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FDR

@ UV problem solved by introducing a new kind of loop
integration

@ Subtraction of UV divergences encoded in the definition of
loop integrals

@ Scalar one-loop integral

1
Q J(g) = (CEESYEE (log UV divergent integrand)
@ ==
1
2\ _
Q J(q) = J(g,p7) = =)
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FDR
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UV regulator in the logs

4 M? M?
=|lim d +
) q<q Yq? - M?) Mg — M?)? >

H—HR

© Dependence on R canceled in the 2"? line by partial

fractioning p e MQ =z <1+ — MQ)

@ 112 serves as a provisional IR regulator in {T}

© FDR integration and normal integration coincide in the case
of UV convergent integrands (there is nothing to subtract!)
Q FDR integration is shift invariant (easy to see if R= DReg)
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FDR

@ Tensors defined likewise (D = g% — M? and | understood)

K= UR

qud : Wl [0
/ oy = Jm | d4q< D5 { 7 D
. qpqv qudv 2| Qudv
1 diq (L B _gpg? | T
sl A < D2 { 7 7

© In practice subtraction terms determined by direct partial
fractioning of 1/D until convergent integrands are reached

qpqv qudv 2| Qudv 4 2 1
— = 2M : M| =— + =—
B = [ e[ o (g + g e

=Y
=
=,
S
SiE
]
Il

N FDR defining expansion
@ Divergent integrands depending solely on 2 are dubbed FDR
vacua and are neglected (contain no physical scales!)

a4 19ulv 5 4. 4 2 1
/[d U 5e =M Jim, [ g <_Dq6 - D2q4> Qus

Roberto Pittau, U. of Granada FDR up to two loops




FDR

@ To ensure gauge invariance cancellations between numerators
and denominators must be preserved (that is the mechanism to
prove graphical Slavnov-Taylor identities)

q2
—N—

2P —M? 1
Jed'G e * i

@ The equality works only if u — 0 after FDR subtracting as if

1? = g%, which gives rise to extra-integrals

2 1 1 im?
d4 H — 1 /d4 9 I
/ Cdm e = [ o G oaer T F) T 2

@ When ¢? appears in the numerator due to Feynman rules
it should be promoted to >

I Global Prescription (GP)
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FDR

@ In practice one always reduces the problem to FDR Master
Integrals (Mls) to be computed at the end of the calculation

Tensor decomposition is legal /[d4q] ql‘i)%” =gl
¢’ i
2 1 M2 2
D + M* + M il
i1 = [P = [ + [lata gz + [dad;

: a0 q° Do = ¢ — m?
IBP is legal diql— —— =0 = g
e B e / 44 505 By By Dy = (q+p)® —m? — 2

4 7> @+ (q-p)

4

/[dq]<__ — 2= — 2= =0
DyDr DDy Dy D7

Roberto Pittau, U. of Granada

FDR up to two loops



FDR

@ Two-loop FDR defining expansion

B 1?126%—771%

a1'q =
T (q1, g2, %) = ﬁ Dy = g5 —m3
TP2HA2 A\ Do =Gy —miy (12 =1 + q2)
Global Vacuum Sub-Vacuum

a B o, B o, B
q1q q1q q1q l
Jaﬁ(qthuNQ) = { [ L7 + < _1D31 - 1@61) |:(_l}
1 1 2

~0 22
4192472
— g%’ (i_i> ai +2(a1 @) | afq) <ﬂ}% +m?2>
PA\DY @ B D}g3Dia \ D2~

= {—/é{}m-qz./l"))} + {Jé‘yf((u.f/z//"),‘)} + 2% (q1, g2, 1%)

@ which leads to

/[d4Q1][d4Q2]Jaﬂ(Q1,Q2,M2) = i%/d%ldllﬁjgﬁ(m,%,ﬁ)
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FDR

@ Two-loop IBP is legal

a, B

9 di'aiq
_ dralld: 19191
/ dalldels0e 555, b,
6 6q3 (1 q12)
= [ld'q d4q2qq”{ — =rF s~ 27 5=
/ da]ld 2] ¢ra) D}DyDyy  DiDyDyy  “D3DyD2,

@ Two-loop extra-integrals appear when reducing to Mls

2
d4 d4 _ /{ |17 /d4 1% |2
/[ il q2]D§’D2D12 7 D3D2D12
dAay1ld> _#he

@ The index ; in ,u2|2- only denotes the FDR defining expansion
to be used (only one kind of pu? exists!)
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FDR&QCD

QCD up to two loops in FDR (off-shell)

@ Our aim is deriving coupling constant and quark mass
shifts relating FDR to MS

@ FDR implies no UV counterterms (CTs) in L, but a
“Canonical” renormalization scheme based on CTs must exist
that reproduces FDR correlators G(F%R at any loop order ¢

computed in FDR
—~N—

Y4 l
Gf"eilormalized = G%I)DR
Gggwrmalized = G](Qre + (¢-loop-CTs) + ... + (1-loop-CTs)

computea, in DReg

@ We dub such a scheme Dgeg™ and look for its renormalization

constants Z®FPR
@ The Z“FPR relate FDR to MS (note that in a FDR calculation
there are no Z%FPR1)
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FDR&QCD

@ Off-shell one-particle irreducible QCD Green's functions used
in the calculation (computed in k% = k2 = k% = M?)

k‘l kl
P _> P
¢ ¢ ¢ ¢ ¢ ¢
) =G4, Gy = GEQ Gg> = G;g
k1 ko kil
~4 o
T/fg ks TkS
0 0
G GGGG G( Gcc G( G\I/\I/
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FDR&QCD

o Strategy at 1 loop: {

n=4-—2¢
s =" = gapg™’ =4 - 2)e

/d"q J(q) = /d”q lim J(g, p*) = lim/d”q J(q, u*)
p—0 n—0
—_—

= lim [ d'q Jw(q,p?)
n—0

G(F%R =W + (1-loop-CTs)

bare

(1-loop-CTs) =—lim /d”q [Jv (g, 1?)]
n—0

due to IR finiteness

+ lim [ d"q|Jv(q. 7))
n—0

=GO C1(ns) (% —~vg —In 77)

@ C1(ng) is independent of kinematics so that, due to A =1,
universal constants appear in MS that contribute to the finite

; FDR 1,FDR 1,FDH
part but are fully subtracted in Dgeg™ = ‘Z =7Z" ‘
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FDR&QCD

@ Two loops: /d"cnd”qz J(q1,q2) =l£iirg)/d”q1d"qz J(q1, 2, 14°)

- lim [ d*qid*qe Jr(q1, g2, 1)

pn—0

G(F%R = G](fa)re + (1-loop-CTs) + (2-loop-CTs)

+ lim [ d"q1d" ¢ ([-](:\'((11-(12-//2)} + [Jsy ((11-(12-//2)})
n—0

(2-loop-CTs) = —(1-loop-CTs) — lir% d"qd"q2 ([Jav](ng) + [Jsv](ng))
) g

° (2-loop-CTs) 260 g, with no kinematics in Cy

Renormalizability Condition (RC)
@ Kinematics dependent part of |.Jsv/| should cancel (1-loop-CTs)!
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FDR&QCD

@ An explicit calculation shows that this cancellation takes place
and RC fulfilled for all correlators without external quarks,
but, with external quarks, ns # 4 in [Jsv|(ns) generates extra
kinematics dependent (non local!) terms incompatible with RC

@ The cure: making compatible in any diagram two-loop GP
with GP at the level of each sub-diagram (sub-prescription)

in an (-loop diagram, one should be able to calculate
a sub-diagram, insert the integrated form into the full diagram
and get the same answer

Sub-integration consistency!
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FDR&QCD

N(Qlan)
= [[d*q][d*
/[ Wl @+ K+ 20 )

No GP in the numerator N(q1,q2) yet

F
pe . 9a

Lorentz indices external to the the sub-diagram are given a hat
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L ——
two-loop GP: N(q1,92) = N(q1,q2) i)
sub-prescription:  N(q1,q2) = N(q1,q2) — 8(d1 + F1)p?|2  i4)

© To correct this mismatch one adds to the diagram i) — i):

(2o (s + #1)
T1a3012 (a1 + K5 + 2(q1 - k1))

EEI = -8 / [d*q1][d*qo)

with 2|y acting only on the qo sub-integral

depends on kinematics
2 1 A~
EEI = Zin? / d* = EFE] +EEI,
3k T e ) :

2 1 , 1
3”h0m%%uﬁ+mwm = %J

@ Including EFEIs in the calculation restores RC at two-loops
® > piag ZEI = 0 in correlators without external quarks

Roberto Pittau, U. of Granada FDR up to two loops



FDR&QCD

@ Results: ag and m, shifts up to two loops

ZMS  qrpm S\ N, (a5 [ 89
as S = 1 =S e =S N2 8N2
AN oS * 4 3 * 4m 18 * /
2 4
+Nf CF_f _Nc+—CF
3 3
ZMs mg Pt a'\Ts oS 7 5
m_ 94 = - -5 —N.- =
ZEpR s Cr\ o ) TP am 24 gCr

11 1 2
+f <9NC + ?CF) + Nf <Z — gf)

) . PEd . iz
f= 7 (Lig(e"s) — Lig(e™"3)) = —1.17195361 ...
o With af® = of"%|s0e = 5% oo = 05°%| gy (universality!)
FDR up to two loops
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FDR&QCD

o Fixing two-loop FDH without evanescent quantities

By changing the bare two-loop FDH correlators as follows

2)
Gﬁare|”374 - Gbare|ns_4 + ZD1agEEIb|ns—4

the RC is fulfilled. We dub this scheme FDH’

/. ; /
o ofPH" is universal and afPH = aFDH‘ = ofPH
GGG Gcee

@ Furthermore a quark mass shift is computable up to two loops
FDH’ MS IV
m @ « 29 13 1
_ —1-Cp|—=- Cr | —=- —N.,—- —=Cr+ =N
mbs P\ | T r 12 g Cr N

@ In DRed evanescent couplings are introduced in £, while in
FDH’ the EEI, RC restoring terms are directly read off from
two-loop diagrams (keeping ns = 4 spin degrees of freedom!)
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FDR&IR

FDR treatment of IR infinities

@ Adding ©? to propagators regulate virtual IR divergences

1 1
= /[d4q]2_7_ = lim /d4q2_7_
G°D1Dy  p—0 q“D1 Do

7

@ Real matched via cutting rules — (27) 64 (¢%)

q? +ie
L T Ra—
@ +ic +4 q? — ieqo
/)

@ When ¢ = ¢ = ¢ — 1? — — (2m) 6, (G*
== —p T (2m) 04(07)

L_(gﬂ)g (*2)+;

Frie I E Ticg,
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FDR&IR

® Jnio Mm-body virtual (ov.0) and (m + 1)-body real (o} )
contributions in which IR divergences compensate each other

@ Splitting regulated by pi-massive unobserved particles

s

@ The problem is changing si; = (p; + p;)?, pZ] =0 to
)

2
Sij = (i + ;)% Pij=p> =0
in oo in a gauge invariant way
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FDR&IR

o Easiest way <I>m+1 ety Dy

Sis
R . R 2]
Ono = hi% _ doyo(Pm+1) I | —
H72 B ~— i<j

gauge invariant!

(explicitly checked with H — gg(g) at NLO)

@ Based on

.
dUsLo(q)m+1) ~ _8" if Sij — 0
ij

Sij 1 1 .
o changes IR pole 5 o5 when s;; — 0 and, due to p—0,

is harmless in all the other kinematical configurations
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FDR&IR

@ NNLO ansatz: cancellation of double unresolved singularities

0@;0 '

° U = OLo+0no + Onnio ‘
/ doio(Pm)
D
d I o o (@ 54
OnLo UNLo m) + e oo (Pm+1) -
20 n= (I>'m+1 7z<] )
I doWR o(® %
ONNLO NNLO ®,,) + lim _ onneo (Pmt1) -
m K= Prpg1 i<j SU
s s 2
. RR ij ijk
+ | lim [ dognio(Pm+2) | | = H .
w=0 /g =S54 Sijk
m+2 i<j Yoa<jy<k
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FDR&IR

@ Based on . . "
non integrable singularities

1/82']' if Sij — 0
dUﬁELo(@m-ﬂ) ~
1/822jk if Sijk — 0
o To do IR list

Q ISR

@ To prove NNLO ansatz in a simple case

© Local cancellation of IR divergences
Proved at NLO in H — gg(g) by using

1 1
R digl——— | = /
/1>2 (/[ 4 52D1D2> B S13523

One drops

1 \% R .
75 5, (rom do” and corrects do™ by adding
—L _ which acts as a local counterterm
$13823

@ Final goal: efficient local NNLO subtraction algorithm
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FDR&IR

Conclusions

o

Q

| have linked the FDR treatment of UV divergences to
dimensional regularization up to two loops in QCD

This has allowed me to derive the one-loop and two-loop
coupling constant and quark mass shifts necessary to translate
infrared finite quantities computed in FDR to the MS
renormalization scheme

As a by-product of this analysis | have presented a fix to FDH
beyond one loop that preserves the renormalizability
properties of QCD without introducing evanescent quantities

Finally, | have commented on the treatment of IR infinities
within the FDR framework
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Thanks!
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Backup slides
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FDR&IR

When necessary, 1 — 0 and | possible at the integrand level:

H—HR

/ WLQ}W - /Rd4q ((q? —1M2>2 - Lﬁ(ﬁ 1/1';1)2D
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