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® Some “historical” physical problems

® Reliable description of rising “hard” cross sections
and structure functions at high energies

® Precise determination of parton splitting functions at lémma
while keeping their well known behaviour at larger-

® Providing a smalke resummation of parton ev. iatrix form:
guarks and gluons are treated on the same ground and
In a collinear factorization scheme as close as possii¢3o
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Generalizing BFKL and DGLAP egs

® The BFKL equation (1976)redictsrising cross-sectionsut

¢ Leading log predictions overestimate the hard Pomeronreso
while NLL corrections are large, negative, and may make-deffined
(Fadin, Lipatov; Camici, Ciafaloni: 1998

® Low order DGLAP evolution is consistent with rise of HERA SF,
with marginal problems (hints of negative gluon density)

® Need toreconcileBFKL and DGLAP approaches
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Generalizing BFKL and DGLAP egs

The BFKL equation (1976)redictsrising cross-sectionsut

Leading log predictions overestimate the hard Pomeronrexqio
while NLL corrections are large, negative, and may make-deffined
(Fadin, Lipatov; Camici, Ciafaloni: 1998

Low order DGLAP evolution is consistent with rise of HERA SF,
with marginal problems (hints of negative gluon density)

Need toreconcileBFKL and DGLAP approaches

Collinear + smallx Resummations

In the last decade, various (doubly) resummed approaches
(CCS + CCSS; Altarelli, Ball, Forte; Thorne, Whitg ...

Main idea: to incorporat®G constraintsn the BFKL kernel
Output: effective (resummed) BFKL eigenvalyg: () or
the “dual” DGLAP anomalous dimensidhi.g (w) (+ runningas)

So far, only the gluon channel is treated self-consistently ii iff
the quark channel is added kyfactorization of they — ¢ dipole
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TheMatrix Approach

¢ Generalizes DGLAP self-consistent evolution for quarks glions in
k-factorized matrixorm

1
dz x
F Y= | Z [ d%k ha(=, Q% k) Fu(z, k
@)= [ Zf 3 (@R,
S0 as to be consistent, at smallwith BFKL gluon evolution

* Defines, by construction, sono@integrategartonic densities, at anyzx;
evolution of 7, governed bymatrix kernel F, = ]—"C(LO) + Kap @ Fp

Dimitri Colferai A Matrix formulation for smallxz RG improved evolution DIS 2009, Madrid, April 2009 —p.4/13



TheMatrix Approach

Generalizes DGLAP self-consistent evolution for quarks gaions in
k-factorized matrixorm

1
dz x
F Y= | Z [ d%k ha(=, Q% k) Fu(z, k
@)= [ Zf 3 (@R,
S0 as to be consistent, at smallwith BFKL gluon evolution

Defines, by construction, sonu@integrategartonic densities,, at anyz;
evolution of 7, governed bymatrix kernel F, = ]—"C(LO) + Kap @ Fp

Main construction criteria for the matrix kernel

Should incorporate exactly NLO DGLAP matrix evolution
and the Nl BFKL kernel

Should satisfy RG constraints in both ordered and antiextleollinear
regions, and thus the — 1 — v + w symmetry(see below)

Is assumed to satisfy thidinimal-pole Assumptionn the~- andw-
expansions (see below)
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BFKL vs DGL AP evolution

* Recall: DGLAP is an evolution equation for POF(z, Q%) in hard scal&)? and
defines the anomalous dimension matr{(x ), with the moment index
w = 0/0(log 1/x) conjugated ta

0
0 log ()2

fa — [F(W)]abfb
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BFKL vs DGL AP evolution

* Recall: DGLAP is an evolution equation for POF(z, Q%) in hard scal&)? and
defines the anomalous dimension matr{(x ), with the moment index
w = 0/0(log 1/x) conjugated ta

0
0 log ()2

fa — [F(W)]abfb

* BFKL is an evolution equation im for unintegrated gluon PDF (z, k), and
defines the kernek (v), with v = 8/9(log k*) conjugated tde”

0
Eﬂog%

F=K()F
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BFKL vs DGL AP evolution

* Recall: DGLAP is an evolution equation for POF(z, Q%) in hard scal&)? and
defines the anomalous dimension matr{(x ), with the moment index
w = 0/0(log 1/x) conjugated ta

9 B ~[P(w)]ab
- alogQ2f“ = [F(@)lasfo ~ Ja = gl t

YJa

* BFKL is an evolution equation im for unintegrated gluon PDF (z, k), and
defines the kernek (v), with v = 8/0(log k*) conjugated tde”

0 K(v)
= =K —
0 log %]: )7 - d W d

wF
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BFKL vs DGL AP evolution

Recall: DGLAP is an evolution equation for PO (x, Q?) in hard scale&)? and
defines the anomalous dimension matr{(x ), with the moment index
w = 0/0(log 1/x) conjugated ta

- 0 L()]ab =
0 2 O log sz [T'(w)]abfo f > fy -
- ]
u BFKL is an evolution equation im for unintegrated gluon PDF (z, k%), and O
: defines the kernek (vy), with v = 9/9(log k2) conjugated td2 :
- 0 K (7) -
n y | :
= =K _
- S Pgt” TR = FE Chi D o
- s o

Using k-factorization, DGLAP evolution

of the Green’s functioi- corresponds to either
orderedk > k' > ...k, or

antiorderedk < k' < ...ky momenta;

BFKL incorporates all possible orderings (symm.)
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Matrix Kernel Construction

Fa = ]-"CEO) + Kap @ Fp a, b = quark, gluon
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Matrix Kernel Construction

Fa = ]-"CEO) + Kap @ Fp a, b = quark, gluon

At fixed oy, our RG-improvedmatrix kernel is perturbatively expanded
K(as,v,w) = asKo(v,w) + a2K1(v,w) and satisfies theinimal-pole

: assumptiorin the y- andw-expansionsy{ = 0 < orderedk’s) :
r K(as,y,w) = (1/7) KO(as,w) + K (as,w) + O(7) o
N _ _ []
|| = (1/w) oK(as,7) + 1K(as,v) + O(w) -
: from which DGLAP anomalous dimension matiixand BFKL kernely :
N []
= Do = Ky (w) , Iy = K17 () + Kg” (w)lo(w) , =
n |
xo = [0Ko(7)]gg » X1 = [0K1(7) + 0Ko(7) 1Ko (7)]gg
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Matrix Kernel Construction

Fa = ]-"CEO) + Kap @ Fp a, b = quark, gluon

At fixed oy, our RG-improvedmatrix kernel is perturbatively expanded
K(as,v,w) = asKo(v,w) + a2K1(v,w) and satisfies theinimal-pole

: assumptiorin the y- andw-expansionsy{ = 0 < orderedk’s) :
r K(as,y,w) = (1/7) KO(as,w) + K (as,w) + O(7) o
N _ _ []
|| = (1/w) oK(as,7) + 1K(as,v) + O(w) -
: from which DGLAP anomalous dimension matiixand BFKL kernely :
N []
= Do = Ky (w) , Iy = K17 () + Kg” (w)lo(w) , =
n |
xo = [0Ko(7)]gg » X1 = [0K1(7) + 0Ko(7) 1Ko (7)]gg

® Such expressions are used to constiajrand/C; iteratively to yield the known
NLO/NLx evolution and approximatenomentum conservation
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Matrix Kernel Construction

Fa = ]-"CEO) + Kap @ Fp a, b = quark, gluon

At fixed oy, our RG-improvedmatrix kernel is perturbatively expanded
K(as,v,w) = asKo(v,w) + a2K1(v,w) and satisfies theinimal-pole

: assumptionn the- andw-expansions{ = 0 < orderedk’s) :
O K(@s,7,w) = (1/7) K9 (@5, w) + KM (@5,w) + O() m
o _ _ ]
|| = (1/w) oK(as,7) + 1K(as,v) + O(w) -
: from which DGLAP anomalous dimension matiixand BFKL kernely :
o ]
- Lo = Ky () | Iy = K% w) + £ (w)To(w) , o
[ O
M X0 = [0Ko(Mlgg» X1 = [0K1(7) + 0Ko(7) 1K0(V)]gg 0

Such expressions are used to constfairand/C, iteratively to yield the known
NLO/NLx evolution and approximatenomentum conservation

RG constraints in botbrdered and antiorderamllinear regions are met by the
v+ 14+ w — v symmetryof the kernel.
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TheMatrix Kernel

Lo, @x4()  T9y(w)x¥ () {xé"(v)=%+ -
DO (@)X () [[9,w) — 2]x%(v) + =x§ (7) X (1) =2 (1) = (7) — (14w —7)
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TheMatrix Kernel

PO, x¥ (1) T(w)xs () {x?}’(v)=%+ -
PO @)X (y)  [T9q(w) = =]xg () + sx5 () X (1) =3 (1) b () = (1w —~)

¢ Ko hassimple polesn v (in x¢ andxg) and simple poles i in the gluon row

® No w-polesare preseni the quark rowconsistently with LO DGLAP and reggeization of the quark
atw = —1. We keep this structure also ko;
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TheMatrix Kernel

9, (wW)x¥(v) L9 (W)X (1) +Aqg (v, w) {x;f(w)_%ﬂﬂ{_7
PO @)X (7)  [T9q(w) = Z]xs () + sx5 () X (1) =39 (1) = b () = (1w —~)

¢ Ko hassimple polesn v (in x¢ andxg) and simple poles i in the gluon row

® No w-polesare presenih the quark rowconsistently with LO DGLAP and reggeization of the quark
atw = —1. We keep this structure also ko;

¢ AtNLO Féq andFég contain%S. Instead of adding such termsity, (see above) we add a proper
non-singular ;4 (v, w) term

® K, is obtained by adding!LO DGLAP matrixI'y andNLz BFKL kernelx; (in K1, 44) with the
subtractions due to the- andw- expansions explained before
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TheMatrix Kernel

o = [Taa@XEM) Do @XE () +Aa9(7,0) {x:*;(w)_%ﬂﬂ{_7
Loq(wW)xg(7)  [Cgg(w) — S1x€(M + Sx8 () X (1)=216(1) = (7) = (1 w—7)

¢ Ko hassimple polesn v (in x¢ andxg) and simple poles i in the gluon row

® No w-polesare presenih the quark rowconsistently with LO DGLAP and reggeization of the quark
atw = —1. We keep this structure also ko;

¢ AtNLO Féq andFég contain%S. Instead of adding such termsity, (see above) we add a proper
non-singulard ;4 (v, w) term

® K, is obtained by adding!LO DGLAP matrixI'y andNLz BFKL kernelx; (in K1, 44) with the
subtractions due to the- andw- expansions explained before

® In (k,z) space one has the« k’ andxz < xk?/k’? symmetry of the matrix elements anghning
couplingis introduced, as suggested by the RG and/or the REKL kernel

K(k,k';z) = as(k2)Ko(k, k';z) + a2 (k2)K1 (k, k'; )

(the scalée? = max(k?, k'?) is replaced byk — k’)? in front of the BFKL kernely#)
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Remarks

® Reproducingyothlow order DGLAPandBFKL evolutions providesiovel
Consistency Relatiorisetween the matrik-factorization scheme ands, e.qg.
T1]4q = (Cr/C4)[l1],, at NLz ordera? /w.
They aresatisfied at NLO/Nk: accuracy
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® Reproducingyothlow order DGLAPandBFKL evolutions providesiovel
Consistency Relatiorisetween the matrik-factorization scheme ands, e.qg.
T1]4q = (Cr/C4)[l1],, at NLz ordera? /w.
They aresatisfied at NLO/Nk: accuracy

® A small violationwould appear aliNLO: the simple- pole assumption anspace
implies that[l's],,, = (Cr/C4)[l'2],, at ordera? /w?, violated by
(n;/NZ2)-suppressed terms (0.5 % for ny < 6) in MS
(Moch,Vermaseren, Vogt 2004
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Remarks

Reproducingothlow order DGLAPandBFKL evolutions providesiovel
Consistency Relatiorisetween the matrik-factorization scheme ands, e.qg.
T1]4q = (Cr/C4)[l1],, at NLz ordera? /w.

They aresatisfied at NLO/Nk: accuracy

A small violationwould appear atiNLO: the simple- pole assumption ispace
implies that[l's],,, = (Cr/C4)[l'2],, at ordera? /w?, violated by
(n;/NZ2)-suppressed terms (0.5 % for ny < 6) in MS

(Moch,Vermaseren, Vogt 2004

Note a source of ambiguity: integrated PDF are defined-at0, all w; but
unintegrated ones are well defined byactorization around different values:
w ~ 0 (gluon) andv ~ —1 (quark)

We choosethe NLO/NLz schemeincorporates exadIS anomalous dimension
up to NLO and high-energy NiLBFKL kernel for the gluon channel

Dimitri Colferai A Matrix formulation for smallx RG improved evolution DIS 2009, Madrid, April 2009 —p.8/13



Remarks

Reproducingothlow order DGLAPandBFKL evolutions providesiovel
Consistency Relatiorisetween the matrik-factorization scheme ands, e.qg.
T1]4q = (Cr/C4)[l1],, at NLz ordera? /w.

They aresatisfied at NLO/Nk: accuracy

A small violationwould appear atiNLO: the simple- pole assumption ispace
implies that[l's],,, = (Cr/C4)[l'2],, at ordera? /w?, violated by
(n;/NZ2)-suppressed terms (0.5 % for ny < 6) in MS

(Moch,Vermaseren, Vogt 2004

Note a source of ambiguity: integrated PDF are defined-at0, all w; but
unintegrated ones are well defined byactorization around different values:
w ~ 0 (gluon) andv ~ —1 (quark)

We choosethe NLO/NLz schemeincorporates exadIS anomalous dimension
up to NLO and high-energy NiLBFKL kernel for the gluon channel

Frozen couplingesultsare partly analytical, running coupling splitting funct®
obtained by anumerical deconvolutiomethod.
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Results: Hard Pomeron Exponent

Frozeney exponentw,(as). LO/NLx scheme has onlyg entry inkC4

e ! ! ! ! ! ! !

) S

m |
O L u
N 03pr g —_— i ]
O o #" NLxNLO,nf=4 —— -
B o2 L _— WA NLx-NLO, nf = 0 | O
m ' L]
| - NLX-LO ,nf=0 ——
O ¥y 1-channel B D O
N 0L E e — — s ] O
B o i i i i i B
[ L
0 i i i
0 005 01 015 02 025 03 035 04
aS

® Modest decrease from-dependence (runnings not included)

® LO/NLz scheme joins smoothly the gluon-channel limitat= 0
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Effective Eigenvalue Functs (n = 4)

There ardwo, frozenay, resummed eigenvalue functions:= x4 (as,y)
dual to the two anom. dim. eigenvalues(w)

2
N | [
| []
. 1+ ]
- & -
r | -
B NLx-LO B
0;=02 n;=4
] 5 NLx-NLO B
-0.5 0 0.5 1 15 2

® Fixed points aty = 0, 2 andw = 1 = momentum conservatian both collinear
and anti-collinear limits.

® Newsubleading eigenvalug_
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Effective Eigenvalue Functs (n s = 0)

o H
O . O
| < ||
| ]
| []
[ NLx-NLO —— I
] 1-channel B o ]
[ 0.5 | e . [
[ 05 1 15 2 ]
| H

® Modestn ;-dependence of (as, 7).

® NLz-LO scheme recovers the known gluon-channel result
(in agreement witiltarelli Ball Forte) atn; = 0.

® Level crossing ofy_ andy inthen s = 0 limit.
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Resummed Splitting Function M atrix

NLO™ scheme includes, besides NLO, also NNLO terma? /w?

10® 10° 10* 10° 10? 107 110% 10° 10* 102 102% 10? 1
— T T T T T T T T T [ — T T T T T T T T
0.04 |- NLx-NLO i a,=0.2, n=4 0.10
_____ _ +
A :thLO 0.5 < x, <2 0.08
0.03
3 006 &
H o 0.02 o H
B ) v m
0.01 065
| ' | ]
. 0.00 - 0.00 .
. 0.15 0.40 .
— 0.30 —
>< >
O . 010 . O
N - 020 o
> . >
0.05
. — =1 010 .
. 0.00 T TR -gg--'---'---'---'---'---o.oo .
10® 10° 10% 10%® 10? 107 110% 10° 10* 10% 10?% 107 1
X X
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Resummed Splitting Function M atrix

NLO™ scheme includes, besides NLO, also NNLO terma? /w?

10® 10° 10* 10° 10? 107 110% 10° 10* 102 102% 10? 1

S —
w0 |- NLx-NLO i 0.=0.2, n=4 0.10
_____ _ +
NLx-NLO 0.5<x,<2 0.08
0.03 [l — N-O -
= 0.06 X
= : =
o 0.02 . a
=< 0.04 x
0.01 . 0.02
qq
000 bt o 0L a0 1 0.00
e e L L
0.15 |- . 0.40
_ 0.30 —
\% 0.10 %
o o
>< 0.20 ><
0.05
L - 0.10
gq gg
oY 6I I II5I I II4I I II3I I II2I I IIlI = 6I I II5I I II4I I IISI I II2I I IIlI = Oy
10% 10° 10% 102 10? 10 1 10% 10°% 10% 10% 10?% 10 1
X X

Infrared cutoff independence insures (matrix) collintatorization
At intermediater ~ 10~3 resummedP,, and P,, show a shallovdip

Small- rise of novelP,, and P,, delayed down ta: ~ 10—

Scale uncertainty band (0.25§<4) larger for the (small}P,, entries

Dimitri Colferai A Matrix formulation for smallz RG improved evolution DIS 2009, Madrid, April 2009

—p.12/13




Conclusions

* We propose amall« evolutionschemen matrix form
* Quarks and gluons treated on the same ground
* Splitting functions already (closely) KIS scheme
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Conclusions

* We propose amall« evolutionschemean matrix form

* Quarks and gluons treated on the same ground

* Splitting functions already (closely) KIS scheme

* We fix theNLO/NLxz matrix factorization scheme by further requiring
“symmetry” and“minimal poles”.
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Conclusions

We propose amall« evolutionscheman matrix form
Quarks and gluons treated on the same ground
Splitting functions already (closely) NS scheme

We fix theNLO/NLx matrix factorization scheme by further requiring
“symmetry” and“minimal poles”.

Hard Pomeron ankkadingeigenvalue function are stable, with modest
n r-dependence.
New subleadingeigenvalue is obtained

Resummed splitting functionB,, show a shallow dip, smalt-increase of
P,, delayed tar ~ 10~%. Overall,gentle matchingf low order with
resummation. Fast code (“user friendly” parameterizatsmon available.
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Conclusions

We propose amall« evolutionscheman matrix form

Quarks and gluons treated on the same ground

Splitting functions already (closely) NS scheme

We fix theNLO/NLx matrix factorization scheme by further requiring
“symmetry” and“minimal poles”.

Hard Pomeron ankkadingeigenvalue function are stable, with modest
n r-dependence.
New subleadingeigenvalue is obtained

Resummed splitting functionB,, show a shallow dip, smalt-increase of
P,, delayed tar ~ 10~%. Overall,gentle matchingf low order with
resummation. Fast code (“user friendly” parameterizatsmon available.

Still need coefficient functions with comparable accuracy:
take first LO impact factors with “exact kinematics”
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