Review of Relativistic Quantum Mechanics

(Lecture notes ASP2016 - Kigali)
Jean Alexandre
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Abstract

These lecture notes give a short review of fundamental aspects of Relativistic
Quantum Mechanics, with the aim to preparing students for lectures on the
Standard Model.
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1 Special Relativity

1.1 Fundamentals

A ray of light as a speed ¢ which is independent of the inertial observer
who measures it. As a consequence, the time ¢ and space coordinates
corresponding to a massive particle must be measured differently by differ-
ent inertial observers. The invariance of the speed of light implies that the
infinitesimal motion of the particle is such that

Adt* — (di)? = Pdr* | (1)

where d7 is the infinitesimal proper time measured by a clock in the particle
rest frame. The velocity of the massive particle, measured in this inertial
frame, is ¥ = dr/dt, such that eq.(1) implies

dr = %Edt\/l—zﬂ/& : (2)

In Newtonian Mechanics, the time ¢ is independent of the inertial frame, such
that a frame-independent definition of the particle momentum is p = mdr’/dt.
In Relativistic Mechanics, it is rather the proper time of the particle which is
independent of the frame where it is calculated, and the frame-independent
definition of the particle momentum is then

dr

F=mi = (w)me. 3)
From the identity (1) it is then easy to see that
[y(w)me’]* = [me®]* + [pe]? , (4)

and a Taylor expansion of the left-hand side gives

2

1
Y(v)me* = me® + émvz 4+ (5)

where dots represent higher orders in v?/c?. As a consequence, the energy of

the free particle is
E = y(v)mc? (6)

and contains: the rest energy mc?, the Newtonian kinetic energy mov?/2 and
relativistic corrections (dots). The dispersion relation is thus

E? = m?c* + p*c® (7)

and is characteristic of a relativistic free motion.



1.2 Example: particle submitted to a constant and
uniform force

Consider a particle of mass m, initially at rest at x = 0, moving along the
z-axis under the influence of the constant and uniform force f = fé;. The
potential energy from which the force derives is — fz, and energy conservation
reads

e = fx = A(0)me? — fr(0) = me? (8)
such that Fa(o)
x(T
=1 . 9
1) =1+ 0 0
The relativistic equation of motion
d dx
— — = ].
a(m%) -1 (10)
can be written in terms of the particle proper time 7 as
d*x
mﬁ =7/, (11)

where the relation (2) was used. Using the previous expression for v, we find

d*x  f’r f
_J 192
dr2 m2¢2 m’ (12)

which, given the initial conditions, has the solution
2
x(T) = % [cosh <%) - 1] : (13)

The gamma factor is then
v = cosh (ﬁ) : (14)
me

and one can calculate the speed of the particle, measured in the laboratory

frame: p L4 ;
T T T
— =—— =ctanh [ — | . 15
dt  ~vdr cran (mc) (15)

As expected, the speed asymptotically goes to ¢ when 7 — oo, and it does
not diverge linearly as in the Newtonian case.

3



1.3 Covariant notations

In what follows we set ¢ = 1.
The aim of covariant notations is to provide compact expressions for relativis-
tic quantities, by extending the usual 3-dimensional space vector notations
to 4-dimensional spacetime. We define the 4-vector position

at=(t,7), (16)

where the Greek index g runs from 0 to 3. The infinitesimal change in proper
time (2) can then be written

dr? = datdz"n,, (17)

where a repeated index implies the summation over its values, and the matrix
Nw is the Minkowski metric

10 0 0
0 -1 0 0

Tl 0 -1 0 (18)
00 0 -1

One also defines z, = n,,2” = (t,—r), such that dr? = da*dx,. Note that
one can also define the opposite convention 7, =diag(—1,1,1,1).
The derivative of a quantity with respect to x* gives a lower index and vice

versa: 5 5
oM = — d oJ,=—. 19
ox,, an T oxe (19)
The 4-momentum is
P =mZ (B, (20)
dr T

and the dispersion relation (7) reads then p#p, = m?. Finally, one defines
N as the elements of the inverse metric n*¥, which have the same values as
shown in the expression (18), since the metric is diagonal, with unit matrix
elements. The trace of Minkowski metric (18) is then

Nun™ =4 . (21)



1.4 Classical Electrodynamics

We know that the electromagnetic field can be expressed in terms of the
potentials V, A as

B = VxA (22)

F - —Sv_ad,

and these potentials are not unique: the physical fields E and B are invariant
under the gauge transformation

A - A+VA (23)
V - V—0aA,

where A is any differentiable function of spacetime coordinates. One then
defines the 4-vector potential

A= (V, A), (24)
and the gauge transformation (23) can be written
Al — AP — A . (25)
The field strength tensor is

0 E, Ey IBs
-E 0 Bs —DBs

BV AR AV AV AR _
Fr=0orAY — 0" A "B, -B; 0 B, , (26)
—FE; By —-B; 0
from which the Maxwell equations read
0P = o7)

OPFM 4+ OFFYP + 0"FPF = 0,

where the 4-current ;¥ = (p,j‘) is made from the charge density p and the
current density j, and the second identity is a consequence of the definition
of FM.

Electric charge conservation can be derived from the continuity equa-
tion as follows. Given the antisymmetric nature of F*¥, one necessarily has
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0,0, F" = 0, which, together with the equation of motion (27), leads to
current conservation 0,5” = 0. In terms of the charge and current densities,
this takes the form of the continuity equation

p+V-j=0. (28)
The latter can be integrated over a 3-dimensional volume V to give

d Lo
Q@ V.jd

=0 29
Gt veiae=o, (29)

where () is the total charge, and Gauss theorem leads then to

§+fﬁjﬂﬁd2a=0, (30)
oy

where 0V is the closed boundary of V', with unit normal vector 7 at each
point. The latter relation is valid whatever the volume ), which can be taken
to infinity. The flux of j across its boundary 0V goes then to 0, since the
sources are localised in space, and the total electric charge satisfies d@)/dt = 0,
which shows charge conservation.

1.5 Action for the Electromagnetic field

We show here that the action from which the equation of motion (27)
arises 1s

Spar fd‘*x <—iF‘“’FW _ juA”> . (31)
For this, we note that
0 4, p _ 4, (4) o pv o v
54, (1) fd Yy Jp(y)A(y) = Jd Y Jo(y)0(x =y = 5"(x),  (32)
and
0 4 o AP _ 4 o 5(4) o vo
T | T AWAL) = 2 [y oA -

— 20"0°A, . (33)



as well as

0 4 T AP _ 4 o 5(4) . vp
T | WAL = 2 dt e A, )
= —204%(z), (34)
where
O=070 —5—2—v2 (35)
ST o2 '

Note that the surface terms arising from the integration by parts vanish, be-
cause fields are assumed to decrease quickly enough at infinity. The equation
of motion (27) is then obtained from the variational principle

0SEM .
= = [QAY — 0"0PA, — 57
0 0A,(x) = Ay =]

= 0P - (36)

2  Quantum Mechanics

2.1 Heisenberg uncertainties

Particle-wave duality can be expressed by the equivalence of the two
monochromatic plane waves representations

exp(ik - T — iwt) = exp (zu - Z@) : (37)
h h
and a general signal can be represented as a wave packet, sum of different
plane waves with different weights. For simplicity we consider a wave packet
Y (x,t) propagating in one dimension, with the relativistic dispersion relation
E? = m? + p?, and the Gaussian weight

(p — po)?
This weight is centered on the momentum py and has the width Ap. In the
limit where m << py, the energy is F ~ |p| and the wave packet is

B “ dp ipr 1Bt (p—po)°
V(t,z) = Af_oo 5 CXP < - - A (39)
_ dp i P
~ ipo(z—1t)/h ot Z 4 - £
Ae J o exp (hp(x t) ApQ) : (40)



where the mistake made from the replacement |[p| — p is negligible if the
main contribution of the integrand occurs for p around py > 0. The Gaussian
integral gives then

Y(x, t)ocexp <%po(x —t) - (xA_x? ) ; (41)

where Az = 2h/Ap. The wave packet features two characteristics:

e The wave packet propagates with the momentum py;

e The wave packet has a Gaussian shape, centered on the event x = ¢, with
width satisfying AxAp = 2h. Given the dispersion relation £ = |[p|, the
width in energy and the width in time are also related by AtAE = 2h.

More generally, the Fourier transform relating a wave /particle to its spec-
trum, is such that the widths satisfy the Heisenberg uncertainties

AxAp ~ AtAE ~ h . (42)

2.2 States and operators

The static wave function
vl) = [ L@ (13)

can be seen as a vector living in an infinite-dimensional vector space (Hilbert
space), with coordinates f(p) in the basis provided by the exponentials
exp(ipz/h). The scalar product is defined as

<l >= [ doia = [ S50 (14)

and |¢|* =< 1|1) > is the probability density to have the system in the state

1. Given that
o . )

— ih— ezp:r:/h _ ezpz/h 45
exp(ipz/h) is an eigenvector of the space-derivative operator —ihd,, with
eigenvalue p. The space derivative is then identified with the momentum
operator p. The position operator z acts as a multiplication by = and, given

the identity 0, () = ¥ + x0,% for any function ¥ (x), we have

where 1 is the identity operator.



2.3 Schrodinger equation

We consider here a wave function ¢ (Z,t) depending on space and time in
3 space dimensions. Since

0 , ,
ih— e*lEt/h _ Eesz't/h : (47>
ot
exp(—iEt/h) is eigenvector of the time-derivative operator ihd, with eigen-
value E. The time derivative is then identified with the Hamiltonian operator
H, and the time evolution of a state v is given by the Schrodinger equation

.

Ly, (13)

where the specific form of H depends on the system studied.
Quantisation is based on the remarks (45) and (47), by replacing physical
quantities by operators

0 A =
E— iha and p—p=—ihV (49)
which act on the wave function of the system, in the Hilbert space of states.
For a free particle of mass m, the Newtonian dispersion relation £ = p?/(2m)

thus leads to &‘¢ thz
ot 2m v (50)

In the situation where the system interacts with a source with potential V' (),
the Schrodinger equation is
(7¢ h2V2
ot 2m

th——

v+ V(@Y (51)
If one then looks for stationary solutions of the form

Y(i,t) = e (D) | (52)

the Schrodinger equation (48) consists in solving the eigenvector problem

(- + V(@) 1) = Ex(@) ()

2m

and quantisation of energy levels arises from the boundary conditions.
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2.4 Conserved current

A continuity equation of the form (28) can be obtained from the free
Schrodinger equation

oYy —h
— = —V?%) . 54
Yot T om 4 (54)
Multiplying both sides by the complex conjugate ¥* and taking the complex
conjugate of the whole equation leads to

aw * __h * 72

iV = gV

a@/)* _ __h 2 %
—iTy = VR (55)

and the difference of these two equation reads

o(yy)
ot

i h~ .
= WV = V) = SV (V- V) L (56)

The latter identity can be written as eq.(28), where
= v (57)
s ih = % *
a0 (58)
m

and the continuity equation obtained in Quantum Mechanics corresponds to
the conservation of probabilities.

2.5 Bra and Ket

The interpretation of Quantum Mechanics in the context of linear algebra
allows a more abstract formalism, independently of the representation in
terms of functions of space and time. A state is represented by the bra [¢)),
which is decomposed on a basis |k) as

) = Y ag k) | (59)

and the Hermitian conjugate of the bra is the ket (k| = |k)'. The basis is
orthonormal if

(K[ 1) = o , (60)
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and the projector operator on a specific vector basis |k) is P, = |k) (k|. The
sum over all the projectors must be equal to the identity since, for any state
of the form (59), we have

DR (kL) = D alk) (kLD = Y adu k) = Y axlk) = [¢) ,  (61)

k.l k.l k

such that

SIk) (k| =1 (62)

k

2.6 Fermi’s Golden Rule

A Hamiltonian H° has eigenstates |n) with eigenvalues E,, such that
HO|n) = E,|n). We assume a time-independent perturbation eH' to the
Hamiltonian, with ¢ << 1, which induces transitions between the different
unperturbed states |n). The aim is to calculate the transition probability
from an initial state |), with energy Ej;, to a final state |f), with energy Ey
(we first assume the energy levels to be discrete). The Hamiltonian eigen-
states form an orthonormal basis for the Hilbert space

(n| m) = dnm, - (63)
The time-dependent state of the system [¢)(¢)) is decomposed on the basis

of unperturbed states
() = Y an(t) ) (64)

n

and satisfies the Schrodinger equation

ihoy [¥(t)) = (Ef0+eﬁf)|¢(t)) (65)
= Zan(t)(H0+eH1)|n>
= Y an(t)(E, +eH') |n) . (66)

We project this equation on the state |m) to obtain (the only time dependence
is in a,/(t))

in Y d(t) (ml n) = an(t) (En (m| n) + € (m| H' yn>) . (67)
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where a prime denotes a time derivative. Taking into account the condition
(63), we obtain then

ihal,(t) = Epnamn(t) + EZ H! an(t), (68)
where H' = (m| H" |n) is the perturbation matrix element for the transi-
tion form |n) to |m).

Zeroth order solution
Neglecting the perturbation, we obtain from eq.(68)

i (£) = o (0) exp <—%Emt) L0l | (69)

which is expected for the stationary states of the unperturbed Hamiltonian
HO.

First order solution
Taking into account the 0™ order solution (69), the equation (68) can be
written

ihal, (t) = Epam(t) + eZ H a,(0)e”Enth 1 O() . (70)
The initial state is such that a,(0) = d;,, such that, when ignoring terms of
order €2, the coefficient a,(t) satisfies
ihdy(t) = Epay(t) + e}, e Bt (71)
which can also be written
1hoy (af(t)eiEft/ﬁ) = EH}Z» elrit (72)

with hwp; = Ey — E;. For f # 4, the initial condition is a;(0) = 0, and the
previous equation is solved as

eH: ,
ihaf(t) = — fi (e_ZEit/h_e—zEft/h) (73)
Wi
= 2eH}, w i(Ef+E)i/2h (74)

Wfi
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The transition probability is finally

5 sin®(wyit/2)

Pri = [{f| ¥(t) [* = las ()" = 4(eHy,) (i)’ (75)

Transition to the continuum
In the situation where E is in a continuum of energies (scattering state),
the result (75) is replaced by

* sin?(wt/2)
PP =4[y B et TR

(76)
where p(Ey) denotes the density of energy states. In realistic situations, p
is a smooth function of the energy, and the integrand is thus sharply peaked
around the value w = 0 (or £y = E;), such that

2t © sin®(z)
P~ 2B e Lodm : (77)
2nt
= FP(Ei)(EH}i)Q-

The transition rate is therefore constant, which is Fermi’s Golden Rule:

dP_27T

p Ep(Ei)(EH}i)Q (78)

3 Relativistic Qquantum Mechanics

In this section weset c = h =1

3.1 Klein-Gordon equation

The Schrédinger equation is obtained by quantisation of the non-relativistic
dispersion relation E = p?/(2m), based on the replacements (49). Making
the same replacements in the relativistic dispersion relation E? = m? + p?
leads to the Klein-Gordon equation

(8—2 — V4 m2> ¢(z) =0, (79)



where ¢ is a real scalar field and x is a collective notation for the coordinates
x#. By definition, a scalar field is invariant under a change of inertial frame:

¢'(z') = ¢(x) and

(%’2

where primes denote another inertial frame. The action for the real scalar
field, for which the variational principle leads to the equation of motion (79),
is

( gy m2> @) =0, (80)

1
Ska = 5 J d*z (0,00" ¢ — m?¢?) . (81)
Indeed, the functional derivative of the action leads to
R [ty (2,006 — ) — 200 )
0¢() g

- f d'y (00,6 + m2¢) 6W (z — y)
— —([O+m?) (), (82)

where surface terms are omitted. The action for a free complex scalar field
is

Sk = | d'a (8,007 — moor) (33)
and the equation of motion for ¢ is obtained as
0Ska
=0. 84
5¢* ( )

3.2 Dirac equation

The relativistic dispersion relation (7) has two solutions: F = +4/m? + p?,
that Dirac interpreted as the energies of the particle and the antiparti-
cle. Dirac then looked for the equation of motion which corresponds to
the “square root” dispersion relation, and thus which involves differential

operators Dy such that
D,D_ =+m?>. (85)

The simplest solution is
Dy = +in*d, —m (86)
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where the 4-vector v* must satisfies {y*, 7"} = y*v" + v"v* = 2n"", in order
to obtain

1
4" 0,0, = 5(7“7" + 90,0, = 0,0" =1 . (87)

Since v* do not commute, they must be matrices, such that the wave func-
tion ¢ for which the equations of motion are Dy = 0 must have several
components. In 4-dimensional space time, a massive fermion has 4 compo-
nents and represents a 1/2-spin particle. It contains 4 degrees of freedom: 2
spin states for the particle and 2 spin states for the antiparticle. The Dirac
equation is then

(i —m)y =0 where ¢ =~"0, . (88)
3.3 Properties of the gamma matrices

We list here few fundamental properties of the gamma matrices, which
are necessary to calculate a Feynman graph involving fermions.

{9 = 21 (89)
P = 40yHy°
tr(v#) = 0

tr(y*9") = 4",

where 1 is the unit matrix with respect to Dirac indices.
Also, one defines the matrix 7v° = i7%y'y2+3, which anticommutes with all
the other ones: {7°,9*} = 0, and which allows to define the projectors on

helicity states (projection of spin on momentum)

Y = PrY, with Pr=-(1+7") (90)

Y = P, with Ppr=—(1—-~").

N o =

Since Pg, Py, are projectors, they satisfy Pgr + P, = 1 and PrPp = 0.

3.4 Conserved current and fermionic action

The Dirac equation (88) has Hermitian conjugate
10,01y + myt =0 . (91)

15



Given that (7°)? = 1, a multiplication by 7° on the right gives
100y +mp =0, (92)

where ¢ = 1. Multiplying eq.(88) by ¢ on the left, and multiplying
eq.(92) by ¥ on the right leads to

@ia;ﬁ“?ﬁ = m%ﬂ (93>

WY = —mapip
such that B

Ou(pyep) = 0 . (94)

This is the continuity equation (28) for the conservation of the density of
probability 4-current j* = (p, ), with
= Py’ =yly (95)
VY

p
J

The Dirac equation (88) can be obtained from the variational principle
dSp/é = 0, with

Sp = fd‘l:z: P(id —m) (96)

and the equation of motion (92) can be obtained from the variational prin-
ciple 6Sp /6y = 0:

3Sp
()

= | )E o, - m) 8 ) (97)
- | ay @5+ m7) 89 -y

= ia;ﬂw + m@ >

where the sign (—) arises from the anticommutation of 1 and ).

3.5 Towards Quantum Field Theory

The Klein-Gordon and Dirac equations describe free fields, with a con-
stant number of particles, and which can thus be described by Quantum
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Mechanics. If one introduces interactions, then it is possible to create or
annihilate particles, because of the equivalence between mass and energy.
One then needs a formalism which allows for an infinite number of particles,
which is QFT, and the space of all the possible states is the Fock space.

As a toy model for the Standard Model, let us consider the following
fields: (i) an Abelian vector A, with field strength F,,; (ii) a fermion
coupled to A,, with charge e; (ii7) a complex scalar ¢ coupled to A, with
charge g; (iv) a real scalar ¢ coupled to the fermion with Yukawa coupling
y. The Lagrangian reads

L = —}lFWF“”—i-@(i(Z‘—eA—m)w (98)
+(0, + igA,)p(0" —igA*)p*

1 _
+§5u905“90 — Vg, ¢) =yt .

where V(p, ¢) is the potential, including the scalar mass terms and inter-
actions. This Lagrangian is invariant under the simultaneous set of gauge
transformations

Ay — Au — OuA B o (99)
d} N ezeAw and ¢ N G_ZBA@Z)
¢ N eigA¢ and (b* N efigA(é*
Y — ¥

Gauge invariance is important to respect, since it implies the conservation of
electric charge for example, when A, is the electromagnetic field. We note
that gauge invariance is automatically respected if one performs the following
minimal substitution in the free Lagrangian

0, — 0,—1ieA, for the fermion field (100)

0, — 0,—1gA, for the complex scalar field ,

in order to include interactions.

One can see that the Lagrangian (98) does not couple the real scalar ¢
to the photon A, or the complex scalar ¢ to the fermion . But all theses
fields are actually indirectly coupled, through the exchange of a gauge field
of through a fermion loop, as can be read from the different interactions in
the Lagrangian:
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e Fermion/fermion scattering
A full line represents the fermion propagator, the arrow is the cur-
rent density, the wavy line is the photon propagator, the 3-leg vertices
arise from the cubic coupling 1 Ay. Because of the two vertices, each
proportional to e, this process is proportional to 2.

e Fermion/charged scalar scattering
A dashed line represents the charged scalar propagator, the 3-leg ver-
tex photon-scalar arises from the derivative cubic interaction ¢A, 0" ¢*.
This scattering process is proportional to eg

e Neutral scalar/photon scattering
A doted line represents the real scalar (neutral). This one-loop graph
corresponds to a quantum correction, proportional to 3%e2.
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e Neutral scalar annihilation into a photon
This one-loop quantum correction is proportional to y%e
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