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Recent developments in theoretical basis for twist-3 
mechanism and its underlying universal structure

Proof of Factorization and Gauge Invariance of the twist-3 
single-spin-dep. cross section in the leading order QCD

Master formula allowing to derive twist-3 “SGP”
 

cross 
section directly from twist-2 cross section

Connection between the twist-3 mechanism and the TMD Sivers
 mechanism for intermediate region of hP ⊥
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Ward Identity:

Eguchi, Koike, Tanaka, NPB763 (’07) 198
Total twist-3 contribution can be written in a gauge-invariant way:
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twist-3 single-spin cross section
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twist-3 single-spin cross section

update #1
tw3 tw3
4 5cos( ) s in ( ) s in (2 )φ φ σ φ σ φ⎡ ⎤+ − +⎢ ⎥⎣ ⎦h S h h

update #2: new partonic
 

subprocesses
(no counterpart in TMD approach)



( )qD z

( )gD z
＋mirror diagrams

＋mirror diagrams

Relevant diagrams for SGP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1tw3
1

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

( , ),F

d
G x x

dx
( , )FG x x ( )( , ) 0FG x x =�



2 4
2em

2 2 2
flavors 1

2

5 tw2
unpol

2 2

2(

8

1 1  )ˆ ˆ  1( ) ( )
ˆ

( 1)
ˆ

bj f T h

q

s
f k

kbj ep

Tgq
gk kq

qD z D

d
d

e
x S Q

qdx dz
x z Q x

q x

x d

z

Q dz dq

z
q x

d
σ

φ

σ σ

α α
π

δ

=

=

⎛ ⎞⎛ ⎞⎛ ⎞⎟⎜ ⎟ ⎟⎡ ⎤ ⎜ ⎜ ⎟× + − − −⎜ ⎟ ⎟⎜ ⎜⎢ ⎥ ⎟⎣ ⎦ ⎟ ⎟⎜ ⎜ ⎜ ⎟⎜ ⎝ ⎠⎝ ⎠⎝ ⎠

∑ ∑

∫

A

( )
2 24 22 2

1 2 4 32 2 2 2

1ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ2 6 ,  2 8 ,  4
ˆ ˆ

⎧ ⎫⎛ ⎞⎪ ⎪ +⎟⎪ ⎪⎜ ⎟= + − + = = =⎜⎨ ⎬⎟⎜ ⎟⎜⎪ ⎪⎝ ⎠⎪ ⎪⎩ ⎭
σ σ σ σqq qq qq qq T

F T F F
T T

Q qQC xz Q q C xz C xz
Q q x z Qq

( )
( )

( )

22 2 24
2

1 222 2 2 2 2

ˆ1 ˆ1ˆˆ ˆ ˆ2 1 6 ,  
ˆ ˆ ˆ ˆ1

⎧ ⎫⎛ ⎞⎪ ⎪⎛ ⎞ ⎟⎪ ⎪⎜ − ⎟⎜ ⎟⎪ ⎜ ⎪⎟ ⎟⎜= − ⎜ + − + =⎟⎨ ⎬⎟⎜⎜ ⎟ ⎟⎪ ⎪⎜⎜ ⎟⎜ − ⎟⎝ ⎠⎪ ⎪⎟⎜⎝ ⎠⎪ ⎪⎩ ⎭

…σ σgq gqT
F

T

z z qQC x z Q
Q q x z z z

ˆ ˆ,  bj fx z
x z

x z
= =

h f TP z q⊥ ≡



2 4
2em

2 2 2
flavors 1

2

5 tw2
unpol

2 2

2(

8

1 1  )ˆ ˆ  1( ) ( )
ˆ

( 1)
ˆ

bj f T h

q

s
f k

kbj ep

Tgq
gk kq

qD z D

d
d

e
x S Q

qdx dz
x z Q x

q x

x d

z

Q dz dq

z
q x

d
σ

φ

σ σ

α α
π

δ

=

=

⎛ ⎞⎛ ⎞⎛ ⎞⎟⎜ ⎟ ⎟⎡ ⎤ ⎜ ⎜ ⎟× + − − −⎜ ⎟ ⎟⎜ ⎜⎢ ⎥ ⎟⎣ ⎦ ⎟ ⎟⎜ ⎜ ⎜ ⎟⎜ ⎝ ⎠⎝ ⎠⎝ ⎠

∑ ∑

∫

A

( )
2 24 22 2

1 2 4 32 2 2 2

1ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ2 6 ,  2 8 ,  4
ˆ ˆ

⎧ ⎫⎛ ⎞⎪ ⎪ +⎟⎪ ⎪⎜ ⎟= + − + = = =⎜⎨ ⎬⎟⎜ ⎟⎜⎪ ⎪⎝ ⎠⎪ ⎪⎩ ⎭
σ σ σ σqq qq qq qq T

F T F F
T T

Q qQC xz Q q C xz C xz
Q q x z Qq

( )
( )

( )

22 2 24
2

1 222 2 2 2 2

ˆ1 ˆ1ˆˆ ˆ ˆ2 1 6 ,  
ˆ ˆ ˆ ˆ1

⎧ ⎫⎛ ⎞⎪ ⎪⎛ ⎞ ⎟⎪ ⎪⎜ − ⎟⎜ ⎟⎪ ⎜ ⎪⎟ ⎟⎜= − ⎜ + − + =⎟⎨ ⎬⎟⎜⎜ ⎟ ⎟⎪ ⎪⎜⎜ ⎟⎜ − ⎟⎝ ⎠⎪ ⎪⎟⎜⎝ ⎠⎪ ⎪⎩ ⎭

…σ σgq gqT
F

T

z z qQC x z Q
Q q x z z z

Master Formula Koike, Tanaka, PLB646 (’07)
 

232; 668 (’08) 458(E) 



Relevant diagram SFPs for & HP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x�1 2
2 1 1 2

2

( , )( ) ( , ) 0
i ik x p

S k k px x S x p x p
k

σ
σ

αα
=

∂
− + =

∂ ( , )F b jG x x ( , )�
F b jG x x

SFP
HP

＋mirror diagrams ＋mirror diagrams



Relevant diagram SFPs for & HP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x�1 2
2 1 1 2

2

( , )( ) ( , ) 0
i ik x p

S k k px x S x p x p
k

σ
σ

αα
=

∂
− + =

∂ ( , )F b jG x x ( , )�
F b jG x x

SFP
HP

( ):qD z

tw3 tw3 tw3
1 2

tw3 tw3
4 5

3sin( ) cos( ) cos(

cos( ) sin( ) si

)

(

2

n 2 )φ φ σ φ σ φ

φ φ σ σ φ σ φ⎡ ⎤− + +⎢ ⎥⎣
⎡ ⎤+ − +⎢ ⎥⎣ ⎦

⎦h S h

S h

h

h h

tw3,HPtw3,HP
2
tw3,

4
tw3,HHP P

3 5

σ

σ

σ

σ

=

=

＋mirror diagrams ＋mirror diagrams



Relevant diagram SFPs for & HP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x�1 2
2 1 1 2

2

( , )( ) ( , ) 0
i ik x p

S k k px x S x p x p
k

σ
σ

αα
=

∂
− + =

∂ ( , )F b jG x x ( , )�
F b jG x x

SFP
HP

( ):gD z

tw3 tw3 tw3
1 2

tw3 tw3
4 5

3sin( ) cos( ) cos(

cos( ) sin( ) si

)

(

2

n 2 )φ φ σ φ σ φ

φ φ σ σ φ σ φ⎡ ⎤− + +⎢ ⎥⎣
⎡ ⎤+ − +⎢ ⎥⎣ ⎦

⎦h S h

S h

h

h h

tw3,HPtw3,HP
2
tw3,

4
tw3,HHP P

3 5

σ

σ

σ

σ

=

=

＋mirror diagrams ＋mirror diagrams



update #2: new partonic
 

subprocesses



new partonic subprocesses for SFP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x� SFP

＋mirror diagrams



new partonic subprocesses for SFP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x� SFP

＋mirror diagrams

＋mirror diagrams



new partonic subprocesses for SFP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x� SFP

Koike, Vogelsang, Yuan
 

PLB659 (’07)
 

878

＋mirror diagrams ＋mirror diagrams



new partonic subprocesses for SFP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1tw3
1

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x� SFP

Koike, Vogelsang, Yuan
 

PLB659 (’07)
 

878
Cancel!!

( ) :qD z

＋mirror diagrams
＋mirror diagrams



new partonic subprocesses for SFP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1tw3
1

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x� SFP( ) :qD z
( ) :gD z

SFP SFPˆ ˆ( ) ( )→ =− →σ π σ πq g
tw3 tw3 tw3
1 2

tw3 tw3
4 5

3sin( ) cos( ) cos(

cos( ) sin( ) si

)

(

2

n 2 )φ φ σ φ σ φ

φ φ σ σ φ σ φ⎡ ⎤− + +⎢ ⎥⎣
⎡ ⎤+ − +⎢ ⎥⎣ ⎦

⎦h S h

S h

h

h h

＋mirror diagrams ＋mirror diagrams



( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k
S k

d
k

p

( , )−F bj bjG x x x ( , )−�
F bj bjG x x x

0bjx x− <

new partonic subprocesses for HP

Koike, Tanaka  (’09)

＋mirror diagrams



( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k
S k

d
k

p

( , )−F bj bjG x x x ( , )−�
F bj bjG x x x

0bjx x− <

new partonic subprocesses for HP

( ) :qD z

tw3 tw3
1 2

tw3
3

tw3 tw3
4 5

sin( ) cos( )

                        cos(2 )

cos( ) sin( ) sin(2 )

φ φ σ σ φ

σ φ

φ φ σ φ σ φ

⎡− +⎢⎣
⎤+ ⎥⎦

⎡ ⎤+ − +⎢ ⎥⎣ ⎦

h S h

h

h S h h

tw3,HPtw3,HP
2
tw3,

4
tw3,HHP P

3 5

σ

σ

σ

σ

≠

≠

Koike, Tanaka  (’09)

＋mirror diagrams



Relevant diagram SFPs for & HP
( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k

S k
d

k
p

(0, )FG x (0, )FG x�1 2
2 1 1 2

2

( , )( ) ( , ) 0
i ik x p

S k k px x S x p x p
k

σ
σ

αα
=

∂
− + =

∂ ( , )F b jG x x ( , )�
F b jG x x

SFP

HP
( ):qD z

tw3 tw3 tw3
1 2

tw3 tw3
4 5

3sin( ) cos( ) cos(

cos( ) sin( ) si

)

(

2

n 2 )φ φ σ φ σ φ

φ φ σ σ φ σ φ⎡ ⎤− + +⎢ ⎥⎣
⎡ ⎤+ − +⎢ ⎥⎣ ⎦

⎦h S h

S h

h

h h

tw3,HPtw3,HP
2
tw3,

4
tw3,HHP P

3 5

σ

σ

σ

σ

=

=

＋mirror diagrams ＋mirror diagrams



( )

1 2( , ) ( )FG x x D z⊗ ⊗
∼

1
1

tw3

2

2
2

( , )~ Tr σ
σ

α
ασ ⊥

⊥ =

⎡ ⎤∂⎢ ⎥
⎢ ⎥∂⎢ ⎥⎣ ⎦

∫ε
i i

pn

k

S

x p

p
dx dx dz

k
S k

d
k

p

( , )−F bj bjG x x x ( , )−�
F bj bjG x x x

0bjx x− <

new partonic subprocesses for HP

( ) :qD z

tw3 tw3
1 2

tw3
3

tw3 tw3
4 5

sin( ) cos( )

                        cos(2 )

cos( ) sin( ) sin(2 )

φ φ σ σ φ

σ φ

φ φ σ φ σ φ

⎡− +⎢⎣
⎤+ ⎥⎦

⎡ ⎤+ − +⎢ ⎥⎣ ⎦

h S h

h

h S h h

tw3,HPtw3,HP
2
tw3,

4
tw3,HHP P

3 5

σ

σ

σ

σ

≠

≠

Koike, Tanaka  (’09)

＋mirror diagrams



25 tw3

2 2 2 2 2

2

, , ,

8 4

ˆ ˆ ˆ        ( ( ) ( ) ( )) , , 0,

,ˆ ˆ( ) ( ,

em S N

bj f h bj ep

ja ja ja
a j

a q q j q q g

k k
k

k k k

b

a a a
D F G F F F

a a
Ho F
ja ja

Hj jk bn Fk b

Md dx dz
dx dQ dz dP d x S

x x x x x

x x

Q x z

de D z

x x

G G G

G

S

G

x
dx

α α πσ
φ π

σ σ σ

σ σ

⊥

= =

⎛ ⎞− ⎟⎜= ⎟⎜ ⎟⎜⎝ ⎠

⎡ ⎛ ⎞⎟⎜⎢× + +⎟⎜ ⎟⎜⎢ ⎝ ⎠⎣

+ +

∑ ∫ ∫

∑ ∑

A

2

2 2

1 11 1
ˆ ˆ

)]j
h

f

P
z Q x z

x δ ⊥
⎛ ⎞⎛ ⎞⎛ ⎞⎟⎜ ⎟ ⎟⎜ ⎜ ⎟⎜ − − −⎟ ⎟⎟⎜ ⎜⎜ ⎟ ⎟⎜ ⎜ ⎟⎝ ⎠⎝ ⎠⎟⎜⎝ ⎠

− i( )termsFG+

tw3 tw3 tw3
1 2 3

tw3 tw3
4 5

sin( ) cos( ) cos(2 )

cos( ) sin( )    sin(2 )

h S h h

h S h h

φ φ φ φ

φ φ φ φ

σ σ σ

σ σ

⎡ ⎤= + +⎢ ⎥⎣ ⎦
⎡ ⎤+ +⎢ ⎥⎣

−

⎦−



[ ]sin( )
3~ ,SGP,HPo HPnh S N s

h

MF
P

φ φ α−

⊥

5 tw3
sin( ) sin(2 )

2 2

sin( ) sin(3 ) sin( )

sin( ) sin(2 )

             sin( ) sin(3 ) sin( )

h S h S

S h S h S

h S h S
bj f h h

S h S h S

d F F
dQ dx dz dP d

F F F

φ φ φ φ

φ φ φ φ φ

σ
φ φ φ φ

φ

φ φ φ φ φ

− −

⊥

− +

= − + −

+ + − + +

[ ]3 SGP,HPoN s

hP
M α

⊥

Koike, Vogelsang, Yuan
 

(’07)
Ji, Qiu, Vogelsang, Yuan

 

(’06) 

TMD-Collins

[ ]sin(2 )
2~ ,SGP,HPo HPnh S N s

h

MF
QP

φ φ α−

⊥

[ ]sin( )
2~ HPnSGP,S N s

h

MF
QP

φ α

⊥

[ ]sin(3 )
2 SGP,HP~ oh S N s

h

MF
Q P

φ φ α−

⊥

[ ]sin( ) HPSGP n~ ,h S N s

h

MF
P

φ φ α+

⊥

nsin( )
3 SGP~h S N s

h

MF
P

φ φ α+

⊥

⎡ ⎤
⎢ ⎥⎣ ⎦

With the present updates, 

no change for the power behaviors

TMD-Sivers

QCD hP Q⊥Λ � �

but new HP contribution (HPn) survives!



“new”
 

SFP “new”
 

HP

Sivers



(new) HP contribution is leading in most azimuthal
 

structures, e.g. in 
that for the Sivers

 
asymmetry

Not only qg
 

final states, but also qqbar
 

final states 

The twist3 single-spin dep. cross section vanishes in inclusive DIS limit
cancellation of final-state interations

connection with TMD approach ?
 quantitative roles ?

SFP contribution is subleading
 

in all azimuthal
 

structures

Five structure functions with different azimuthal-dependence contribute 
(       TMD factorization approach) 
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Summary
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new SFP & HP contributions
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