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Introduction
In particle physics experiments at the Large Hadron Collider (LHC) 
interesting events, e.g., the ones signalling the creation of so far unknown 
particles have to be selected from enormous backgrounds.

• example: creation of a Higgs boson in vector 
boson fusion

• we expect only two jets to appear in the final 
state which stem from the two colliding 
quarks

• the colliding quarks can radiate gluons which 
can decay into even more partons, therefore 
in many cases more than two jets appear

• it can be shown that the appearance of multi-jet final states is more 
likely in background processes than in the signal process

creation of a Higgs boson in 
vector boson fusion

Suppression of the background can be achieved by applying a “jet 
veto”, namely excluding those events that contain more jets than 
necessary (in this case two).

N-jettiness
Jet vetos are essential at the LHC for many experimental analyses.

• the usual method for vetoing jets imposes cuts on the phase space of 
the final state particles to exclude configurations with too many jets

• the purpose of N-jettiness [1]  is to enable vetoing of jets by imposing a 
cut on a single global event shape variable

• 𝜏N = 0 in case of M=N

• 𝜏N ≪ 1 corresponds to an N-jet-like configuration
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(a) e+e− → 2 jets.
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(b) Isolated Drell-Yan.

Jet 2

Jet b Jet a

Soft

Jet 3

Jet 1b

a

1

32

p p

ℓ−

ℓ+

(c) pp → leptons plus jets.

FIG. 1: Different situations for the application of N-jettiness.

As we discuss below, this definition of τN yields a fac-
torization formula with inclusive jet and beam functions
and allows the summation of logarithms to next-to-next-
to-leading logarithmic (NNLL) order. The sum over k
in Eq. (1) runs over the momenta pk of all measured
(pseudo-)particles in the final state excluding the signal
leptons or photons in L. (Any other leptons or photons,
e.g. from hadronic decays, are included in the sum.) For
simplicity we take all pk to be massless. The qa, qb, and
q1, ..., qN are a fixed set of massless reference momenta
for the two beams and the N signal jets,

qµa,b =
1

2
xa,bEcm nµ

a,b , nµ
a = (1, ẑ) , nµ

b = (1,−ẑ) ,

qµJ = EJ (1, n̂J) , J = {1, . . . , N} . (2)

The EJ and n̂J correspond to the energies and directions
of the N signal jets (for both massive and massless jets).
Their choice is discussed below. The beam reference mo-
menta qa and qb are the large momentum components of
the colliding partons along the beam axis (taken to be
the z axis). They are defined by

xaEcm = nb · (q1 + · · ·+ qN + q) , (3)

and analogously for xb with a ↔ b. Here, q is the to-
tal momentum of the non-hadronic signal L. In Eq. (1),
Q2 = xaxbE2

cm is the hard interaction scale, and the dis-
tance of a particle with momentum pk from the jets or
beams is measured by qm · pk. If L contains missing en-
ergy, so q and xa,b are not known, one can use a modified
distance measure as we discuss below Eq. (11).
The minimum for each k in Eq. (1) associates the par-

ticle with the closest beam or jet, appropriately dividing
the hadronic initial-state radiation (ISR) and final-state
radiation (FSR). Soft particles and energetic particles
near any jet or beam only give small contributions to the
sum. For 2 → N scattering of massless partons, τN = 0.
Energetic particles far away from all jets and beams give
large contributions. Hence, for τN ≪ 1 the final state has
N jets, two forward beam jets, and only soft radiation
between them. In this limit xa,b are the momentum frac-
tions of the annihilated partons, and Y = ln(xa/xb)/2 is
the boost of the partonic center-of-mass frame.

N = 2 for e+e− → jets. In e+e− collisions there is no
hadronic ISR, so we drop the qa,b · pk entries in Eq. (1).
NowQ2 is the total invariant mass of the leptons and Y =
0. In the two-jet limit, the jet directions are close to the
thrust axis t̂, defined by the thrust T = maxt̂

!
i |t̂·p⃗i|/Q.

Hence we can choose

qµ1 =
1

2
Q (1, t̂ ) , qµ2 =

1

2
Q (1,−t̂ ) (4)

as reference momenta, and Eq. (1) becomes

τee2 =
1

Q

"

k

Ek min
#
1− cos θk, 1 + cos θk

$
, (5)

where θk is the angle between p⃗k and t̂. The minimum
divides all particles into the two hemispheres perpendic-
ular to t̂ as shown in Fig. 1(a). For τee2 ≪ 1, the total
invariant mass in each hemisphere is much smaller than
Q, so the final state contains two narrow jets. In this
limit, τee2 = 1−T , and a factorization theorem exists for
dσ/dτee2 , which can be used to sum logarithms of τee2 [4].
For a given jet algorithm with resolution parameter y,
the value y23 marks the transition between 2 and 3 jets.
Thus requiring y23 ≪ 1 also vetoes events with > 2 jets.
N = 0 for Drell-Yan. Next, consider the isolated

Drell-Yan process, pp → Xℓ+ℓ− with no hard central
jets, shown in Fig. 1(b). We now have ISR from the in-
coming partons, but no FSR from jets. From Eq. (3) we
have

xaEcm = e+Y
%
q2 + q⃗ 2

T , xbEcm = e−Y
%
q2 + q⃗ 2

T , (6)

where q2 and q⃗T are the dilepton invariant mass and
transverse momentum, and Y equals the dilepton rapid-
ity. Now, Q2 = q2 + q⃗ 2

T and Eq. (1) becomes

τ0 =
1

Q

"

k

|p⃗kT |min
#
eY−ηk , e−Y+ηk

$
. (7)

where |p⃗kT | and ηk are the transverse momentum and
rapidity of pk. The qa and qb dependence in Eq. (1) ex-
plicitly accounts for the boost of the partonic center-of-
mass frame. For Y = 0, the minimum in Eq. (7) divides

⌧N (�M ) =
MX

k=1

min
i2{1,...,N}

⇢
2qi · pk
Q2

�
• pk are the momenta of the M final 

state particles

• qi are the massless momenta of 
the N signal jets

• Q is the total incoming momentum

N-jettiness applied in different situations. Source: [1].

Perturbation theory is the tool for computing theoretical predictions for high energy particle collisions. In a perturbative 
calculation we take the series expansion of physical quantities with respect to some small parameter (in this case the 
strong coupling, αS).

• the approximation of the perturbative series by its first, second and third order terms is called Leading Order (LO), 
Next-to-Leading Order (NLO), and Next-to-Next-to-Leading Order (NNLO) approximation respectively

• in case of QCD the value of the expansion parameter is not very small numerically at currently accessible energies 
(αS(MZ) = 0.118), therefore to make precise physical predictions higher order terms must be considered

• the perturbative expansion of the N-jettiness distribution in electron-positron annihilation reads

• the calculation of higher order terms is plagued by difficulties due to ultraviolet (UV) and infrared (IR) divergences 
that appear in intermediate steps, however, the KLN theorem guarantees the finiteness of the perturbative prediction 
for IR-safe observables

• we used the CoLoRFulNNLO method (Del Duca, GS, Trócsányi) [2,3] to calculate the finite physical cross section

Method
• We presented the first computation of 2-jettiness distribution in electron-

positron annihilation up to NNLO in QCD. 

• The NLO K factor for 2-jettiness is rather large (~1.6) and the LO scale 
variation badly underestimates the neglected higher order terms.

• The perturbative prediction stabilizes in NNLO.

• The results were obtained using the MCCSM code.

Conclusions

Theoretical prediction for the 2-jettiness distribution at Q = MZ center of mass energy.

• the predictions were normalized by the cross section of the e+ e- → quark+antiquark process (σ0)

• the bands show the dependence on the renormalization scale, μR ∈ [Q/2, 2Q]

Theoretical predictions for the differential cross section with respect to 3- and 4-jettiness 

Predictions (preliminary)

MCCSM
• The MCCSM (Monte Carlo for the CoLoRFulNNLO Subtraction Method) 

is a partonic Monte Carlo program which implements the 
CoLoRFulNNLO subtraction scheme.

• A flexible and user friendly program library written in F90.

• Currently available processes:
- e+ e- → 2 jet (Albers, AK, GS)
- e+ e- → 3 jet (AK, GS, Szőr, ZT) [4,5]

• The presented calculation was obtained in ~ 4.3 days on 2 x 48 Intel(R) 
Xeon(R) E5-2695 v2 @ 2.40 GHz CPUs.
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2-jettiness distribution at LO, 
NLO and NNLO

2-jettiness K factors 
(KNLO = σNLO/σLO, KNNLO = σNNLO/σNLO)

2-jettiness NNLO correction

3-jettiness distribution at LO 
and NLO

4-jettiness distribution at LO
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