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Field theoretical definition of PDF

nucleon with momentum P* =[P~ P", 0]
and long. polarization p.g—-¢ ¢2=_

fiz) = /OO K i€ P (PI(em) 7 Un_[€™,0](0)|P)

(5_7 07 OT)

n@) = [ T K =P (PSI(E7) s Un €7, 0] 9(0)|PS)

47
=
exp ( — z’g/o dw™ AT (w))]

hadronic matrix elements of nonlocal operators on light-cone

gauge link operator U, [¢7,0]="7P

essentially nonperturbative objects



PDF nonperturbative object

factorization theorem (at some scale p)

data = PDF ® (something perturbatively
calculable)

within
PDF e Laco

lattice

calculate them in
QCD-inspired models



PDF nonperturbative object

factorization theorem (at some scale p)

data = PDF ® (something perturbatively
calculable)

within



Nonperturbative object = 1) extract from data

i Uy, —a=eems World data for FoPin DIS

A .
g -;,;..2 f,_.?iia-;-‘c“""“ e f1(x,Q?) from fits of thousands data
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. v 1 : ‘.=°"5 pp =V Z +jet + X do(v*)Z)/dpY. q,9 1072<2<50.7 [ 200GeV < QS 1TeV
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10 10 10 10 10
QE(GQVZ] pp — tt+ X o(tt),do(tt)/dMg, .... g 01<z507 350 GeV < Q <1TeV
. pp = cc+ X do(cc)/dpr dy. g 1075<2<1073 | 1GeV SQ <10GeV
slide from H.Montgomery,
QCD EVO/UUO” 20]6 pp — bb+ X do(bb) /dpr.cdy. g 1074 <2<1072 | 5GeV S Q <30GeV
pp— W+e do(W +c¢)/dn, 8,8 001 <z <05 ~ My

J. Rojo et al. (PDF4ALHC), J.Phys.G42 (15) 103103



Nonperturbative object = 1) extract from data

- g luminosity qu(\/g)zéfi_xz i) 1 (5:3) T a0
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Nonperturbative object = 1) extract from data

still significant uncertainties among recent PDF extractions

q-q luminosity  Lu(Vs)= %/7_1%2 fal@.5) fo (%S) +q¢ 4]

LHC 13 TeV, NNLO, OLS(MZ)=O.1 18 LHC 13 TeV, NNLO, OLS(MZ)=0.1 18
g . T o |
S = partonic c.m. energy z'2
V/s = collision c.m. energy 2 "1\
$1.05
=13 TeV £
< 1
= 5
S

| ‘ T w I(Gievl)lm{os T Vs T e '(G;V')""{Os N,
J. Butterworth et al. (PDF4LHC), J.Phys.G43 (16) 023001

reflects In: = less accurate extraction of SM quantities

from LHC data (H coupling, Mw, sinQef)
= [imited sensitivity to BSM searches




PDF nonperturbative object

/ within
PDF Wi
t’ |lattice 3



Nonperturbative object = 2) compute on lattice

Wick rotation: Euclidean time T =1 xY R

light-cone distance €~ becomes complex! 0 &

PDFs cannot be computed on lattice



Nonperturbative object = 2) compute on lattice

Mellin moments of PDFs

/ ) / I / W~ & eP* (Pl (E™)v* Un_ €™, 0] $(0)|P)
P

W ¥(0)|P) hadronic matrix elements
£ . of local operators
1 1 calculable on lattice
G o) - ; PGP, o) 0°) where
0
(Pl5(0)y 11 (i°D Y2 (5D ) ind o (0)—Tr's |P) = 2 O7 [PH..PHn — M2 Pi, phn—2 ]



Nonperturbative object = 2) compute on lattice

/0 ) / I / W o~ 2P* (PI(E™) 7+ Un_[€7, 0] $(0)|P)

- Pw 0) " $(0)|P)
/O doa™™" iz, 1) = 5 c (2/622 g(1) O (1) where

(Pl5(0)y 11 (i°D Y2 (5D ) ind o (0)—Tr's |P) = 2 O7 [PH..PHn — M2 Pi, phn—2 ]

- operator mixing ( power divergences )

- discrete regulariz. + matching ¢ = continuum renorm. scheme

m] | <
imit calculations to n< 4 (for workaroumids s

Z. Davoudi (MITPDF Coll.)
talk at SPIN-2016 )




The LaMET approach

X Ji, PR.L.T10 (13) 262002

Can we compute the x-dependence of PDFs on lattice ?

O ey e
PDF | i) = [ =P (PET) v Va6 019 O)IP)
light-cone correlation 0 > &

eliminate time dependence



The LaMET approach

X Ji, PR.L.T10 (13) 262002

Can we compute the x-dependence of PDFs on lattice ?

O ey e
PDF | i) = [ =P (PET) v Va6 019 O)IP)
light-cone correlation 0 > &

eliminate time dependence

spatial correlation 0 > EZ

= €T (PIO(ER) 7" UL[E7, 01 $(0)|P)

£
U.l€*,0] =P [exp (— ig/o dw? Az(wz)>]

quasi-PDF | fi(w.2,P*) = [

— OO




The LaMET approach

X Ji, PR.L.T10 (13) 262002

Can we compute the x-dependence of PDFs on lattice ?

s | e i
PDF | i) = [ =P (PET) v Va6 019 O)IP)
light-cone correlation 0 > &
eliminate time dependence
g5 oo
spatial correlation 0 > EZ

= €T (PIO(ER) 7" UL[E7, 01 $(0)|P)

e
U.l€*,0] =P [exp (— ig/o dw? Az(wz)>]

Large Momentum Effective Field Theory

quasi-PDF | fi(w.2,P*) = [

— OO




The LaMET approach

quasi-PDF and PDF have same IR behavior = match by perturb. coeft.

1 2 2
. Ty = e e Agep M
2 P? :/ AL 2
e (y = aLPZ) fily, 1) + O<(PZ)2, (Pz)2>




The LaMET approach

quasi-PDF and PDF have same IR behavior = match by perturb. coeft.

1 2 2

. Ty = e e Agep M
2 ZANeT = = 2
fl(CU,,LL , P )_/O Y Z<y’ Pz’ CLLPZ> fl(y"u ) i O((Pz)Z’ (Pz)2>

L Z(E,.)=61-8)+ ;z_s ZW(g, ) +... checked at 1 loop
3 for non-singlet PDF
- UV divergences renormalized at p up to 2 loops X. Xiong et al.,

. PR.D90 (14) 014051
- power divergences (cutoff a;) cancelled by dm at all orders Ly
Ji & Zhang, PR.D92 (15) 034006 ; Chen, Ji, Zhang, arXiv:1609.08102




The LaMET approach

quasi-PDF and PDF have same IR behavior = match by perturb. coeft.

1 2 2
. Ty = e e Agep M
2 P? :/ AL 2
) - - (y = aLPZ) fily, 1) + O<(PZ)2, (Pz)2>

L Z(£,.) =0 =€)+ = 2Dk, )+... checkedaERlEGE
2T :
for non-singlet PDF
- UV divergences renormalized at p up to 2 loops X. Xiong et al.,

. PR.D90 (14) 014051
- power divergences (cutoff a;) cancelled by dm at all orders Ly
Ji & Zhang, PR.D92 (15) 034006 ; Chen, Ji, Zhang, arXiv:1609.08102

Z is finite for finite P?, at most terms ~ log(P?/p)
quasi-PDF calculable on lattice for finite PZ, then

lim  quasi-PDF (x, g2, P?) = PDF (x, Yy?)

P e

But how large P? to have quasi-PDF = PDF ¢



quasi-PDF on lattice

isovector fiu-d (x)

lattice 243 x 64
ar~0.12 fm
M ~310 MeV

u=2 GeV

25 T T T TN T T T I
L MSTW AN
2.0 CJ12 AN -
: NN
1.5F TN
o N _
| 10F N 1 extrapolation to
s AN ] 3
: } >, large PZfrom
0.5[ o P, 7]
: Sl TN T ; P2=0.42 GeV
.;;' \ S——
o ] — (5
—O 5: | 1 | 1 1 | 1 | 1 | PR R ] — 1 .26 /"

-04 -0.2 0 0.2 04 0.6

Lin et al.,, PR.D9T (15) 054510

confirmed also by
Alexandrou et al. (ETMC), PR.D92 (15) 014502

with P2 = 0.98 & 1.47 GeV

lattice 323 x 64
a ~0.08 fm
M+~370 MeV
u=A=1/a.~2.5 GeV



quasi-PDF on lattice

isovector fiu-d (x)

25 T I T I T I T I T ; l‘\l T I T I T I T I T I T I T I T I T
L] - L ]

L MSTW ‘\ :
I 2.0 CJ12 Y ]
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=1 1.5 \\
+ = 3 N : :
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R —] =084 “
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04 -02 0 02 04 06 08 10

Lin et al.,, PR.D9T (15) 054510



quasi-PDF on lattice

isovector fiu-d (x)

2.5_ T _E"\l L L I LA L I L L B
[ MSTW AN ]
2.00 CJ12 AN -
- . RN ]
r Lattice "y, ]
1.5F A%
= i pY ] ,
| 10F N 1 extrapolation to
= : \\ 1 | Dz {
[ KN ] arge rom
0.5F . .
I ,','/,-\\‘. %"s,,,.\ j PZ — 0.42 GeV
i —;’;' \ s
T X =064 =8
_0.5211,1,11_11.1,1,11.11.1,1,_— — G /"

-04 -0.2 0 0.2 04 06 038 1.0

wrong support

finite P2 finite P? x> 1

but also

>
& Mx>1




quasi-PDF on lattice

Pz~ M

nucleon
NESS

isovector fiu-d (x)

lattice 243 x 64
ar~0.12 fm
M ~310 MeV

u=2 GeV

25T T T TN T T T T
[ MSTW AN
2.0 CJ12 AN -
i P \’\‘t\
15; \\
I N _
| 10F N 1 extrapolation to
~ AN ] 3
: } >, large PZfrom
0.5[ o P, ]
: Sl TN T ; P2=0.42 GeV
»‘;’ \ ~——
O === ] — (5
—O 5: | 1 | 1 1 | 1 | 1 | PR R ] — 1 .26 /"

-04 -0.2 0 0.2 04 0.6

Lin et al.,, PR.D9T (15) 054510

confirmed also by
Alexandrou et al. (ETMC), PR.D92 (15) 014502

with P2 = 0.98 & 1.47 GeV

wrong support
X > 1

lattice 323 x 64
a ~0.08 fm
M+~370 MeV
u=A=1/a.~2.5 GeV



quasi-PDF on lattice

present lattice calculations of quasi-PDF at PZ ~ M

1 2
- dy BESL 1 Aocp M2
2 P* :/ Tl e 2 Q
fl(xnu ) ) S (y? Pz? CLLPZ> fl(ynu ) T o <(Pz)27 (Pz)2

problem



quasi-PDF on lattice

present lattice calculations of quasi-PDF at PZ ~ M

1 2

~ . dy x 1 A M?

At Py = [ 2z(2, £, —5) At + o( 4 )
0

(P?)2’ (P?)2

problem
recent attempts to compute power corrections at finite PZ

Lin et al.,, PR.D9T (15) 054510

e LA S e B ] Chen et al., N.P.B911 (16) 246
owstw z
2.0 CJ12 AN e
15 TN . 150, | : :
| " ; =a , . final
| 10f \ ] 10— 4 :
= [ \\ ] E L ."%.." \\ ]
i o= * ] I y 2 \\‘ |
05:_ »"‘;‘\\‘. %’\’*5 _: 3 0'5_ .:\ 7] PZ — 1 -26 Gev
N —_ : \ N\, |
0fF——== PLofs N~ — 0 o ]
_0.5: P T T I P T N TR EU R ST S R ] _05 T ]
-04 -0.2 0 0.2 04 06 0.8 1.0 1.0 -0.5 0 0.5 1.0 1.5 2.0



quasi-PDF on lattice

present lattice calculations of quasi-PDF at PZ ~ M

. 1 A2 2
il ey =/ @Z(x L ) fily, %) + 0( Clebj )
0

Y y' P? apP

(B e

problem

recent attempts to compute power corrections at finite PZ
Lin et al., PR.D9T (15) 054510

2.5 T T T T Ty T T T T T - Chen et al.,, N.PB911 (16) 246
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2.0 . !
1.5 15F ] = p
& = i o > ]
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quasi-PDF in models

PDF /

\

calculate them in
QCD-inspired models



quasi-PDF =~ PDF ?

(spectator-diquark) model calculations of quasi-PDF x f

Gamberg et al., PL.B743 (15) 112
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Bacchetta, Conti, Radici,

true model x fi P.R.D78 (08) 074010



quasi-PDF =~ PDF ?

(spectator-diquark) model calculations of x f;

Gamberg et al., PL.B743 (15) 112

= 0.6
< osf down e
2 C . — P2
0.4 | = Pe=3
C — P=4
P =1 03[ f,(x)
P =2 i
P =3 0.2 :
P =4 C
f,(x) 0.1}
F e
| Ol S e e P MR R s e
. 0 0.2 04 . 06 0.8 1
I' X

Bacchetta, Conti, Radici,

true model x fi P.R.D78 (08) 074010

quasiPDF = PDF forx =02 onlyif P2~ (4+5) M



quasi-PDF in spectator-diquark model

analytic calculation of quasi-TMD Gamberg et al.,

PL.B743 (15) 112
{ fi0=sa% (x,pr,P?) { f144 (x,pr,P?)
| O pr,PY) g1 (x,pr,P?)

verify that TMD are recovered

{ lim fiud (x, pr,P?) = fud (x, pr)
lim g1“'d U5, | PE = g1“'d (X, p1)

from Bacchetta, Conti, Radici,
PR.D78 (08) 074010

same for quas| PDF analytic expressions
{ .de f1u d( X, pT, Pz) — fu d (x, P?) Pz_,oo> fi “'d(X) in Appendix of

Bacchetta et al.

.dPT g1“ 2% X, PT, Pz) = g1“ & (X, P?) g1“'d(X) arXiv: 1608.07638




quasi-PDF in spectator-diquark model

analytic calculation of quasi-TMD Gamberg et al.,

PL.B743 (15) 112
{ f1 D=s,a,a’ (X,pT, P2) { f1 u,d (X, pT, P?)
o . D=s,a,a’ Z ot ~ u,d 7
g1~ (X, p1,P?) O 106 P s

contain terms

= ~ (1-%)2 (P%)2
verify that TMD are recovered et o

large PZ expansion
critical if x—1

{ im fiud(x, pr,P?) = fivd(x, p)  «—
lim givd(x, pr,P?) = g1*4(x, pr)

from Bacchetta, Conti, Radici,
PR.D78 (08) 074010

same for quas| PDF analytic expressions
{ .de f1u d (x x,pt,P?) = f1u d (x,P?) p2—co fud(x) in Appendix of
.de g1“ d( X,PT, Pl = g1“ d (x,P?) g1“'d(X) 5?)?/5?%?8%%38




our matching procedure

Bacchetta et al.,

s g e : 2
arXiv:1608.07638 Detfinition for u=fi¥ (similarly for f¢ and g;“9)

;

0 ezl () < 5 <
reconstructed PDF  u(z, P?) = « ”ﬁb(x ) ST = To
G5 i) R

parametric PDF
i (z,{p:}) = 2 (1 — )™ (1 +psx/? +pax+ps :173/2)

quasi-PDF
P

X
=)

matching point



our matching procedure

Bacchetta et al.,

s g e : 2
arXiv:1608.07638 Detfinition for u=fi¥ (similarly for f¢ and g;“9)

f

0 ezl () < 5 <
reconstructed PDF  u(z, P?) = « fb(x ) ST = To
G5 i) R

constraint %1

quasi-PDF
P

parametric PDF
i (z,{p:}) = 2 (1 — )™ (1 +psx/? +pax+ps :173/2)

matching
i (20, P?) = 4 (zo; {pi}) only 3 parameters
ip1, P2, P5!

i
i
II > e
X

matching point



our matching procedure

Bacchetta et al.,

Py g e : i
arXiv:1608.07638 Detfinitions for u="fi4 (similarly for f1¢ and g{“)

1
u":/ dr z" ! u(z)
0

(truncated) Mellin .
&”(PZ):/O dx z" ' @z, P?)

N-moment

1
b D ) / do 2™ & ({p1, po, D))



our matching procedure

Bacchetta et al.,

Py g e : i
arXiv:1608.07638 Detfinitions for u="fi4 (similarly for f1¢ and g{“)

1
u":/ dr z" ! u(z)
0

(truncated) Mellin xo
ﬂ”(PZ):/O dx z" ' @z, P?)

N-moment

1
b D ) / do 2™ & ({p1, po, D))

constraint #2 fix parameters {p1,p2,ps} by minimizing
squared distance X? for n=2,3,4

4™ ({p1,p2,ps}) + 4" (P?) — u"]
[@n(Pz) o un}Z

2

e o m sl = Z

n—=2



our matching procedure

Bacchetta et al.,
arXiv:1608.07638

constraints #1 (matching at xo) and #2 (X*min)
are valid at any scale p?

In principle, each step is possible on lattice.
At present, it's not.

Proof of concept: use spectator-diquark model

for PDF and quasi-PDF to test the method

explore arbitrary choices of P?, xo



results (at model scale Q¢%=0.3 GeV?)

Bacchetta et al.,
arXiv:1608.07638
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results (at model scale Q¢%=0.3 GeV?)

Bacchetta et al.,
arXiv:1608.07638
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results (at model scale Q¢%=0.3 GeV?)

Bacchetta et al.,
arXiv:1608.07638
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beneficial for U
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quantitative comparison

matching xo = 0.2 Definitions  for u=fi" (similarly for 19 and g;ud)

2 i 1 il © P?) _ P
: : reconstructed U  rfu] = Jo 4@ [ufx’ )
relative distance Jo dzu(z)?

with respect to true u quasi O g = Jy da [jbfﬂ;, PZ() )—zu(a:)]2




quantitative comparison

matching xo = 0.2

reconstructed U 74 =

Definitions  for u=fi" (similarly for 19 and g;ud)

oror [y dx[u(z, P?) — ul@)]?

- 0 1
relative distance o
: 1 g
with respect to true u e ekl 87— i)
Jy dxu(x)
r[q] rla]/7[d]
7x1073 0.20[
6x107° ¢ 7
5x1073 0151
4x1073 [
3010-° | 0-10f
2x107% ¢ 0.05!
1x1073 &=g=- I '
14 16 18 2. 22 24 26 28 3 °'°‘1’_>4 16 18 2 22 24 26 28 3
P? 25

Bacchetta et al.,
arXiv:1608.07638



quantitative comparison

matching xo = 0.2

Definitions f

reconstructed U 74 =

or u=fiu (similarly for fi9 and gyud)

oror [y dx[u(z, P?) — ul@)]?

relative distance Jy dzu(z)?
: 1 af 2 ey 2
with respect to true u quasi O ] = Jo d= [UE:&P ) — u(@)]
I Ghp o)
Pl F(i) /7l
7x10 0.20
6x1073

5x1073
4x1073
3x1073 |
2x1073 |

1x1073 | o=

0.05 -

Bacchetta et al.,
arXiv:1608.07638

0.00!

on average, U<>U closerthan U<sU

by a factor |0 already at P ~ [.5 M
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stability check

check for u = fiu (similarly for fi4 and g;vd)

1. shift by & the matching iz, B s SO U
ditions of quasi-PDF ¢ 5, p= L o
conditions of quasi L@ P = (0w P
2. shift by © the distance a"(P%) — u — (1 4 8) (§"(P) — u™)

of its Mellin moments

3. minimize X* = get new {p’1, p’2, p'5} = new a(z,d8) = a(z, {p}, ph.ps})
unperturbed  a(z,0) = a(z, {p1,p2, ps})

4. define relative distance  r(6) = =
8] <0.1 = r(d) = 0.01

change of input by 10% — change of reconstructed U =19
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only for P2~M — test it using the spectator-diquark model



Conclusions

e reconstruct PDF over x € [0,1] by matching at point xo

quasi-PDF for 0 < x < xo with
parametric form fitted to n=2,3,4 Mellin moments of PDF for xg < x < 1

e in principle, procedure works on lattice. At present, quasi-PDF available
only for P2~M — test it using the spectator-diquark model

* in model, quasi-PDF = PDF for x = 0.2 at P2z 2 GeV — x0=0.2-0.3



Conclusions

e reconstruct PDF over x € [0,1] by matching at point xo

quasi-PDF for 0 < x < xo with
parametric form fitted to n=2,3,4 Mellin moments of PDF for xg < x < 1

e in principle, procedure works on lattice. At present, quasi-PDF available
only for P2~M — test it using the spectator-diquark model

* in model, quasi-PDF = PDF for x = 0.2 at P2z 2 GeV — x0=0.2-0.3

e at xo = 0.2 and PZ ~ 2 GeV, reconstructed PDF is closer to PDF with
respect to quasi-PDF by a factor 10+20. At Pz~ 3 GeV by 5+10

e at xo = 0.3, situation is worse. Only for P? = 3 GeV distance from PDF

Is similar to xo = 0.2 case



Conclusions

e reconstruct PDF over x € [0,1] by matching at point xo

quasi-PDF for 0 < x < xo with
parametric form fitted to n=2,3,4 Mellin moments of PDF for xg < x < 1

e in principle, procedure works on lattice. At present, quasi-PDF available
only for P2~M — test it using the spectator-diquark model

* in model, quasi-PDF = PDF for x = 0.2 at P2z 2 GeV — x0=0.2-0.3

e at xo = 0.2 and PZ ~ 2 GeV, reconstructed PDF is closer to PDF with
respect to quasi-PDF by a factor 10+20. At Pz~ 3 GeV by 5+10

e at xo = 0.3, situation is worse. Only for P? = 3 GeV distance from PDF

Is similar to xo = 0.2 case

when lattice will get (good) quasi-PDF at P ~ 2 GeV,

our method can reconstruct PDF 10 times better than quasi-PDF
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caveat

why neglect the n =| (truncated) Mellin moment ?

because lattice calculation of quasi-PDF
not reliable at small x
latti n simul o g o
attice can simu ate b I [CLLL_zl] BRI 0
the minimum x as I 2 L, 32
Alexandrou et al. (ETMC),

P.R.D92 (15) 014502

Agn,) (P?) = foxrzin dx xf_iﬂ(x, P?) ﬁ)&?ipz;_i_ __________
|fe, ClBaE =G .
% importance of “neglected” moment e A
n = | as large as 0% W wES
n > 2 irrelevant =
ol e ae e si

Bacchetta et al.,
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