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1. Introduction

• Twist-2 distribution functions:

unpol. f(x,Q2) ≡ f→(x,Q2) + f←(x,Q2)
long. pol. ∆f(x,Q2) ≡ f→(x,Q2) − f←(x,Q2)
trans. pol. ∆T f(x,Q2) ≡ f↑(x,Q2) − f↓(x,Q2)

• Transversity is a leading twist quantity: twist-2, non-singlet

• Some results from lattice simulations:

[Anselmino et al., 0807.0173 (hep-ph) ]

∆Tu− ∆Td ∆Tu ∆Td
Ref. N = 1 N = 2 N = 1 N = 2 N = 1 N = 2

QCDSF (2005) 1.165(67) +0.963(59) -0.202(36)
Detmold et al. 2002 1.187 0.490
QCDSF 1.068(16) 0.322(6) +0.857(13) +0.268(6) -0.212(5) -0.052(2)
Orginos et al. (2006) 1.192(30)
Aoki (1996) 1.124(59) +0.893(22) -0.231(55)



3

Observables

• Transversity is not observable in fully inclusive DIS

• We consider twist-2 level only

+ higher order calculations in the QCD improved parton model are possible

− set of possible observables is reduced: No k⊥-dependence

• Semi-inclusive DIS: A hadron h is detected in the final state:

ℓ+N → ℓ′ + h+X

d3∆Tσ

dxdydz
= −

4πα2
ems

Q4

∑

a=q,q

e2ax

{
(1 − y)|S⊥||Sh⊥| cos (φS + φSh

) C
NS,TR
a

(
x,
Q2

µ2
,
m2

µ2

)

⊗ ∆T fa(x,Q
2)∆TDa(z,Q

2)

}

• Heavy flavor can be tagged in the final state
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Observables

• Transversity can also be measured in the transversely polarized Drell-Yan process

h↑ h↑↓ → ℓ+ ℓ− +X

τd∆Tσ

dτdφ
=

1

2

[
τdσ↑↑

dτdφ
−
τdσ↑↓

dτdφ

]

d∆Tσ
N

dφ
=

α2
em

9s
cos(2φ)∆TH(N,M2) · ∆T C

DY
q (N,M2)

∆TH(N,Q2) =
∑

q

e2q

[
∆T q1(N,Q

2)∆T q2(N,Q
2) + ∆T q1(N,Q

2)∆T q2(N,Q
2)
]

• Drell-Yan: The heavy quarks contributions affect the initial state only
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2. Heavy Flavor Wilson Coefficients

• Heavy Flavor contribution to the Wilson coefficient:

C
TR
q

(
x,
Q2

µ2

)
= CTR,light

q

(
x,
Q2

µ2

)
+HTR

q

(
x,
Q2

µ2
,
m2

µ2

)

• For Q2/m2 & 10: Factorization of the heavy flavor Wilson coefficient into light flavor

Wilson coefficient and heavy flavor operator matrix element:[Van Neerven et al. 1995]

HTR
q

(
x,
Q2

µ2
,
m2

µ2

)
= CTR

q

(
x,
Q2

µ2

)
⊗ATR

qq,Q

(
x,
m2

µ2

)

︸ ︷︷ ︸
process independent

• In detail:

HTR
q (nf ) = a2

s

[
A

TR,(2)
qq,Q (nf ) + ĈTR,(2)

q (nf + 1)
]

+ a3
s

[
A

TR,(3)
qq,Q (nf ) +A

TR,(2)
qq,Q (nf )CTR,(1)

q + ĈTR,(3)
q (nf + 1)

]
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3. Massive Operator Matrix Elements

at O
(
a

2
s

)
and O

(
a

3
s

)

• Transversity Operator and Operator matrix element

ONS,T
F,a;µµ1...µn

= inS
[
ψγ5σµµ1

Dµ2
. . . Dµn

λa

2
ψ
]
− trace terms

Aqq,Q = 〈q|ONS,T|q〉

• Un-renormalized operator matrix elements:
ˆ̂
A = a2

s
ˆ̂
A(2) + a3

s
ˆ̂
A(3) +O

(
a4

s

)

[Bierenbaum, Blümlein, Klein,DESY 09-057]

ˆ̂
A

(2),NS

qq,Q =
(m̂2

µ2

)ε
(
β0,Qγ

(0)
qq

ε2
+
γ̂

(1),NS
qq

2ε
+ a

(2),NS

qq,Q + a
(2),NS

qq,Q ε

)

ˆ̂
A

(3),NS

qq,Q =
(m̂2

µ2

)3ε/2
{
−

4γ
(0)
qq β0,Q

3ε3

(
β0 + 2β0,Q

)
+

1

ε2

(
2γ

(1),NS
qq β0,Q

3
−

4γ̂
(1),NS
qq

3

[
β0 + β0,Q

]

+
2β1,Qγ

(0)
qq

3
− 2δm

(−1)
1 β0,Qγ

(0)
qq

)
+

1

ε

(
γ̂

(2),NS
qq

3
− 4a

(2),NS
qq,Q

[
β0 + β0,Q

]
+ β

(1)
1,Qγ

(0)
qq

+
γ

(0)
qq β0β0,Qζ2

2
− 2δm

(0)
1 β0,Qγ

(0)
qq − δm

(−1)
1 γ̂(1),NS

qq

)
+ a

(3),NS
qq,Q

}

• 129 3-loop Feynman graphs with an operator insertion

We used MATAD for the 3-loop calculation [Steinhauser 2001]
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Renormalized Operator matrix elements:

• We use MS-scheme except for mass renormalization (on-mass-shell scheme)

→ all ultra-violet and collinear singularities removed

A
(2),NS,MS

qq,Q =
β0,Qγ

(0)
qq

4
ln2
(m2

µ2

)
+
γ̂

(1),NS
qq

2
ln
(m2

µ2

)
+ a

(2),NS

qq,Q −
β0,Qγ

(0)
qq

4
ζ2

A
(3),NS,MS
qq,Q = −

γ
(0)
qq β0,Q

6

(
β0 + 2β0,Q

)
ln3
(m2

µ2

)
+

1

4

{
2γ(1),NS

qq β0,Q − 2γ̂(1),NS
qq

(
β0 + β0,Q

)

+β1,Qγ
(0)
qq

}
ln2
(m2

µ2

)
+

1

2

{
γ̂

(2),NS
qq −

(
4a

(2),NS
qq,Q − ζ2β0,Qγ

(0)
qq

)
(β0 + β0,Q)

+γ(0)
qq β

(1)
1,Q

}
ln
(m2

µ2

)
+ 4a

(2),NS

qq,Q (β0 + β0,Q) − γ(0)
qq β

(2)
1,Q −

γ
(0)
qq β0β0,Qζ3

6

−
γ

(1),NS
qq β0,Qζ2

4
+ 2δm

(1)
1 β0,Qγ

(0)
qq + δm

(0)
1 γ̂(1),NS

qq + 2δm
(−1)
1 a

(2),NS
qq,Q

+ a
(3),NS

qq,Q
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Transversity Anomalous Dimension

• One-loop anomalous dimension [Baldracchini et al. (1981)]:

γTR,(0)
qq (N) = 2CF [−3 + 4S1 (N)]

• Two-loop anomalous dimension [Hayashigaki et al., 1997, hep-ph/9707208,Kumano et al., 1997,

hep-ph/9706420, Vogelsang 1998, hep-ph/9706511]:
γTR,(1)

qq (N) = 4C2
F

[
S2(N) − 2S1(N) −

1

4

]
+ CFCG

[
−16S1(N)S2(N) −

58

3
S2(N) +

572

9
S1(N) −

20

3

]

−8

(
C2

F −
1

2
CFCG

)[
4S1(N)

{
S′2

(
N

2

)
− S2(N) −

1

4

}
− 8S̃(N) +S′3

(
N

2

)
−

5

2
S2(N) +

(1 − (−1)N )

(N)(N + 1)
+

1

4

]

+
32

9
CFTR

[
3S2(N) − 5S1(N) +

3

8

]

• Three-loop moments N = 1 . . . 8 [Gracey, 2003, hep-ph/0304113, hep-ph/0306163; Gracey 2006,

hep-ph/0609231, hep-ph/0611071]: e.g.

γTR,(2)
qq (N = 8) = −

(
2324068794763

68068350000
+

43153

1225
ζ3

)
C3

F

−

(
350888781989CA

5186160000
+

129459 (CA − CF )

1225
ζ3

)
C2

F +

(
177184521133

444528000
CF +

43153

1225
ζ3CF

)
C2

A

− CFTF

{
711801943

41674500
n2

fTF + nf

[(
6056338297

66679200
CA +

8816

35
(CA − CF ) ζ3

)
+

849420853541

3889620000
CF

]}

• Harmonic sums [Blümlein et al. 1998; Vermaseren 1998]:

Sb,~a (N) =
N∑

k=1

(sign (b))
k

k|b|
S~a (k)
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Massive OMEs at O
(
a

2
s

)
and O

(
a

3
s

)

• At O
(
a2

s

)
, the calculation yields

1-loop anom. dim. γ
(0),TR
qq (N) = 2CF [−3 + 4S1(N)]

2-loop anom. dim. γ̂
(1),TR
qq (N) = 32

9 CFTF

[
3S2(N) − 5S1(N) + 3

8

]

are obtained from the Pole parts of the massive operator matrix element

• We also obtain the finite parts to all N :

Two-loop finite part:

a
TR,(2)
qq,Q (N) = CFTF

{
−

8

3
S3(N) +

40

9
S2(N) −

[
224

27
+

8

3
ζ2

]
S1(N) + 2ζ2 +

(
24 + 73N + 73N2

)

18N (1 +N)

}

Two-loop O (ε) part:

a
TR,(2)
qq,Q (N) = CFTF

{
−

[
656

81
+

20

9
ζ2 +

8

9
ζ3

]
S1(N) +

[
112

27
+

4

3
ζ2

]
S2(N) −

20

9
S3(N)

+
4

3
S4(N) +

1

6
ζ2 +

2

3
ζ3 +

1

216

(
−144 − 48N + 757N2 + 1034N3 + 517N4

)

N2 (1 +N)2

}
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• At O
(
a3

s

)
, we obtain for the moments N = 1, . . . , 13 the anomalous dimension

γ̂(3),TR
qq (13) = CFTF

[
−

383379490933459

19469534584500
TF (1 + 2nf ) −

38283693844132279

389390691690000
CA

−
1237841854306528417

4612782040020000
CF +

1043696

3465
(CF − CA)ζ3

]

and the finite part

a
(3),TR
qq,Q (13) =CFTF

{
−

[
1245167831299024242467303

7114266063630605880000
+

93611152819

7304587290
ζ2 −

7005784

173745
ζ3

]
nf TF

−

[
196897887865971730295303

3557133031815302940000
+

93611152819

3652293645
ζ2 +

112092544

1216215
ζ3

]
TF

+

[
−

430633219615523278883051

6467514603300550800000
+

15314434459241

1460917458000
ζ2

+
327241423

935550
ζ3 −

3502892

15015
ζ4 +

3502892

135135
B4

]
CA

+

[
70680445585608577308861582893

122080805651901196900800000
+

449066258795623169

4387135126374000
ζ2

−
81735983092

243486243
ζ3 +

3502892

15015
ζ4 −

7005784

135135
B4

]
CF

}

• Note the constant ζ2
B4 = −4ζ2 ln2 (2) + 2

3 ln4 (2) − 13
2 ζ4 + 16 Li4

(
1
2

)
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• We obtain the renormalized operator matrix elements as e.g.

A
(3),TR

qq,Q (N = 13) = CFTF

{ [
130462

8505
CA +

(
−

521848

93555
nf +

521848

93555

)
TF

]
ln3

(
m2

µ2

)

+

[
−

72872472641

4322241000
CA +

535118971

21611205
TF −

8747715742963

998437671000
CF

]
ln2

(
m2

µ2

)

+

[(
9502263527285869

194695345845000
−

521848

3465
ζ3

)
CA +

(
521848

3465
ζ3 +

64739900033491583

9225564080040000

)
CF

−

(
2627793779850259

38939069169000
nf +

383379490933459

38939069169000

)
TF

]
ln

(
m2

µ2

)

+

[
260924

10395
B4 −

18935822388780510163633

76538634358586400000
−

260924

1155
ζ4 +

3784910159

12162150
ζ3

]
CA

+

[(
−

1603236824994495166513

21048124448611260000
+

4174784

93555
ζ3

)
nf −

1043696

13365
ζ3 +

1671087052774352737487

42096248897222520000

]
TF

+

[
−

468587596

1440747
ζ3 −

521848

10395
B4 +

1877421873846953661063773

4274388349564132800000
+

260924

1155
ζ4

]
CF

}

• ζ2 is not present.
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• Comparison with Gracey:

γTR,(2)
qq (N = 8) =

−

(
2324068794763

68068350000
+

43153

1225
ζ3

)
C3

F

−

(
350888781989CA

5186160000
+

129459 (CA − CF )

1225
ζ3

)
C2

F

+

(
177184521133

444528000
CF +

43153

1225
ζ3CF

)
C2

A

− CFTF

{
711801943

41674500
n2

fTF

+ nf

[(
6056338297

66679200
CA +

8816

35
(CA − CF ) ζ3

)

+
849420853541

3889620000
CF

]}

• From the Pole terms of
ˆ̂
A

(3),TR
qq,Q extract γ̂

TR,(2)
qq (nf ) = γ

TR,(2)
qq (nf + 1) − γ

TR,(2)
qq (nf )

γ̂TR,(2)
qq (N = 8) = −CFTF

{
711801943

41674500
(2nf + 1) TF

+
6056338297

66679200
CA +

8816

35
(CA − CF ) ζ3

+
849420853541

3889620000
CF

}
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HTR
q (nf ) = a2

s

[
A

TR,(2)
qq,Q (nf ) + ĈTR,(2)

q (nf + 1)
]

+ a3
s

[
A

TR,(3)
qq,Q (nf ) +A

TR,(2)
qq,Q (nf )CTR,(1)

q + ĈTR,(3)
q (nf + 1)

]

• Expansion valid for all processes

• Light flavor Wilson coefficients:

– Drell-Yan: known to O (as) + soft resummation

– SIDIS: not yet available

• Check if the Soffer bound for Transversity:

∣∣∣∆TF (x,Q2)
∣∣∣ ≤

1

2

[
F (x,Q2) + ∆F (x,Q2)

]

is valid at higher order
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4. Conclusions

• In the region Q2 ≫ m2 the heavy flavor Wilson coefficients factorize into massive operator

matrix elements and the massless Wilson coefficients.

• We calculated the 2-loop massive operator matrix elements for transversity analytically for

general values of N.

• In the 3-loop case, we calculated the massive OMEs for fixed values of N = 1 . . . 13

• These are process independent quantities, bearing all the mass dependence in the region

where power corrections (m2/Q2)k can be disregarded.

• Together with the corresponding massless Wilson coefficients for the different processes the

operator matrix elements assemble to the heavy flavor Wilson coefficients.

• We also obtained the moments N = 1, . . . , 13 for the complete 2-loop anomalous dimension

and the terms ∝ TF in the 3-loop anomalous dimension, which confirm and extend results

in the literature.


