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Why NLO ?

Less Sensitivity to unphysical input scales (renormalization & factorization)
first predictive normalization of  observables at NLO
more accurate estimates of  backgrounds to new-physics
confidence on cross-sections for precision measurements

More realistic process modeling
initial state radiation
jet clustering
richer virtuality

Crossing path with other techniques
matching with resummed calculations
NLO parton showers



Where NLO ?
Front-line in Theoretical Particle Physics

Hard Interactions of Quarks and Gluons: a Primer for LHC Physics 60

Figure 43. Schematic cartoon of a 2 → 2 hard scattering event.

The cutoff, pTmin, is the main free parameter of the model and basically corresponds
to an inverse colour screening distance. A tuning of the PYTHIA underlying event

parameters (Tune A) basically succeeds in describing most of the global event properties

in events at the Tevatron. With the new version of PYTHIA (version 6.4) [85, 16], a

new model for the underlying event is available, similar in spirit to the old multiple

parton interaction model, but with a more sophisticated treatment of colour, flavour

and momentum correlations in the remnants.

5.3. Inclusive jet production

It is useful to consider the measurement of inclusive jet production at the Tevatron as

(1) it probes the highest transverse momentum range accessible at the Tevatron, (2)

it has a large impact on global pdf analyses, and (3) many of the subtleties regarding
measurements with jets in the final state and the use of jet algorithms come into play.

As shown in Figure 43, a dijet event at a hadron-hadron collider consists of a hard

collision of two incoming partons (with possible gluon radiation from both the incoming

and outgoing legs) along with softer interactions from the remaining partons in the

colliding hadrons (“the underlying event energy”).

The inclusive jet cross section measured by the CDF Collaboration in Run 2 is
shown in Figure 44, as a function of the jet transverse momentum [130]. Due to the

higher statistics compared to Run 1, and the higher centre-of-mass energy, the reach in

transverse momentum has increased by approximately 150 GeV. The measurement uses

the midpoint cone algorithm with a cone radius of 0.7. As discussed in Section 3.6, the

midpoint algorithm places additional seeds (directions for jet cones) between stable cones

having a separation of less than twice the size of the clustering cones. The midpoint
algorithm uses four-vector kinematics for clustering individual partons, particles or

energies in calorimeter towers, and jets are described using rapidity (y) and transverse

Needs of NLO Corrections

• Front-line in Theoretical Particle Physics

@ LHC Phenomenology
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H

Signals:

• Decays: H →VV (V = !,W,Z)
• PP→ H+0,1,2 jets (Gluon Fusion)

• PP→ H+2 jets (Weak Boson Fusion)

• PP→ H+ tt̄

• PP→ H+W,Z

Backgrounds:

• PP→ tt̄+0,1,2 jets
• PP→VV +0,1,2 jets
• PP→V +0,1,2,3 jets
• PP→VVV +0,1,2,3 jets
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p-p collision @ XY TeV c.m.e.



Where NLO ?Needs of NLO Corrections

• Front-line in Theoretical Particle Physics

@ LHC Phenomenology

@ QFT Stucture

- ElectroWeak Symmetry Breaking: Higgs mechanism

- Beyond the Standard Model (SuSy, Dark Matter, . . . )

- Unveiling the Iterative Structure of Scattering Amplitudes in gauge-Theory

=
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Front-line in Theoretical Particle Physics

Anastasiou, Bern, Dixon, Kosower
Bern, Dixon, Smirnov; 
Bern, Czakon,Dixon, Kosower;
Beisar, Eden, Staudacher;
Drummond, Korchemsky, Sokatchev;
Brandhuber, Heslop, Travaglini;
Alday, Maldacena;
Roiban, Spradlin, Volovich;
....



Where NLO ?Needs of NLO Corrections

• Front-line in Theoretical Particle Physics

@ LHC Phenomenology

@ QFT Stucture

- ElectroWeak Symmetry Breaking: Higgs mechanism

- Beyond the Standard Model (SuSy, Dark Matter, . . . )

- Unveiling the Iterative Structure of Scattering Amplitudes in gauge-Theory

- Exploring the Finiteness of Supergravity

Gravity Gauge Theory Gauge Theory

= ×
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Front-line in Theoretical Particle Physics

Bern, Dixon, Kosower, Perlestein, Rozowski, Roiban;
Bern, Bjerrum-Borh, Dunbar, Forde, Ita, Perkins, Risager; 
Chalmers; Green, Vanhove, Russo;
Badger, Bjerrum-Borh, Vanhove,
Bern, Carrasco, Johanson;
Arkani-Hamed, Cachazo, Kaplan;
....



NLO Building Blocks

tree-graphs with (n+1)-partons
soft/collinear divergences

virtual-graphs with n-partons
divergences from loop-integration

extracting IR-singularities from both and combining them
phase-space slicing, subtractions, dipoles, antennas

• Perturbative Approach: improving the theoretical accuracy by including higher-order corrections
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︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸
Leading Order (LO) Next to Leading Order (NLO) NN . . .LO

• the importance of loop-diagrams:

- improving accuracy of known-physics processes

- key to access new-physics (heavier particles circulating the loops)
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• NLO Building-Blocks

! tree-graphs with n+1 partons

)( virtual graphs with n partons → Iµ!"...=
Z
dD!

!µ!!!" . . .

D1D2 . . .

! Subtraction terms

• More particles→ many scales→ lenghty analytic expressions

• Integrals are complicated and process specific

• Standard Passarino-Veltman reduction in terms of scalar integrals requires the solution of systems
of equations:

- large intermediate expressions

- spurious singularities
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Partonic Cross-Section



Objectives
Challenges
• Objectives

! Accurate description of multi-particle final states, involving t t̄,W,Z, jets, @ NLO

! Automation

• multi-process tool
• numerical stability and speed
• improve the factorial growth

! Combined treatment of Real & Virtual contributions
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Process-Independent Strategy

Properties of  the S-Matrix
Process-Independent Strategy

• a general mathematical property: Analyticity of Scattering-Amplitudes

! Scattering Amplitudes are determined by their poles and branch-cuts

• a general physical property: Unitarity of Scattering-Amplitudes

! The residues at poles and branch-points are products of simpler amplitudes,
with lower number of particles and/or less loops
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One-Loop Scattering Amplitudes
One-Loop Scattering Amplitudes

• n-particle Scattering: 1+2→ 3+4+ . . .+n

• Reduction to a Scalar-Integral Basis Passarino-Veltman

1-Loop = !
102−103

Z
dD!

!µ!"!# . . .

D1D2 . . .Dn

= c4 + c3 + c2 + c1

• Known: Master Integrals

=
Z
dD!

1

D1D2D3D4
, =

Z
dD!

1

D1D2D3
, =

Z
dD!

1

D1D2
, =

Z
dD!

1

D1

• Unknowns: ci are rational functions of external kinematic invariants
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Unitarity & Cutting Rules

• Optical Theorem from Unitarity S≡ 1+ iT : S†S= 1 ⇒ 2ImT = −i(T −T †) = T †T

• One-loop Amplitude:

A1-loopn = 1−loop = c4 + c3 + c2 + c1

• Discontinuity of Feynman Amplitudes Cutkosky-Veltman; Bern, Dixon, Dunbar & Kosower

2Im
{
A1-loopn

}
= tree

i

j

tree

!1

!2

= c4 + c3 + c2

on− shell condition :
1

(!2i −m2i + i0)
→ !

(
!2i −m2i

)
(i= 1,2)
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Method ! Matching the cuts of any amplitudes onto the cuts of Master Integrals

Advantage 1 ! iterative construction: one-loop amplitudes by sewing tree-level amplitudes

Advantage 2 ! simplified input: tree-amplitudes vs Feynman graphs
tree-amplitudes are gauge-invariant on-shell quantities,

corresponding to sums of off-shell Feynman diagrams.
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Unitarity & Cutting Rules



The Strategy: Generalised Unitarity

The Strategy: Generalised Unitarity

• Multiple-cuts as optical filters

Replacing the original amplitude with simpler integrals fulfilling the same algebraic decomposition

= c4 Britto, Cachazo, Feng

= c4 + c3

Bern, Dixon, Dunbar, Kosower

P.M.

Forde

Bjerrum-Bohr, Dunbar, Perkins

= c4 + c3 + c2

Bern, Dixon, Dunbar, Kosower

Brandhuber, McNamara, Spence, Travaglini

Britto, Buchbinder, Cachazo, Feng, ⊕ P.M.

Anastasiou, Britto, Feng, Kunszt, P.M.

Forde; Badger

= c4 + c3 + c2 + c1 Glover, Williams

Britto, Feng
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The more you cut, the simpler it gets, the more you loose
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Cut-Conditions

Complex Solutions of the Cut-conditons

• under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen;

- the left over free components are integration-variable

q2 = p2 = 0= !± · p= !± ·q , !µ = x1 pµ+ x2 qµ+ x3 !
+
µ + x4 !

−
µ

• Closer look at the Integrand Structure

Numerator and denominator of the n-particle cut-integrand are mutivariate-polynomials in (4− n)
complex-variables:

Cutn =
I

dx1 . . .dx4−n
P(x1, . . . ,x4−n)
Q(x1, . . . ,x4−n)

! Contour Integrals of Rational Functions ∼ Integrals by partial fractioning

! Analytic functions: Multi-pole Decomposition (think of CMB and Harmonic Decomposition)
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• Singularity Classification

Master Integrals characterized by the location of the poles.
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What do we do with the unfrozen variables?

Pittau, de l’Aguila
Ossola, Papadopoulos, Pittau
Forde
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µ !
−
" − !−µ !

+
"

)

• under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen;

- the left over free components are integration-variable

• Closer look at the Integrand Structure

Numerator and denominator of the n-particle cut-integrand are mutivariate-polynomials in (4− n)
complex-variables:

Cutn =
I

dx1 . . .dx4−n
P(x1, . . . ,x4−n)
Q(x1, . . . ,x4−n)

! Contour Integrals of Rational Functions ∼ Integrals by partial fractioning
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Reduction Algorithms
Semi-numeric Reduction of  the Integrands

Analytic Integration of  the Phase-Space Integrals  

What do we do with the unfrozen variables?



Semi-numeric Reduction



Semi-numeric Reduction
OPP Integral-Reduction (in a nutshell)

Ossola, Papadopoulos, Pittau

Ellis, Giele, Kunszt

Giele, Kunszt, Melnikov

• OPP-decomposition

Am =
Z
d4q

N(q)
D0 . . .Dm−1

N(q) =
m−1

!
i0<i1<i2<i3

[
d(i0i1i2i3)+ d̃(q; i0i1i2i3)

] m−1

"
i"=i0,i1,i2,i3

Di

+
m−1

!
i0<i1<i2

[c(i0i1i2)+ c̃(q; i0i1i2)]
m−1

"
i"=i0,i1,i2

Di

+
m−1

!
i0<i1

[
b(i0i1)+ b̃(q; i0i1)

] m−1

"
i"=i0,i1

Di

+
m−1

!
i0

[a(i0)+ ã(q; i0)]
m−1

"
i"=i0

Di

• d̃, c̃, b̃, ã (q-dependent) vanish upon integration (Lorentz inv.)
• d,c,b,a (q-independent)≡ wanted coefficients

! Fitting d,c,b,a by the numerical evaluation of N(q) at different values of q ⊕ system inversion
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Solution
Fitting d-, c-, b-, a-coefficients by numerical evaluating N(q) at different q-values
(suitably chosen among the solutions of  multiple-cut conditions)



Polynomial Fittingsolution 2: Polynomials and Discrete Fourier Transform

• OPP-reduction Ossola, Papadopoulos, Pittau (2006)

From the knowledge of the multi-variate polynomial-structure of the Integrand, all n-point coefficients

can be determined by fitting a system of polynomial equations:

Pm(x) = c0+ c1x+ c2x
2+ . . . cmx

m

! Problem: Pm(x) is given; determine ci.

! Solution:

! step 1: sample Pm(x) at (m+1) random-points, Pm,k ≡ Pm(xk), (k= 0, . . . ,m) :




Pm,0

Pm,1
...

Pm,m




=





1 x0 x
2

0
. . . x

m

0

1 x1 x
2

1
. . . x

m

1

...
...

...
...

...

1 xm x
2

m
. . . x

m

m




×





c0

c1

...

cm





! step 2: find ci by system inversion.
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solution 2: Polynomials and Discrete Fourier Transform

• OPP-reduction Ossola, Papadopoulos, Pittau (2006)

From the knowledge of the multi-variate polynomial-structure of the Integrand, all n-point coefficients

can be determined by fitting a system of polynomial equations.

Advantage ! No integration required

Pitfall ! Numerical System Inversion (!→ 0)

• Improved Reduction with DFT Ossola, Papadopoulos, Pittau, & P.M. (2008)

Pm(x) = c0+ c1x+ c2x
2+ . . . cmx

m

! step 1: sample Pm(x) at (m+1) equidistant-points on the unit-circle, Pm,k ≡ Pm(xk),

xk = e
−2"i k

(m+1) (k = 0, ...,m) .

! step 2: find ci from orthogonality (plane-waves):

c! =
1

m+1

m

#
k=0

Pm,k e
2"i k

(m+1)!
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 Blackhat 



Analytic Integration



Multiple-Cuts Projection

   

   

   

    

Complex Solutions of the Cut-conditons

• under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen;

- the left over free components are integration-variable

q2 = p2 = 0= !± · p= !± ·q , !µ = x1 pµ+ x2 qµ+ x3 !
+
µ + x4 !

−
µ

• Closer look at the Integrand Structure

Numerator and denominator of the n-particle cut-integrand are mutivariate-polynomials in (4− n)
complex-variables:

Cutn =
I

dx1 . . .dx4−n
P(x1, . . . ,x4−n)
Q(x1, . . . ,x4−n)

! Contour Integrals of Rational Functions ∼ Integrals by partial fractioning

! Analytic functions: Multi-pole Decomposition (think of CMB and Harmonic Decomposition)

• Singularity Classification

Master Integrals characterized by the location of the poles.
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solution 1: Multiple-Cuts as Projectors (Bis)

• Any n-particle cut, after integration, might contain a Rational Term and a Logarithmic Term

• Extract the n-point coefficient from the Rational Term of the n-particle cut.

∣∣∣∣∣
rat

= c4

∣∣∣∣∣
rat

= c3

∣∣∣∣∣
rat

= c2

∣∣∣∣∣
rat

= c1
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Complex Solutions of the Cut-conditons

• Loop momentum decomposition

q2 = p2 = !±
2 = 0= !± · p= !± ·q , !µ = x1 pµ+ x2 qµ+ x3 !

+
µ + x4 !

−
µ

gµ" =
1

2p ·q

(
pµq"+qµp"− !+

µ !
−
" − !−µ !

+
"

)

• under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen;

- the left over free components are integration-variable

• Closer look at the Integrand Structure

Numerator and denominator of the n-particle cut-integrand are mutivariate-polynomials in (4− n)
complex-variables:

Cutn =
I

dx1 . . .dx4−n
P(x1, . . . ,x4−n)
Q(x1, . . . ,x4−n)

! Contour Integrals of Rational Functions ∼ Integrals by partial fractioning

! Analytic functions: Multi-pole Decomposition (think of CMB and Harmonic Decomposition)
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Integration ~ Series Expansion

        

 



Trees

Boxes

TrianglesR.T.
(holomorphic)

Generalised R.T.
(non-holomorphic)

Bubbles 
(Stokes’ Theorem)

Tadpoles ???
(Gauss’ Theorem) 

Global R.T.
(multivariate holomorphic)

Higher Loop
Leading Singularities

Cauchy’s Residue Theorem @ Work

Britto, Cachazo, Feng, Witten

Britto, Cachazo, Feng

P.M. Arkani-Hamed, Cachazo, Cheung, Kaplan

Forde



Unitarity-based ResultsUnitarity-based Results

• Numerical Results (virtual amplitudes)

• !!→ !!!! Ossola, Papadopoulos, Pittau ’07

• gg→ gggggggggggggggggg Giele, Zanderighi ’08

• pp→ tt̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→ bb̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→VV +2 jets van Hameren, Papadopoulos, Pittau ’09

• pp→VVbb̄ van Hameren, Papadopoulos, Pittau ’09

• e+e− → e+e−! Actis, Ossola, P.M. ’09

• e+e− → µ+µ−! Actis, Ossola, P.M. ’09

• Numerical Results @ NLO

• pp→VVV Binoth, Ossola, Papadopoulos, Pittau ’08

• pp→W +3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg ’08-’09

Ellis, Giele, Kunszt, Melnikov, Zanderighi ’08-’09

• pp→ Z+3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg (prelim.)

• pp→ tt̄bb̄ Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ’09

• Analytic calculations (virtual amplitudes)

• gg→ gggg Bern, Dixon, Dunbar, Kosower ’96; ... (we are here) ...; Xiao, Yang, Zhu ’08

• !!→ !!!! Binoth, Gehrmann, Heinrich, P.M. ’07

• pp→ H+2 jets Badger, Berger, Campbell, Del Duca, Dixon, Ellis, Glover, Risager, Sofianatos, Williams, P.M., ’06 - ’09

Pierpaolo Mastrolia - Unitarity & Anayticity of Scattering Amplitudes, 66

Unitarity-based Results

• Numerical Results (virtual amplitudes)

• !!→ !!!! Ossola, Papadopoulos, Pittau ’07

• gg→ gggggggggggggggggg Giele, Zanderighi ’08

• pp→ tt̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→ bb̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→VV +2 jets van Hameren, Papadopoulos, Pittau ’09

• pp→VVbb̄ van Hameren, Papadopoulos, Pittau ’09

• e+e− → e+e−! Actis, Ossola, P.M. ’09

• e+e− → µ+µ−! Actis, Ossola, P.M. ’09

• Numerical Results @ NLO

• pp→VVV Binoth, Ossola, Papadopoulos, Pittau ’08

• pp→W +3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg ’08-’09

Ellis, Giele, Kunszt, Melnikov, Zanderighi ’08-’09

• pp→ Z+3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg (prelim.)

• pp→ tt̄bb̄ Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ’09

• Analytic calculations (virtual amplitudes)

• gg→ gggg Bern, Dixon, Dunbar, Kosower ’96; ... (we are here) ...; Xiao, Yang, Zhu ’08

• !!→ !!!! Binoth, Gehrmann, Heinrich, P.M. ’07

• pp→ H+2 jets Badger, Berger, Campbell, Del Duca, Dixon, Ellis, Glover, Risager, Sofianatos, Williams, P.M., ’06 - ’09

Pierpaolo Mastrolia - Unitarity & Anayticity of Scattering Amplitudes, 66

Unitarity-based Results

• Numerical Results (virtual amplitudes)

• !!→ !!!! Ossola, Papadopoulos, Pittau ’07

• gg→ gggggggggggggggggg Giele, Zanderighi ’08

• pp→ tt̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→ bb̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→VV +2 jets van Hameren, Papadopoulos, Pittau ’09

• pp→VVbb̄ van Hameren, Papadopoulos, Pittau ’09

• e+e− → e+e−! Actis, Ossola, P.M. ’09

• e+e− → µ+µ−! Actis, Ossola, P.M. ’09

• Numerical Results @ NLO

• pp→VVV Binoth, Ossola, Papadopoulos, Pittau ’08

• pp→W +3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg ’08-’09

Ellis, Giele, Kunszt, Melnikov, Zanderighi ’08-’09

• pp→ Z+3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg (prelim.)

• pp→ tt̄bb̄ Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ’09

• Analytic calculations (virtual amplitudes)

• gg→ gggg Bern, Dixon, Dunbar, Kosower ’96; ... (we are here) ...; Xiao, Yang, Zhu ’08

• !!→ !!!! Binoth, Gehrmann, Heinrich, P.M. ’07

• pp→ H+2 jets Badger, Berger, Campbell, Del Duca, Dixon, Ellis, Glover, Risager, Sofianatos, Williams, P.M., ’06 - ’09

Pierpaolo Mastrolia - Unitarity & Anayticity of Scattering Amplitudes, 66

Unitarity-based Results

• Numerical Results (virtual amplitudes)

• !!→ !!!! Ossola, Papadopoulos, Pittau ’07

• gg→ gggggggggggggggggg Giele, Zanderighi ’08

• pp→ tt̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→ bb̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→VV +2 jets van Hameren, Papadopoulos, Pittau ’09

• pp→VVbb̄ van Hameren, Papadopoulos, Pittau ’09

• e+e− → e+e−! Actis, Ossola, P.M. ’09

• e+e− → µ+µ−! Actis, Ossola, P.M. ’09

• Numerical Results @ NLO

• pp→VVV Binoth, Ossola, Papadopoulos, Pittau ’08

• pp→W +3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg ’08-’09

Ellis, Giele, Kunszt, Melnikov, Zanderighi ’08-’09

• pp→ Z+3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg (prelim.)

• pp→ tt̄bb̄ Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ’09

• Analytic calculations (virtual amplitudes)

• gg→ gggg Bern, Dixon, Dunbar, Kosower ’96; ... (we are here) ...; Xiao, Yang, Zhu ’08

• !!→ !!!! Binoth, Gehrmann, Heinrich, P.M. ’07

• pp→ H+2 jets Badger, Berger, Campbell, Del Duca, Dixon, Ellis, Glover, Risager, Sofianatos, Williams, P.M., ’06 - ’09

Pierpaolo Mastrolia - Unitarity & Anayticity of Scattering Amplitudes, 66

Unitarity-based Results

• Numerical Results (virtual amplitudes)

• !!→ !!!! Ossola, Papadopoulos, Pittau ’07

• gg→ gggggggggggggggggg Giele, Zanderighi ’08

• pp→ tt̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→ bb̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→VV +2 jets van Hameren, Papadopoulos, Pittau ’09

• pp→VVbb̄ van Hameren, Papadopoulos, Pittau ’09

• e+e− → e+e−! Actis, Ossola, P.M. ’09

• e+e− → µ+µ−! Actis, Ossola, P.M. ’09

• Numerical Results @ NLO

• pp→VVV Binoth, Ossola, Papadopoulos, Pittau ’08

• pp→W +3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg ’08-’09

Ellis, Giele, Kunszt, Melnikov, Zanderighi ’08-’09

• pp→ Z+3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg (prelim.)

• pp→ tt̄bb̄ Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ’09

• Analytic calculations (virtual amplitudes)

• gg→ gggg Bern, Dixon, Dunbar, Kosower ’96; ... (we are here) ...; Xiao, Yang, Zhu ’08

• !!→ !!!! Binoth, Gehrmann, Heinrich, P.M. ’07

• pp→ H+2 jets Badger, Berger, Campbell, Del Duca, Dixon, Ellis, Glover, Risager, Sofianatos, Williams, P.M., ’06 - ’09

Pierpaolo Mastrolia - Unitarity & Anayticity of Scattering Amplitudes, 66

Unitarity-based Results

• Numerical Results (virtual amplitudes)

• !!→ !!!! Ossola, Papadopoulos, Pittau ’07

• gg→ gggggggggggggggggg Giele, Zanderighi ’08

• pp→ tt̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→ bb̄bb̄ van Hameren, Papadopoulos, Pittau ’09

• pp→VV +2 jets van Hameren, Papadopoulos, Pittau ’09

• pp→VVbb̄ van Hameren, Papadopoulos, Pittau ’09

• e+e− → e+e−! Actis, Ossola, P.M. ’09

• e+e− → µ+µ−! Actis, Ossola, P.M. ’09

• Numerical Results @ NLO

• pp→VVV Binoth, Ossola, Papadopoulos, Pittau ’08

• pp→W +3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg ’08-’09

Ellis, Giele, Kunszt, Melnikov, Zanderighi ’08-’09

• pp→ Z+3 jets Berger, Bern, Dixon, Forde, Febres-Cordero, Ita, Kosower, Gleisberg (prelim.)

• pp→ tt̄bb̄ Bevilacqua, Czakon, Papadopoulos, Pittau, Worek ’09

• Analytic calculations (virtual amplitudes)

• gg→ gggg Bern, Dixon, Dunbar, Kosower ’96; ... (we are here) ...; Xiao, Yang, Zhu ’08

• !!→ !!!! Binoth, Gehrmann, Heinrich, P.M. ’07

• pp→ H+2 jets Badger, Berger, Campbell, Del Duca, Dixon, Ellis, Glover, Risager, Sofianatos, Williams, P.M., ’06 - ’09

Pierpaolo Mastrolia - Unitarity & Anayticity of Scattering Amplitudes, 66

[wait for Darren]

[wait for Stefano]



OutLook

Amplitudes from their singularity structure, accessed through complex momenta
Analyticity:  amplitudes determined by their poles and branch-point
Unitarity: residues formed by products of  simpler, on-shell, amplitudes

NLO
Numerical Unitarity in Production Mood: Automation 

Virtual: Blackhat, Rocket, CutTools, Helac-OneLoop, ...
Real: MadDipole, MadFKS, ... (aren’t we going too Mad?)

Analytic Unitarity: R&D
Integration by Series Expansion (Newton’s legacy)
Exploring the Complex Structure of  Scattering Amplitudes
Principles of  Algebraic Geometry

N...NLO
Extending Unitarity-based methods @ Higher-Loop
Wilson Loops and String/Gauge Theory Correspondence
IR-structure to all-order


