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Motivation:
Investigation of conformal properties of the NLO BFKL kernel and relation

between this kernel and the linearized BK kernel.

The basis of the BFKL approach: gluon Reggeization.
The advantage: generality (arbitrary momentum and colour exchanges).
Original definition: momentum representation.

Alternative approach: the colour dipole picture.
The shortage: falling out of amplitudes with colour exchanges.
The advantage: simplicity of the non-linear generalization—BK equation.

Formulation: impact parameter space.

Requirement: the same predictions in the common area.
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In the LO the BFKL kernel for scattering of colourless objects can be
written in the Mobius invariant form

The MObius invariance can be made evident by transformation from the
transverse momentum to the transverse coordinate representation.

The Maobius invariant form the LO BFKL kernel in the coordinate
representation coincides with the kernel of the colour dipole approach

Actually this kernel can be written by Lipatov as early as 1985, if he had
not restricted himself by check of the Mé6bius invariance in the operator
form. Only by chance he had not written explicitly the kernel in the
coordinate space.
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Moreover, the LO BK equation appears as a special case of the nonlinear
evolution equation which sums the fan diagrams for the BFKL Green’s
functions in the Mobius representation

In the NLO the conformal invariance is violated by renormalization. But
one could expect that it is conserved in N = 4 SYSY Yang-Mills theories.

One could expect also coincidence of the M6bius form of the BFKL kernel
and the kernel of the linearized BK equation.

However, the situation is not so simple.

The NLO kernels are not unambiguously defined.

The ambiguity of the NLO kernels is analogous to the ambiguity of the
NLO anomalous dimensions. It is caused by the possibility to redistribute
radiative corrections between the kernels and the impact factors.
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In the BFKL approach scattering amplitudes A4 5" are presented in the
form : Pupg ® G R P p.

The impact factors ® 4. 4 and ® g, 5 describing
transitons A — A’ and B — B’ depend
on properties of scattering particles.

All energy dependence is contained in
the Green’s function G for two interacting
Reggeized gluons.
Originally the approach was formulated in the
momentum space.

The impact factors and the kernel of the BFKL equation for the Green’s
function are defined in the transverse momentum space.

The kernel is known now in the NLO for ¢ ## 0 and all possible t-channel
colour states.
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For colourless objects the impact factors in the representation

0(qa — QB)dZSCSAA BT —

are “gauge invariant”;
(A" A|q,0) = (A’A]0,¢) =0 .

Therefore (A’ A|¥) = 0 if (7, 75| ¥) does not depend either on 7 or on 75.
(A’ A|K is “gauge invariant” as well, because (§, &|K.|7;, @) vanishes at
g, =00rg =0.

It means that we can change |In) = (§2G2) ' |B'B) for |Ing), where |Ing)
has the “dipole ” property (7, ¥|Ing) = 0.

After this one can omit the terms in the kernel proportional to § (7o), as
well as change the terms independent either of +; or of 5 in such a way
that the resulting kernel becomes conserving the “dipole ” property.
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The kernel obtained in this way is called Mobius form of the BFKL kernel.
It can be written as

(P17 | Kar | P 7y = 5(?711')5("722')/61["70 9o(71,72;70)

+0(7117)91 (71, 723 Ty ) + 6(722) g1 (72, 71577 ) + %92(7717 PHENDY
with the functions g, » turning into zero when their first two arguments
coincide. The first three terms contain ultraviolet singularities which
cancel in their sum, as well as in the LO, with account of the “dipole”
property of the “target” impact factors. The coefficient of §(71/)d(72/) IS
written in the integral form in order to make the cancellation evident.

The term g(7,75; 7,75 ) is absent in the LO because the LO kernel in the
momentum space does not contain terms depending on all three
Independent momenta simultaneously.
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)
In the LO g1 (??1, ?72; ??0) = — 90(7?1; 772; 770) = O;gc Fglﬁg , SO that the

10" 20
(T 72| Kas |7 75 ) coincides with the colour dipole kernel and is explicitly
conformal invariant.
In QCD the NLO kernel contains quark and gluon contributions. In ones
turn, the quark contribution is divided into two pieces: non-Abelian”

(leading in V.) and Abelian” (suppressed by N 2). Their Mtbius forms

agrees, with account of the ambiguity of the kernel, with the results

obtained by direct calculation in the dipole picture. The Abelian part is
greatly simplified in comparison with the momentum representation.
Moreover, this part is conformal invariant. It could be important for the
QED Pomeron.
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The most important contribution to the BFKL kernel is the gluon one. In
the momentum representation in the NLO for arbitrary momentum transfer
It is very complicated

The Modbius form of this contribution

turned out strikingly simple.

However, the conformal invariance is broken not only by the terms related
to the renormalization.

Moreover, it occurred afterwards that the NLO gluon contribution to the BK
kernel

does not agree with the Mobius form of the same contribution to the BFKL
kernel.
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Supersymmetric Yang-Mills theories contain gluons and Maiorana
fermions in the adjoint representation of the colour group. The gluon
contribution is the same as in QCD. The fermion one can be obtained by
change of the group coefficients: n; — n,, N, for the "non-Abelian” part,
and ny — —ny N2 for the "Abelian" part; n,, is the number of flavours of
Maiorana quarks. For N—extended SUSY n,; = .

At N > 1 besides quarks there are ng scalar particles; ng =2 at N = 2
andns =6atN =4. At N =4 3, = & — 2ny — gng = 0 and a; is not
running. Nevertheless, the Mo6bius form of the NLO kernel

IS not conformal invariant.

However, the hope for conformal invariance still remains.
The reason is the ambiguity of the NLO kernel.
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The BFKL kernel has an evident ambiguity connected with impact factors.
The discontinuity

remains intact under the transformation

K—O'KO, (AA — (AAO, ——|B'B) - O~}

If the LO kernel is fixed, one can take ® = 1 — U, and get
K — K —a,[KPB), ).

Secondly, there is a freedom in the energy scale sq. At first sight, it can
lead to an additional ambiguity of the NLO kernel. However, it is not so.
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It was shown

that any change of the energy scale can be compensated by the
corresponding redefinition of the impact factors. In the NLO dependence
on sq of the energy factor is cancelled by the dependence of the impact
factors, so that sy can be taken as a free parameter. This freedom can be
used for optimization of perturbative results

What about

?
The scale transformation was associated with the change of the kernel
there.
— Because one of the impact factors was fixed. Instead of transforming
both impact factors one can compensate any change of the scale by
transformation of one of the impact factors and the kernel.
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A natural choice of sg is sg = Q 4Q g, Where () 4 and () are typical
virtualities for the impact factors ® 4. 4 and ® g, g correspondingly. Let us
consider the transition from such scale to the scale depending on the
Reggeon momenta ¢4; and ¢p;, 7 = 1,2, in the impact factors ® 4., and
® g/ g respectively:

so — fafs, fa=faldai), fB = fB(qBI)

With the NLO accuracy one can write

A~

) Fuldon. G,

L S
<QA1,QA2| —

S0

S
fafB

S AT S AN
S0 S0

K
) |@B1,qB2) = (Ta1,Ta2|Fa (

where

o+ 6 — ]-7 fA = fA (d;)a fB = fB (C?L) DIS 2009 APRIL 26-30: Madrid. Spain — 5. 14/35



It is possible to leave one of the impact factors invariable changing the
kernel. Indeed,

A~

K K’
~ S A S A~ A A A
F Fil= . K'=FuKF1.
A(fAfB) A <fAfB> ATA

Therefore one can take

(Ta1, @az| — (Tar,@az|, K =K', = |B'B) = FaFp=
where, with the NLO accuracy,
K' =K — [/€<B>,1n fA/@B)} .

We see that the change of the energy scale can be associated with the
transformation of the kernel with the specific U.
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In the theory with »n,, Maiorana fermions and ns scalars in the adjoint
representation we have

46—20

: p— r ]_ — 2 — —
917, 72;72) o rzrr |V (T 9

92 92 92 9 ) ) ) )
Bo 191 — Togr T'oor 1 12 T12 IEDY ISP 12

+ — In{ =) —zsln| 5 |In| 53 +-5In( 5 | In{ =5 .
2N, T2 DY, 2 Toor EDY, 215 T'oor ISP

Since only the integral of ¢° is fixed, it can be written in different forms. One of
them is Y
e 5()2mC(3)
The function g; (71, 72; p) vanish at 1 = 2. Then, these functions turn into zero for
p? — oo faster than (p?) ™" to provide the infrared safety. The ultraviolet
singularities of this function at o = > and p = 1 cancel with the singularities of

g° (71, 7>; p)) on account of the “dipole” property of the “target” impact factors.

90(7:17772;7?0) — —9(771,772;,0) +
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1 4, T 4, T n
A=Y stVe 12’ 21’ 12/ '21’ S
g2(r17r27r17r2) — 3 -4 In -9 -9 — 1 (1_nM_|_—)
A7 277 d T4 T 2
(4 —nuy) S Ty _ 1 7 1o _ 7 1o In <77122/ Bt
4 =92 =2 ) 59 =92
4779 d 47 110 7 5o d Y 11/ To9/
o2 2 52 2 52
T 19 127 790 . . - 2 T 127 1797
ln (Fi’Q’) 1n<F§1’F§2’) T%Q 1 7“%2/ 4 121Il (Fiy Fgﬂ)
+ + + - — +
T 1107 29/ T 12T 27 ETDY, DY T 117 99T 1o
T T T T T
T T T T T
_I_ 12 _I_ 12/ 22/ _1_ 22/ 172/
2r %1/ r %2/ 2r %1/ r %,2, 2r %2/7” %'2'
- 2 -2 52
- 9 o1y — 9 A
" izIn (Ffu/) " ar m("?%z???u) 29 22 59 9
t559 52 o2 T 92 592 -9 +(1H2) , d = T19To1 —T{1/Toy.
20 11T Tor T 5o 20 11T 59/ Trgy
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To get a hint on possible form of the transformation consider the forward
scattering. Defining

AN

(AR = [ (FiralKu|F(Fy)O(F, — 75 — p)d*r{dry

where 7 = | — 7, we obtained

—2C

> - S 46—*—2 Nc _)_)2 -
AR = O [ s (0 ) o) [ 44

272 T — p)2p?

67 10ny,  4ng p2 — (F—p)? (7 — p)? a?N?
. 2 _ 1 S C
(9 (2 - =5 g TP . 2 T

=2
X [5(7?—7?')674“( ) + TQ (fl(F,F’) + fEUSY(F 7 — (F_1F,)2 In? (;—2»] .

DIS 2009: APRIL 26-30: Madrid. Spain — p. 18/35



Here

%(46;20) ~ o (12) (1 o) g (45; 25 )) ,

41 71

1 is the renormalization scale in the M S-scheme,

=2 _ =2 =2 2222 (2 4 =2
1 (2, 7) = (z : 7’) . ln(%)ln Ty y4) +2L2<—?{,—2)
(7 —9)" (£ + ) Y (T2+972) Z

1+t

00 In |
SUSY — =/ - — =/ 1—t
5 (7, 7"y = (1 —np + —) fo(7, 7 )—|—(2n5—3nM)/0 th’Q—I—t2F2 :
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ln | 14-¢

o0 | 3(Zy)—-2@2w2 /. E2/1 1 2 2
X dt 1 — — :
/0 TPzt 16322 "\ T E ) T

The BC result for the gluon contribution in the forward case is

O‘S(FL?)NC dp' 72 S _, )
52 /(H 5752 (25(p—r)—5(r—r)) 1+ y

FIK C'r_)’ =
ksl .

1152 — (7 - )’
- 1
3 72
02N2 72

iﬂ_gc 712 (fl(f;??/) +f2(7?77?,)) :

67
X (; —2((2) +

=
VRN
=)

Dy |
s
\V)]
N—

|

|\

=3
VRN
=)

Sy
gt
N
N—

=
VRN
‘31‘51
N (\V)
N—
N—
| I |
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Thus, for the difference of the forward kernels one has

~ ~ = agNg 772 ,]72 r ,]:’/2

. LN, 11 (B
+3(7 - r7)2m¢(3)] + 2 (C —n2) (MK 7y
4r 3
A(B) _’, . Q{SNC dﬁFQ =~ —/ . i _)/
AR = 550 | o am (0= 7) = a7 =)

The term proportional to 11/3 is related to renormalization. In our opinion,
this term arose because the renormalization scheme used by BC is not
equivalent to conventional M S-scheme. The term with logarithms can be
eliminated by the transformation

N N 11~ ~ N
K=K+ KD, n(q?) /C<B>}
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applied to the forward BFKL kernel. Indeed, the direct calculation shows
that

~(B) ~on o (B) 7:*2 772 7:»277/2
(i K2, (@) KD |7 = - el (?2) 1n((??_77,)4).

This transformation corresponds to the change of the energy scale at
fixed value of one of the impact factors. Actually, it is of the same type as
used in

1 —2
K(.q") = K(@q") + 5 [ 45 K@) n oK™ 5.0")

One can come to this transformation from another side. The difference
K — Kpc has the same eigenfunctions

<’I?/|’I7,,’Y> -~ eingbfx (7;»/2)W’ ,
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as the LO dipole kernel. The eigenvalues of the LO dipole kernel coincide
with the eigenvalues of the LO BFKL kernel:

as N,

wp(ny) = =Ex(n, ) x(ny) = 26(1) — (v + ) — (1 — 7+ ).

It becomes evident if we write the FBKL kernel for the forward scattering
as

@K lg") =

s N, 27 "2 L, N
> |7 =mne s 0@ — ) L X7
212 1 (T—q")*q (7—1)212

and compare it with the dipole kernel

o N. 9772 — 59
ARy = & [«* T ‘“F‘F”/<fmf ]'

27T2 7«_,’7/)277/2

It is worthwhile to note here that the kernel used here differs from the
usually used symmetric kernel,
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the former is obtained from the latter by the transformation K — ¢ 2K 2.
For the non-forward case the corresponding transformation is

K — (¢232)"Y2K(§2¢2)V/2. Let us stress that just the transformed kernel
can be written in the Mobius form (77| K\ |7/7}), which is invariant in
regard to the conformal transformations of the transverse coordinates and
coincides with the kernel of the colour dipole model (77| Kq4|7{74). In the
forward case it means the functional identity of the LO BFKL kernel in the
momentum and Mébius coordinate representations: ¢2(q1K2)|¢") /q"% is

represented by the same function as 7’2 <F]I€§\f) 7Y /72,

The eigenvalues wg(n, ) are associated usually with the eigenfunctions
eineg ((j”2)7_2 in the momentum space, i.e. e!"¢=’ (F’Q)l_v. From the
functional identity of the kernels it is clear that the eigenvalues must be
the same as for e¢7" (7/2)7, i.e. wp(n,1 — 7). Both requirements are
fulfilled because wp(n,vy) = wp(n,1 — ).
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By the direct calculation we obtain

2(,,2 2
onr ()= (n.7) = UV [ 9) y (ny) + 2 (C = n2) x(my) + €

where wys (n,7v) — wpe (n,7) is the eigenvalue of the difference
Kar — Kpe corresponding to the eigenfunction e™¢= (7/2)". The first
term here can be written as

1 1 0

560;9 ("%’Y) WBR ("%’Y) = —5[003, 5’—’Y wB]-

In the space of the eigenfunctions e (2)” we have K(%) = wp (n,7)

and In(q'2) = —8/d~, so that for the forward scattering we obtain
Rar—Kno = SIKE m(@2f@ 4@ LasUONe ooy asWING o
MEIVBE = gy 3 2n 272 ’
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Thus, the logarithmic term in the difference is eliminated by the kernel
transformation. The second one, as it was already pointed out, in our
opinion is related to the difference of the renormalization scheme used by
BC with conventional M/ S-scheme and can be eliminated by change of
the scheme. We have to note that in fact this term is present in the
difference between the eigenvalues of the NLO BFKL kernel and the
linearized forward kernel in . In the
calculation of this difference presented there this term is erroneously
omitted at the transition from Eq. (120) to Eq. (122).

Unfortunately, we cannot find the transformation suitable to eliminate the
third term. We have to add that in the BFKL approach the term with {(3)
passed through a great number of verifications. In particular, this term is
necessary for the fulfillment of the bootstrap relations. Besides, it is
confirmed by the calculation of the three-loop anomalous dimensions.
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In N = 4 SUSY, because of the scale invariance, one can expect the
same functional identity of the NLO BFKL kernel in the momentum and
MObius representations as in the LO. At N = 4 the coupling o does not
run, so that 3, = 0. Moreover, V> = 0 in this case. In the
renormalization scheme which preserves the supersymmetry we have to

change
| as N,
— — :
Ho 77 s 127

Finally, the kernel simplifies to

AN = s N, dp 2 L L - s N,
RN = G [ s (207 = 87 = ) |1 - 252

oz?N2 =

© |6mC(3)0(F — 1) + — ! Lo (7
+ A3 [WC( ) (7“—7“ )_I_f»—/g (fl(T,T )_ (77_77/)2 1 (7:’—/2>)] ’
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_2”2(_3;)_(1_@(5;) G+7) )[/ /]x—yu n(Fr)

Now turn to the momentum representation. Unfortunately, here the kernel
IS written in the space-time dimension D = 4 + 2¢ to regularize infrared
divergencies. Here we solve two problems. First, we found the explicit
form of the kernel for SUSY Yang-Mills with any N. Second, we perform
explicitly the cancellation of the infrared divergencies and write the kernel
at physical space-time dimension D = 4. It permits us to demonstrate that
the functional identity of the forward BFKL kernels in the momentum and
MObius coordinate representations exhibited in the previous section in the
LO is preserved in the NLO in the N=4 SUSY case.
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For the symmetric kernel we obtain

K(q,q") =K (q.q") +256(7—

L

— _ 2 q 2 — /60 1

7w (=q7),

— 2 1 =2\
(7)) + (c - (55)
u € ur )

o7 10 4n g 404 56 20
— — 920 (2) — — 2 ) - = 19¢(3 — —
><<9 ¢ (2) o "M 9> 27+<()+27nM+27ns],
=2 2
_ g B g N:I(1 —€) 11 2 ne
_ € (1 Bo i 2 _ Jp _ (= _z, _ 5
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K2\ /67 w2 10 An 404 11 56
+<—2>( - T B e (- Te - 140 + B

26 2 q* SUSY .y Y
toons | —In® =5 ||+ (¢, &)+ 2777 (@,d)p,  k=d-4q"

The infrared singularities make difficulties for use of this representation.
However, one can cancel the divergencies and write the kernel at physical
space-time dimension D = 4 and using the integral representation for the
trajectory

~2 22 2-42¢ —2€
d k
I 1 /‘ s <+%h%k—®)

T (1—€) ) E2(k — )
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where

- o 4 11
ol o) = | o = g+ 2@ s+ 55 e (G - 5@ -6

2 F2\ (kF2\ (k2 % k2
—@nM——GTLS>] % — —12 — —22 “In|=2|In|{=].
27 27 Z Z Z k2 kot

In the limit ¢ — 0 we introduce the cut-off A — 0 keeping eln A — 0. Then
in the regions k 2 < \2 we have

. B (k2\'[B 67 10 dng
LB —q) = . 2 (2) + — )
Joo! q) Noe (2] | Ve g T20(2)+ 5w+ —5

ve (g~ 5 9@~ 663) — Jonar — gons )|
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and in the region (k — ¢)2 < A2 the same expression with the substitution
k2 — (k — @)2. Then we see that, when the kernel K (g,7’) acts on any
function nonsingular at 7 = ¢, the contribution of the region k2 < A2 in
the “real" part cancels almost completely the contributions of the regions
k2 < X2 and (k— q)? < A2 in the doubled trajectory w(—g2). The only
piece which remains uncancelled is

4 2427, , —2¢ 29\ € 2 2
g,u d k:u k_ 2 1.2\ _ as(M)Nc
e | 166C(3)< ) I(N2 — F2) =2 ((3)

Outside the regions k 2 < A2 and (k — §)2 < A2 one can put e = 0. Thus
we come to the representation of the symmetric kernel which solves the
second problem: presentation of the kernel in the physical space-time
dimension D = 4 with explicit cancellation of the infrared divergencies.
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To compare the BFKL kernel in the M6bius representation and in the
momentum representation, we have to take into account that

(@KI7") = 3 K(3.3")7 >,
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. 2)N, cﬂ*@ . asN, (67
g AN - . - siVe .
(gIKlq") = QWQ L/i 25@2 1) — (g 42)}[1%- i <£9 2¢

10 An.g a’N? q'? 1 Bo q? SUSY
e e S C 1
5 "M 9 )] + 1 2 | (= n G + f1/f5

q
1 q? Bo dl §* (G —1)21?
- ln2(7)+5§’—cf’ / ——— In — + 6m((3
(§—3q")° q" ( '\, (7—1)212 q* 3

At 3 = 0 we have

?:»/2

— (FIK 0 |7 2) | gy =
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The NLO BFKL kernel is not unambiguously defined.

The ambiguity can be used

o for restoration of the conformal invariance of the BFKL kernel at
N = 4 SUSY Yang-Mills theory

» for elimination of the discrepancy between the BFKL and BK
kernels.

There are two possible sources of the ambiguity: the impact factors
and the energy scale.

For the forward scattering the discrepancy can be partly removed.

The forward BFKL kernel has a simple form in the momentum
representation at the physical space-time dimension.

This form is the same as the Mobius for of the kernel in the coordinate

representation.
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