal for a nearly  
uncompensated cromaticity 
( Q' ≈ 20 )  

Ideal situation: cromaticity well corrected, 
( Q' ≈ 1 ) 



Correction of Q': 

 Need: additional quadrupole strength for each momentum deviation Δp/p 

1.) sort the particles acording to their momentum 

… using the dispersion function 

2.) apply a magnetic field that rises quadratically with x (sextupole field)  

linear rising  
„gradient“:  

( ) ( )D
px s D s
p
Δ

=

Bx = !gxz

Bz =
1
2
!g(x2 − z2 )

∂Bx
∂z

=
∂Bz
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= !gx



!Q = −
1
4π

K(s)−mD(s){ }β(s)ds!∫

N 

Sextupole Magnets:  

Correction of Q': 

S 

S N 

corrected chromaticity 

k1 normalised quadrupole strength  

k2 normalised sextupole  strength  

considering a single cell:  
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Some Golden Rules to Avoid Trouble 



€ 

xco(s) =
β(s) * 1

ρs1
βs1 *cos(ψs1 −ψs −πQ)ds∫
2sinπQ

Assume: Tune = integer 

€ 

Q =1 → 0

Integer tunes lead to a resonant increase  
of the closed orbit amplitude in presence of  
the smallest dipole field error. 

Qualitatively spoken: 

I.) Golden Rule number one:   
                  do not focus the beam !   

 Problem: Resonances 



Tune and Resonances 

m*Qx+n*Qy+l*Qs = integer 

Qx =1.0 Qx =1.3 

Qy =1.0 

Qy =1.3 

Qx =1.5 

Qy =1.5 

 Tune diagram up to 3rd order 

… and  up to 7th order 

Homework for the operateurs:  
find a nice place for the tune  
where against all probability  
the beam will survive 



II.) Golden Rule number two:   Never accelerate charged particles !  

0K(s)xx =+ʹ′ʹ′ 0(s))xK(K(s)x SC =++ʹ′ʹ′

Transport line with quadrupoles 

In a transport line, the focusing by 
quadrupoles is counteracted by 
space charge, making focusing 
weaker 

Transport line with quadrupoles and space charge 

0x
cγβea

I2r
K(s)x 332

0 =⎟⎟
⎠

⎞
⎜⎜
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⎛
−+ʹ′ʹ′

KSC 

Fdef 



Golden Rule number two:   Never accelerate charged particles !  
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Ekin of a proton 
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... at low speed the particles  
repel each other  

Problem at low energies  

Linac 2    Ekin=60 MeV   
         Linac 4  Ekin=150 MeV  

€ 

ΔQx,y = −
r0 N

2πεx,yβ γ
2

Tune Shift due to Space Charge Effect 



Courtesy W. Herr 

€ 

ΔQx =
βx
* * rp *Np

2π γ p (σ x +σ y ) *σ x

the colliding bunches influence each other   
# change the focusing properties of the ring !!  

   

Qx 

Qx 
 
and again the resonances !!!  

most simple case:  
             linear beam beam tune shift 

III.) Golden Rule number three:  

 Never Collide the Beams !  

25 ns 



LHC logbook: Sat 9-June “Late-Shift” 

18:18h injection for physics 
                             clean injection ! 
 
 
 
 
 
 

but particle losses when beams  
are brought into collision 



IV.) Golden Rule Number 4:  Never use Magnets  

∫=
magl

eff BdslB
0

*

“effective magnetic length” 



Again: the phase space ellipse  
 for each turn write down – at a given  

    position „s“ in the ring – the  
    single partilce amplitude x  
    and the angle x´... and plot it. 

● 
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Clearly there is another problem ... 
 ... if it were easy everybody could do it  

A beam of 4 particles  
– each having a slightly different emittance:  



Installation of a weak ( !!! ) sextupole magnet 

The good news: sextupole fields in accelerators  
cannot be treated analytically anymore. 
# no equatiuons; instead: Computer simulation 
„ particle tracking “  

● 



# Catastrophy !  

● 

Effect of a strong ( !!! ) Sextupole … 

„dynamic aperture“ 



Golden Rule XXL:   COURAGE  

and with a lot of effort from Bachelor / Master / Diploma / PhD  
 and Summer-Students the machine is running !!! 

thank’x for your help and have a lot of fun  


