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Path length dependence  

Consider two particles with different momentum on parallel 

trajectories 

𝑝1 = 𝑝0 + ∆𝑝 

They will have non equal velocities if they are not ultra-

relativistics (protons under few GeVs, electrons under few 

MeVs) 

At a given instant the length travelled by the two particles 

will be: 

𝐿0 = 𝛽0𝑐𝑡         𝐿1 = 𝛽0 + ∆𝛽 𝑐𝑡 

∆𝐿

𝐿0
=
𝐿1 − 𝐿0
𝐿0

=
∆𝛽

𝛽0
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Energy gain in Linacs 

The kinetic energy gain for a particle with charge e that moves in an electric field along a path L is 
given by: 

∆𝑊 = 𝑒 𝐸
𝐿

0

𝑟 , 𝑡 𝑑𝑠 = 𝑒𝑉 

V is the voltage gain for the particle, depends on the particle trajectory and includes the contribution of 
all electric fields (rf fields, space charge, interaction with vacuum chamber,..) 

Assuming a sinusoidal electric field: 

𝐸𝑧 = 𝐸0 sin(𝜔𝑅𝐹𝑡 + 𝜙𝑠)  
 

The synchronous particle passes at the middle of the gap g, at time t = 0: 

The energy gain is  

Δ𝑊 = 𝑒𝐸0 sin(𝜔𝑅𝐹𝑡 + 𝜙𝑠) 

𝑔
2

−
𝑔
2

𝑑𝑧 = 𝑒𝐸0 sin𝜔𝑅𝐹𝑡 cos𝜙𝑠 + cos𝜔𝑅𝐹𝑡 sin𝜙𝑠 𝑑𝑧

𝑔
2

−
𝑔
2

 

 
Considering that    

𝜔𝑅𝐹𝑡 = 𝜔𝑅𝐹
𝑧

𝑣
=

2𝜋𝑐

𝜆

𝑧

𝛽𝑐
=

2𝜋

𝛽𝜆
𝑧 ⇒ Δ𝑊 = 𝑒𝐸0 sin𝜙𝑠

𝛽𝜆

2𝜋
  sin

2𝜋

𝛽𝜆
𝑧

𝑔

2

−
𝑔

2

= 𝑒𝐸0
sin 𝜋𝑔 𝛽𝜆 

𝜋𝑔 𝛽𝜆 
𝑔 sin𝜙𝑠 

 

Δ𝑊 = 𝑒𝑉𝑇 sin𝜙𝑠 
Where T is the transit time 

𝑇 =
sin 𝜋𝑔 𝛽𝜆 

𝜋𝑔 𝛽𝜆 
 

 
 

 

 

=0 
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𝑔 𝛽𝜆  

For efficient acceleration by RF fields, we need to properly match the gap length g to 
the distance that the particle travels in one RF wavelength, βλ 
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In general 

𝑇 =
 𝐸 0, 𝑧 cos (𝜔𝑅𝐹𝑡)𝑑𝑧
𝑔/2

−𝑔/2

 𝐸(0, 𝑧)𝑑𝑧
𝑔/2

−𝑔/2

 

  

T is the transit-time factor: a factor that takes into account the time 
variation of the field during particle transit through the gap  

 

The cavities are spaced 𝐿 = 𝛽𝑠𝜆   

bs beta after cavity, 𝜆 wavelength 

The fast particle arrives at ta<ts and gains energy DWa<DWs 

The slow particle arrives at tb >ts and gains energy DWb>DWs 

The synchronous particle arrives at the synchronous phase 

a,b oscillate in phase (time) about the synchronous particle => 

 synchrotron oscillation 
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Synchrotron motion 

• Energy and phase are related through the 

rf acceleration. The nominal particle is the 

one which is in phase with the rf and has 

the nominal energy. The variation of phase 

and energy with respect to the nominal 

ones represents the synchrotron motion 
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Energy phase equations in Linacs 

Rate of energy gain for the synchronous particle: 
𝑑𝑊𝑠

𝑑𝑠
=
𝑑𝑝𝑠
𝑑𝑠

= 𝑒𝐸𝑜𝑠𝑖𝑛𝜙𝑠 

The non synchronous particles with ‘reduced’ coordinates, w and 𝜑, 
gains   

𝑤 = 𝑊 −𝑊𝑠 

𝜑 = 𝜙 − 𝜙𝑠 (small) 

𝑑𝑤

𝑑𝑠
= 𝑒𝐸𝑜 𝑠𝑖𝑛 𝜙𝑠 + 𝜑 − 𝑠𝑖𝑛𝜙𝑠 ≈ 𝑒𝐸𝑜𝑐𝑜𝑠𝜙𝑠 ∙ 𝜑 

 
And its phase changes by 

𝑑𝜑

𝑑𝑠
= 𝜔𝑅𝐹

𝑑𝑡

𝑑𝑧
−

𝑑𝑡

𝑑𝑧 𝑠
=𝜔𝑅𝐹

1

𝑣
−

1

𝑣𝑠
≅ −

𝜔𝑅𝐹

𝑣𝑠 
2 𝑣 − 𝑣𝑠  

 

Since 

𝑣 − 𝑣𝑠 = 𝑐 𝛽 − 𝛽𝑠 ≅
𝑐

2𝛽𝑠
𝛽2 − 𝛽2𝑠 ≅

𝑤

𝑚𝑜𝑣𝑠𝛾𝑠
3
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Energy-phase oscillations 

𝑑𝜑

𝑑𝑠
= −

𝜔𝑅𝐹

𝑚𝑜𝑣𝑠
3𝛾𝑠

3
𝑤 

 

Combining the two first order equations into a second order one: 

 

𝑑2𝜑

𝑑𝑠2
+ Ω𝑠

2𝜑 = 0 

With 

Ω𝑠
2 =

𝑒𝐸𝑜𝜔𝑅𝐹 cos𝜙𝑆
𝑚𝑜𝑣𝑠

3𝛾𝑠
3

 

 

Stable oscillations occur if  

Ω𝑠
2 > 0 and real -> cos𝜙𝑆 > 0 

 

 

And since for acceleration sin𝜙𝑆 > 0  

0 < 𝜙𝑆 <
𝜋

2
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Longitudinal phase space,  

longitudinal emittance  
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Synchrotrons – storage rings 
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6 RF cavities  (DAMPY, 
designed by a EU     
collaboration) 
• 500 MHz 
• Normal conducting 
• nose cone  
• HOM damped 
• Designed for 500 kW 
beam power (400 mA)  

 

 

25 July 2013 14 ALBA - C. Biscari 

ALBA RF 
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Path length dependence on energy 

with dipoles – Storage rings 
Since          𝑝 = 𝛽𝛾𝑚0𝑐 => 

∆𝑝

𝑝0
= 𝛾2

∆𝛽

𝛽
                      

∆𝐿

𝐿0
=

1

𝛾2
∆𝑝

𝑝0
 

 
 

𝜌 =
𝑝

𝑒𝐵𝑦
=
𝛽𝛾𝑚0𝑐

𝑒𝐵𝑦
 

  
𝐿 − 𝐿0
𝐿0

∝
𝑝 − 𝑝0
𝑝0

 

  
∆𝐿

𝐿0
=  𝛼

∆𝑝

𝑝0
 

Alfa constant 

For g>>1     
∆𝐿

𝐿0
=  𝛼

∆𝑝

𝑝0
≅ 𝛼

∆𝐸

𝐸0
  

Particles with higher energies do longer paths in the sector magnet  

 

Momentum compaction in a storage ring:  

𝑑𝑙

𝑑𝑠
= 1 +

𝑥(𝑠)

𝜌(𝑠)
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Momentum compaction 

(in storage rings) 

Let’s call 𝛿 =
∆𝑝

𝑝0
 

𝑥 𝑠 = 𝛿𝐷(𝑠) 
  

The difference in trajectory is clearly linked to the dispersion function 

Integrating along the circumference C 

 𝑑𝑙 = 𝐿 + ∆𝐿 = 𝐿 + 𝛿 
𝐷(𝑠)

𝜌(𝑠)
𝑑𝑠

𝐿𝐿

 

  
∆𝐿

𝐿0
= 𝛼𝐶𝛿 

  

𝛼𝐶 =
1

𝐿𝑜
 

𝐷

𝜌

𝐿0

0

𝑑𝑠 

 

is the momentum compaction. It measures the relative change in circumference 
per unit relative momentum offset. If 𝛼𝐶 is small the different trajectories are 
‘packed’ 
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Transition Energy  

Relationship with time difference:  

Two particles with different momentum 

∆𝑡 = 𝑡 − 𝑡0 =
𝑠 + 𝛼𝐶𝛿𝑠

𝑣
−

𝑠

𝑣0
≈

𝑠

𝑣0

𝑣0
𝑣
− 1 + 𝛼𝐶𝛿  

∆𝑡

𝑡0
≈
𝑣0
𝑣
− 1 + 𝛼𝐶𝛿 

For small δ  

𝑣 ≈ 𝑣0 1 +
𝛿

𝛾2
 

∆𝑡

𝑡0
≈ 𝛼𝑐 −

1

𝛾2
𝛿 = 𝜂𝐶𝛿 

hC = slip factor 

 
the energy for which the slip factor is zero is the transition energy:  

1

𝛾𝑡
2 = 𝛼𝐶 

During acceleration, passing through the transition energy changes the sign of the dependence 
on momentum dispersion of particle revolution frequency 

If v = c  
∆𝑡

𝑡0
≈
∆𝐿

𝐿0
 

If the slip factor is zero the ring is isochronous: all particles have the same revolution frequency 
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1st energy-phase equation 

Harmonic number h :  
𝑓𝑅𝐹 = ℎ𝑓𝑟 

fr is the revolution frequency 

 

Δ𝜙 = −ℎΔ𝜃 with 𝜃 =  𝜔𝑟𝑑𝑡 

 

h  is the maximum n. of bunches that can be stored in a storage ring 

For a given particle with respect to the reference one 

Δ𝜔𝑟 =
𝑑

𝑑𝑡
Δ𝜃 = −

1

ℎ

𝑑

𝑑𝑡
Δ𝜙 = −

1

ℎ

𝑑𝜙

𝑑𝑡
 

Since  

𝜂 =
𝑝𝑠

𝜔𝑟𝑠

𝑑𝜔𝑟

𝑑𝑝 𝑠
 and 𝐸2 = 𝐸𝑜

2 + 𝑝2𝑐2 

Δ𝐸 = 𝜈𝑠Δ𝑝 = 𝜔𝑟𝑠𝑅𝑠Δ𝑝,   𝑅𝑆 =
𝐶

2𝜋
=

𝑣𝑆

𝜔𝑟𝑠
 

Then 
Δ𝐸

𝜔𝑟𝑠
= −

𝑝𝑠𝑅𝑠
ℎ𝜂𝜔𝑟𝑠

𝑑 Δ𝜙

𝑑𝑡
= −

𝑝𝑠𝑅𝑠
ℎ𝜂𝜔𝑟𝑠

𝜙  
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The particle gains energy with the rate 
𝑑𝐸

𝑑𝑡
= 𝑒𝑉 sin𝜙

𝜔𝑟

2𝜋
 

The rate of change with respect to the reference particle is 

2𝜋Δ
𝐸 

𝜔𝑟
= 𝑒𝑉 sin𝜙 − sin𝜙𝑠  

𝑇𝑟 =
2𝜋

𝜔𝑟
 => revolution time 

∆ 𝐸 𝑇𝑟 ≅ 𝐸 ∆𝑇𝑟 + 𝑇𝑟𝑠∆𝐸 = ∆𝐸𝑇𝑟 + 𝑇𝑟𝑠∆𝐸 =
𝑑

𝑑𝑡
𝑇𝑟𝑠∆𝐸  

And therefore 

2𝜋
𝑑

𝑑𝑡

∆𝐸

𝜔𝑟𝑠
= 𝑒𝑉 sin𝜙 − 𝑠𝑖𝑛𝜙𝑠  

 

2nd energy-phase equation 
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Equations of longitudinal motion 

Δ𝐸

𝜔𝑟𝑠
= −

𝑝𝑠𝑅𝑠
ℎ𝜂𝜔𝑟𝑠

𝑑 Δ𝜙

𝑑𝑡
= −

𝑝𝑠𝑅𝑠
ℎ𝜂𝜔𝑟𝑠

𝜙  

2𝜋
𝑑

𝑑𝑡

Δ𝐸

𝜔𝑟𝑠
= 𝑒𝑉 sin𝜙 − sin𝜙𝑠  

• Deriving and combining: 

𝑑

𝑑𝑡

𝑝𝑠𝑅𝑠

ℎ𝜂𝜔𝑟𝑠

𝑑𝜙

𝑑𝑡
+ 

𝑒𝑉 

2𝜋
sin𝜙 − sin𝜙𝑠 = 0 
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Small amplitude oscillations 
For slowly varying Rs, ps, ws and eta: 

𝜙 +
Ω𝑠

2

cos𝜙𝑠
sin𝜙 − sin𝜙𝑠 = 0 

With                            Ω𝑠
2=

ℎ𝜂𝜔𝑟𝑠𝑒𝑉 cos 𝜙𝑠

2𝜋𝑝𝑠𝑅𝑠
 

For small variations from the reference particle: 

sin𝜙 − sin𝜙𝑠 = sin 𝜙𝑠 + Δ𝜙 − sin𝜙𝑠 ≅ φ cos𝜙𝑠 

 
We can write 𝜑 = 𝜙 ,  𝜑 = 𝜙  
 

And therefore we obtain again the harmonic oscillator equation: 

𝜑 +Ω𝑠
2𝜑 = 0 
 

Stable if Ω𝑠
2>0 and Ω𝑠 is real  

For  𝛾 < 𝛾𝑡𝑟 𝜂 > 0     0 < 𝜙𝑠< p/2 
 𝛾 > 𝛾𝑡𝑟 𝜂 < 0       p/2 < 𝜙𝑠< p 
 
 

Frequency of the 
oscillation 
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Synchrotron tune 

The oscillation frequency defines the synchrotron tune Qs (in analogy with betatron tune) 
Number of oscillations in one turn 

𝑄𝑠 = −
ℎ𝜂𝑒𝑉 cos𝜙𝑠
2𝜋𝑝𝑠𝑅𝑠𝜔𝑟𝑠

= −
ℎ𝜂𝑒𝑉 cos𝜙𝑠

2𝜋𝐸𝑠𝛽𝑠
2  
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Longitudinal emittance 

The longitudinal Twiss parameter bL can be defined, analogously to 
transverse plane 

𝛽𝐿 =
𝜂 ℎ𝜆𝑅𝐹

2𝜋𝛽𝑠
2𝐸𝑠𝑐𝑄𝑠

=
𝜆𝑅𝐹
𝑐𝛽𝑠

−
𝜂ℎ

2𝜋𝑒𝑉 𝐸𝑠 cos𝜙𝑠
 

 

And we can write the equations of motion in matrix formalism: 

 
Δ𝑡
Δ𝐸 𝑛

=
cos 2𝜋𝑛𝑄𝑠 𝛽𝐿 sin 2𝜋𝑛𝑄𝑠

−
1

𝛽𝐿
sin 2𝜋𝑛𝑄𝑠 cos 2𝜋𝑛𝑄𝑠

 
Δ𝑡
Δ𝐸 𝑜

 

An invariant of the motion is  
1

𝛽𝐿
Δ𝑡𝑛

2 + 𝛽𝐿 Δ𝐸𝑛
2 = 휀𝐿 = 𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙 𝑒𝑚𝑖𝑡𝑡𝑎𝑛𝑐𝑒 
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Large Amplitude Oscillations 

For large phase or energy deviations the 2nd order 
differential equation is non-linear:  

𝜙 +
Ω𝑠

2

cos𝜙𝑠
sin𝜙 − sin𝜙𝑠 = 0 

Multypling by 𝜙  and integrating gives an invariant of the 
motion I : 

𝜙 2

2
−

Ω𝑠
2

cos𝜙𝑠
cos𝜙 + 𝜙 sin𝜙𝑠 = 𝐼 

Which for small amplitudes: 

𝜙 2 + Ω𝑠
2 ∆𝜙 2 = 2𝐼 

And similar for the second variable DE 
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When f reaches p-Fs, the force goes to zero and beyond it becomes 

non restoring.  

p-Fs is an extreme amplitude for a stable motion which in the phase 

space (𝜙 2/Ω𝑠, DF) is shown as closed trajectories 

The separatrix is the limit between the stable and the unstable oscillations 

𝜙 2

2
−

Ω𝑠
2

cos𝜙𝑠
cos𝜙 + 𝜙 sin𝜙𝑠 = −

Ω𝑠
2

cos𝜙𝑠
cos 𝜋 − 𝜙𝑠 + 𝜋 − 𝜙𝑠 sin𝜙𝑠  

 
Where  is zero: 
 
cos𝜙𝑚 + 𝜙𝑚 sin𝜙𝑠=   cos 𝜋 − 𝜙𝑠 + 𝜋 − 𝜙𝑠 sin𝜙𝑠 
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Energy acceptance 

𝜙  is maximum when 𝜙 = 0, corresponding to 𝜙 = 𝜙𝑠 

Introducing this into the separatrix equation gives: 

𝜙 𝑚𝑎𝑥
2
= 2Ω𝑠

2 2 + 2𝜙𝑠 − 𝜋 tan𝜙𝑠  

Which means energy acceptance: 

Δ𝐸

𝐸𝑠 𝑚𝑎𝑥

= ±𝛽 −
𝑒𝑉 

𝜋ℎ𝜂𝐸𝑠
𝐺 𝜙𝑠  

 

𝐺 𝜙𝑠 = 2 cos𝜙𝑠 + 2𝜙𝑠 − 𝜋 𝑠𝑖𝑛𝜙𝑠 

This rf acceptance depends on 𝜙𝑠 and is important for the beam 
capture at injection and the stored beam lifetime. 

The higher the voltage the larger the energy acceptance 
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Energy acceptance versus 

synchronous phase 

0 50 100 150 200 250 300 350
-7

-6

-5

-4

-3

-2

-1

0

1

2

X: 347

Y: -0.06929

Synchronous Phase (degrees)

F
u

n
c
ti
o

n
 G

(s
y
n

c
h

ro
n

o
u

s
 p

h
a

s
e

)

𝐺 𝜙𝑠 = 2 cos𝜙𝑠 + 2𝜙𝑠 − 𝜋 𝑠𝑖𝑛𝜙𝑠 
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Exercise 

• C = 628 m  

• r = 70 m 

• h = 84 

• ac = 0.027  

• h = ac-1/g2 

• E = ? GeV 

• frf ? 


