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This is & vast subju‘f, a maJnr Fheme d‘f condinsed malkler aud
Par‘f‘fcfd pﬁ}/ffcs £or the pas“f 75 Years.

I will foeus ou Jvst a few ﬁg‘? eXaw ples — Svpercondychivity &

d:«;}@uﬁ — o jlivstrate the :'afcafj dot will We yf1'on ﬁnﬂhy mare
eXa m;/f! in ph s'.r;’ng,

%T_{vme ?crmi'd"-.w} .



Sgh«mzirn'fs and how ‘Hﬂeg are reakized ad [ﬁr’gt distances ave sowe
a-F the wost l'mpar'[':m{' Frap;:r‘h'u of Pl«y;i’cnl iyc‘hms.r TIhn Many
Cases 'Hu*y determine +the basic behaviors of a :7:’**’!4: solid or
Haidy coudvchr or rufrl’c-vuaf#cﬁf, majnf/ﬁ'-: bebovior, ...

T he mathematrcal /4n‘7ua-3e ond cahcf-fnl?- vsed to descrile ..s'gmmgl'r:'c;
aﬂ:lg lufciblg,: clamical mechanies, lamicad ..l.fmm‘vm stafisica) sjyhﬂn;,
hon-relafivistic guantom m/x;-éoig 371:1'“!345; relafivishe guontve freld

*'a‘lfﬂrif("

Diic'ﬂfer;ng the symmdrfu of a 57;1"“4 is am’y half +he battle Jyri
as fmpgr'l('ﬂu'f, oud J-F‘h'h movch more cﬂmFll'-:a‘]'fi’, 1% the way Fhe
Symwmet(y (s (calized ju the physiced system — (e, how the
'thawlz.f‘rg “acts” on i+.



There are 2 wain Ca.ﬁsgoﬂas a-F 53"“"’"“73 realizahon
(.I‘) fih.-:d‘.r rca»&’a.-a.i-v‘m = "unbrokcu sau-uaofrg"
[Q_} Wou-linear realizalim = hsran"‘bngavs SaI-lﬂlwullc."'i"‘;u-Is'l"f.';wln't«:"j‘li

T’
(math name) (physics name)

When combined with Jocalsty & the [ow-cw&:’gg zf«iuu"f, these give
rise o variovs “phases” of matter (or of the universe, am the case
of velabivistic qwm‘ltvm Freld -H«;car‘g),

(") » “Frivial” -FL.m:s (’?4”'4.(1 excitabons = massive ?uas*:‘-}:arﬂsz;,
unigve groumd state, Stafes in [inea
representations of symmetry gnuP)

(1'] r%;v”arpi'gf‘["’;.lurg; (mw{’brk T'wmf s"['a'f'e!, J-F+£n have ﬂ“l’l‘” ex eofabimg
=macsless 7’;’#45!'?;1‘.‘[1':.':1 and ﬁcavg ‘solifons” 1oheck

are bp.,la?;ca.ua, g\'a.l,[e}

This sywmetry-based clossificalion of phases 3 Hieir main papativ
is the wain ﬂu'ng T will 'h','j f tfom'u and iflustrate.



I{? hme ‘FUH'IH'S, I'f.i alse ‘\'r’z '\7 ';“Us"ﬁ'n’l'r: Some wire 'mo-slb/n
Jufolﬂfmm’r-s (since ~ 1970 ‘), fn Par'ﬁ'culw the pofen of

(3 "ﬂp.f.‘,;g‘.{ orders (V Friviol P,Iaas'cs' where non-locat
qvantum effects are im?.rf‘fm‘{:, pymber
ﬂf- c]nrpwd states aflffwfs ok 5Pg{='.:»l ﬁf!)%
ancl frackonal-clange excitabions sccar. )

Examples of 4vpologicsl order occur in Hhe fractiona guantum Hall
c.'H":c‘f'“ (seen Aw certwin mﬁ.tl-:‘.f;«l‘f o Jow +emefufu and fu'fh
majndfc 1(5.',,”;),

There are other ‘l"ﬂut of phatcs, such as "53mm¢'h:j—?ra+u'hd ‘hra[agicf.f
ordess” (j’un, fr example, in #ﬁpologic‘d ih;vlaﬁrs") wheeh T
Hi“ nef ‘('alk nb;u‘{'u»

.D;S(.'av:ffvg ‘H’rc mos gtwmf ways symmm‘w:r can be ruf:‘sz i phyﬁc‘a‘l
Fuantom wmechanical systems js +he object of mvegs Cuvrent
refe,arch in ancfbis‘uf maﬁ‘cr‘ avd par*f‘fcfe P‘v'fﬁu’:’.s.



L. S%Mmej{'rﬁ oud ‘!-‘Jtnme'['rd-b(eakrhg_

We'tt start with sowe Simple wathemakcel illvstrations of fhe
basic concepts, We' 1L put the Phajﬁcs in later.

A. Frnidte SSMMe’["r’g grovps.

Congider a Sqvare \ What are s symmetvies Z
("’ ma'Ilulﬂ which leave it D’udmguﬁ’)

Ra‘[’a'ﬁawf in the plane absut its ceuter 5; ongles (~,-F 03,7, :-, )

Ru,
= I,,.’R_ﬂ;“Rp, Rﬂ”jR“’l RS”G’RI‘T'"'I

But, A!af;-g 2 guccersive sjmmd-'rg robalions gives

amether one, %0 there are relations G g tHhen -
R‘; RK = Q.g.;.l;
(frest do R 1 b o Rp)
Al : Ry docs hé'H!;ha :"t’duﬁ‘fg Hansfirmahn', so wate Ry7€.
Rm = Same a§ inug m‘Hniag, so Kin=@ as well.



* More srjmmcl‘rfc_r: i"c.r—\ccﬁaug across 4 lines:

: S“L{;
i -:5:;‘-
P 5= |
& ’

T-!aey Ja-f:-'ffj, r’zimh'duc ‘hp: "3'1 Sr Size, 7%1,2,3,4
& Sz Rm;: 54 & R"”’: Sz 3

50, abd‘rac‘ﬂg, s:’mme:l'ries =me a grovp ‘G" with elements
g‘ ft,,,. € G whick ¢an be ”nrluu'iflicfi' 3[1 € G 4
ampc-}:ﬁw,ljs (gh)h=g(ht), Alse, there i an idudity
elemant “e*: eg=ge=g for M qeG. F'indﬂ%, $ov escl. elument

Hhere 42 an inverre 9
[S£¢ the g ovp thesry «‘r.anﬂ(ng, .F.,,- wiore d_{i"a_"_,ts‘]

Note: geovp muHiplicabion dsesw't have 13 be commutabic: gh#hg gonoslly.

Cowmuptahive grovps are called “abelion grovps y

svch Haal 35" :3"3 &

Sjmme‘l'ritr of +Hhe Square As called +he “A hedrel ¥o9p :Dsu,



SOME 's:'mple_, 7:-5:.!'?:.
"S;“"?l“'l" G "{e‘f . nfa 1 Amdri'n&wff{g, “Frivial ?fﬂvf"j

. R-‘zlf.htu{’ jrstf‘-‘ G:{E,d} Qaula Tm*:‘”e ml‘ﬁﬂr’mﬁm vules:

, aaze), This is epvivaleat 1o the
Grovp aF odd- Fon af ru‘fzﬂgrs wmod 2 F.so called "Zz“
(o40=0 , 041zt Jj40s(, [41z6 (wed V)

(E&Z e, eaxra ae=a

. ﬁjj-ﬁm med N = Z/ﬂ : abel au 7rguf with N affmmh,

Bvt fﬂ-ﬁnﬁl'!&‘//t: meny other pafﬂ'{-'/fﬁf!.,. AH %’uﬁ"ﬁ' qrovps have
fﬁﬁ@ﬂﬁﬂﬂg.} been c,i'ai:n'f-'nf ‘3 mathema bcions



B. Lie groups.
What is +he symwelry grivp of a circolar disk with oiffeenh

coloved sides: ¢ Rotobion i »]:lahe about cewter 1;'3
ved o any ovgle, 8, 2 a sywmchy: Rg.
rcrf':u _/ ' RG = Klﬂ'l so toke 05O <2w,

E‘H-fr ride - Kg, R9‘= Rp<p,:Rp, Ko, = abelion

o Reflections ore nit i)ww-&bh'c; :

So o abekian 90;:!; with an ;'hﬁ'm'?‘g pum bey aF lements I‘Kﬁl, ﬂémﬂ”?
wihvich c&pmj Conﬁnﬂaﬂ;‘fg m 1 real puamaﬁ (8).
e =" ;_.\’______J

\

”Lfaé//grou‘)" " 1- a&un%t-;imu.»{ :
Thia 9e0up s called U[1) = 144 umf-fmg Madrices l'g"#f undee wiv Mipliahns

pma‘['her -dim’e Lic grayp Rz reasd numhen f[-aix<selvude oddifisn.
Al {{m"}r-dxmmsiwﬁt Lie g9 sops hove [r.rj'eu‘f‘l'ﬂﬁ&} been clamified ...
Famauj Efﬁuﬂptﬁ.’: U(Aﬂ, Sﬂi’a‘n’], Eg, Sfriu UU], Ldr“tu‘[“%, T’uimmr’:’,



C . S-Pan‘l‘ahz.aus st;, mw&f‘?- Ef’tdk;hg_ :

Reconsider the sgvave wifh sywmehy grovp Dg, aud ask the guestin:
What i the shortest network of paths Hat connects the 4 cornea’



C . S-Pan‘l‘ahz.aus 5‘;’ mw&f‘?- Ef’tdff--'hg..

Reconsider the sgvave wifh sywmehy grovp Dg, aud ask the guestin:
[l\]]‘ud}f: A2 tHhe Sl‘mr‘f'f_ff' network af ]:m‘H-g Hiat connects the 4 carm.d?

Sjwmc{'ric anfiuier : @ s not c..-ffu‘l’f'



‘nal S-Pan‘l‘ahz.aus st;, mw&rﬁ- };rcak.’hg_ )

Reconsider the sgvave wifh sywmehy grovp Dg, aud ask the guestin:
What i the shortest network of paths Hat connects the 4 cornea’

Sjw-mc{'ric anfiuier : s not c..-ffu‘}f'

Correct answer: H » not Dg-s:;nmn‘r;r!

"Spm-d'muus SJw.udfg ]fr'tak:'ug“ » Wwhen a 7u¢$41'au has more s mnefry
than S answer.

What is symmetry of the anwer? fe,R.,S,,S;} 2 ZxZ,
Sn answer ;MJ Im-ﬁff'tr sjmmd’f‘y Fhin T/tfﬁ'aui 'Dg DZ;XZ; g

But the "m;n’f:y" sr "beoken s;um#h'ﬂ ¢.q, Ry, st faker the sqvave Ho
‘H*Ie. 97;#::“, so should fake solution fo solvhon:

2 Aghivet ]‘D’] S




o Z; 2 U(I\ Wawr.fcci dnof- on marb‘c_ oM 4 lml&fﬁrc and
It [t WA crme rest...

. . AP 5
2, \ - Zexely=e (T"ff;m
$ X
-1 +1
Cmmer fo rect of oty
X=4l a ¥z-f Colwi o rest ak zzcie flzpf
D Bresks Z 7 fei Some € Loy2m)
S Z solvhing. D Breaks V(1N = fe)
S Jnfuite nomley (whole circle)

a"F S‘ffy J-ini.

o /;.,_ #he vest a/ these lectures T 'AL Facus on fheze tuo
EK#MfItJF Z:z ¢ U .



1L . Phages of mafter and ’QdMM£)f‘fﬁ-braaking. orders”
A The ?hkfsico.[ :cf‘ffhg,

The basic c[ws'h'au: Given a macroscopic (ov “Ponelawrental )
at!.Scn'Fﬁ:u of a Pyc‘l'fm} what are its Pnper‘f'\'u at late
times aud I‘"& distances 1 Tu sther words, what are its
MACrScopic P,-npzr'l-ies afder i+ has settled down b a S'I'e;ﬂﬂﬂv

state (2'grovnd state) or "Vacvom®) 4

Exﬁ-hp]f: (cpmfehul watter F'h&[sic!) A buhcla ;'F c1+auns in a
lnrﬂe box 4» Mesceibed L? 1uan‘|’uw mechonics and dledra-
o{jhamics, Let i+ cool dowr. What will yav see? Solid?
F'Im‘a‘:'? ComalUCfer [m'ulz-hf? (.«Jlan‘l' ore ‘Hﬂf FJIfI’J;f::"'I’ff?

As qolt Vary e f'!‘pa of afoms, ohusila,f-rcrruv'e,.” what
Transibous befeen these phases do you expect?



Example: (pavhicle ?lﬂ"fﬁi“\ Tw the 'H\Laf‘at- of quavks and a:{uon;
r'h‘f'drac.{'ing 1rria the SU(3) “color” Favge ‘H‘lc.ﬂv‘g CCQLED‘)} what
are the fmfuﬁi:s. of the l:«a_k“':s‘f states Cporticles) above te
ﬁ,ﬂouw‘ state (Vacvum) 7 Dont see cIuarEs Lé,luaus ] Tustead,
sec color-neutral pions, wesoms, arnd ba,rg,euc ;’n‘[’arncﬁng Ui &

short- range “strong” force. As Yo vary the wumber, masses, 4
charges of quarks « gluons, what obher phuses occuy !

This basic 7U¢s+‘iou -Facus'rcg on the grwnd sl’n‘f'c/u.mwum FLY;;‘(_,;
amd i (rw-energy excitations. Owe finds That relabvvely few
?aramb‘rﬂ": are needed 12 describe the |oh3,-cf-ffb~rre. 'Fla.im{ of
A g.i\feh MU CTDSCOP: C sn}n“rm, They 4 cudled

Uhiverw-ﬁ‘('& : ihﬁ'lu"!'zb-umm& m-'crn-sy:‘['cms -a.i‘l.rc rise b Hu same
Wncra-?lanj’d.
E,(awph: many ab‘ﬁ'umf[- feindy .f’wl-pm‘ ase in —,ﬂfw'af ?Jrat{: ‘Fnr' /fﬂ;;c reues
o pressuses ank Tempeatures.

E‘Munyle: many afiﬁfefml' -’pmfm‘:d “theories df ’fbc;mnd'ﬂl& Standavd /ﬂn&/";}mﬁkb
phorics all ayrec wifa SM M‘cﬁmr ot |rw energies,



Uﬂivcrrali‘l'a — the existence of uul& o Buite nwmber of velevant
?aram:_l'crs n —Ph-jr?m[ S‘Jﬂ'ﬂm; — ou be explained by
fenormal-ZaTion Arsny Ax e NofNen O+ oon Ejfechve
tHewry (K- Wilsed, [See +he rmat-‘n& on effective thcorier by
5. Carell for wiore lebails. ]

An effective law-em'rg.g, Iand-aﬁsﬁna descriphion overages over the
miers scopic etarls
lou.l\ca MI-F-orm wredium

/ -{’tﬂ \ Z - -
gtﬂ‘ tic;;l denerd bed E:-a. some slml, wwrm#
[V 8 e e L&"‘j ch[ﬂts-'
s = y 2 % % -
H/L{“i e ?’ﬁ'{ﬂ "L;(’(lt‘ A ¢yt
Iatt/-

vhiversala by 2 aula a few feMs needed (‘Pfayf"ﬁ!f;f&
av:rn.a.ihg £ [Jca.l-"f'a in sfpce L Lime avgv Wik,

relasadion fo egviltbovm 2> hoMojcm'lg, n space 2 hime not rigacios)



2.? con cdeseribe e.f-fcch'vc 'Hnura_ i terms ef a Bemi-Yclassicad
{ﬂ?rﬂﬂf{an as

d -~
$ = Jdedt ZLaen, Goan, Beem, Vran,. ]
' _J

A o~
Space-hine rantiahin fuﬂt-?y 2 all of same
fufalianie wau-ﬁmq. f:iuf' (?,-I:).

A £ # Space diweusims

E?(JU(J-‘E 1('11447 ‘Hl-i Iowﬂw% olLviM!'iﬂnr —Fr-w* & i‘umg.evluuc ?_{'luuvl

3hie will be Elﬂﬂbt"t"mta(iuﬂg, m Gime L space. Thys svccessive

GZM-;VEL;VGJ (%,ﬁ) will l?c sSmall So -Far [ Llw -cncr‘g,} aﬁe;l‘rve
fﬂj(#vﬂﬁfﬂﬂ, we Shovld ktcp au[& e terms wiH‘l the %Cb."i*'
Awivakives (ne,c:fmr& 4 “‘i’h‘“ the response fo a oiven shservalle).

Far S’r’m‘pff'cf'?‘ﬁ, {&i'i ]ddcds ‘Icpr now . a smﬁlo. Scolar -F(c‘ui
R

Cawn u-i;ua-L}t. as a. “membane”
‘/_/“/_\/:7# over space, This auclogy =<

/ — ’?‘E A UG Velooify ot b blane,




3. Sc_a.LM -Fie (ol L"-{?fC(JTVQ, 'H‘LLGP'Q |
chwa ESEE' The rr.aa&n? ﬂ"-‘{'ﬂff'ﬁh}imjj f’ha/f z (’f‘(md‘ﬁz pfzﬁﬁail

I"'(Vt?\ s ‘U? QF) +Eﬂ(ﬂ:
e ¢ L_‘L _» Cvlevelocity :
ﬁ:{"ﬂ*l 5""‘"”"“""3 Kindhic (4= ’4/17 Aeincaging ff;" )
Farzm‘"-t ey ersngs .
14 Y e BY
El-'-‘“"'-—-"*&-"““:ﬂ- Efdu['t'cﬂ O:F mohion "lr-g_ 3 -9V f ‘5‘%
Grou hal 'B‘l'n*'ﬂ - s‘\'ala'[e_;s’cw{'ioﬂnfg_ : gf‘:ﬁ?:?—:’:—o

= ?(}?,t] = @, cconstaut | and Po 4» minimum of V:
v

@ Nﬂﬂf MATK MU wute ‘Pfrfrﬂ Pn""S(Pf;I‘HL
\C/h:gg? V(@) % V, « Lo (% +

EOH ’: 9 f 1Cv s 'I\ S? g/—'hﬂﬁcuc:’

r-X o
Founice Hamfam: 5 ve ot +k ﬁ/\_/
N MY . wove nymbev
w? = vtk e }'}*r J
> ke

s aldpm‘hlm mechanics:
Yw = gnergy Eu{: "'?l;gsf -PM‘H&[:" = ﬂfv"ﬂ“ﬁ'"‘ of excitalion above
Bk = momentom ?rnuud shofe. [Gnr z mass )



