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Six Dimensional Superconformal Field Theories

Strong Motivation to study their dynawmics:

* at the heart of key structures in M-theory and string theory
(world-volume theory of M%-branes, little string theory)

* encode topological invariants and data of underlying string geometry
* connection to supersymmetric gauge theories in 4 dimensions

* veryrich structure
particle- and string degrees of freedom

Very involved and difficult fo study using ‘traditional’ methods

* typically lack Lagrangian description (e.q. (2,0) theories — might not exist?)

* lack of perturbative description

——> yse vast net of dvalities to map the problem to a ‘tractable’ sefup

Recent proposal for classification using F-theory on elliptically fibered CY-threefolds

[Heckman, Morrison, Vafa 20131

[Pel Zotto, Heckman, Tomasiello, Vafa 20131
[Heckman 20141

[Haghighat, Klemwm, Lockhart, Vafa 20141

[Heckman, Morisson, Rudelius, Vafa 20151



Overview
Focus of this talk:

*  Degeneracies of BPS configurations (M- and m-strings)

* Symwetries of the corresponding partition functions (modularity)

*  Connection fo Little String Theory
* Relations between different theories
* Relation to geometric description (Calabi-Yau threefolds)

Explicit Quantities:

*  explicit expression of (non-perturbative) partition function
*  BPS counting functions

* elliptic genera



| F-theory on ell. fibered OY3 XN  Interesting opportunity: stringy tools for objects in gavge th.
| (Ap fibration over 1) . e :
/| - efficiently compute partition functions, correlators, efe.

! : - study (new) symmetries

compactification
on St
] configuration of M9-branes, N = 1* gauge
M-theory on (Y3 M2-branes and M-waves |~ "\ theory in 5 dim.
compactification compactification
on St on S1
duality (p.g)-brane web in geometric N = 27 gauge
typelion OY3 type lIB string th. engineering theory in 4 dim.

LAharony, Hanany, Kol 19971 [Katz, Klemm, Vafa 19961

Main focus of this talk: string degrees of freedom

[Ganor, Hanany 19961

F-theory: D3-branes wrapping P! in the base e



F-theory on ell. fibered 0‘? AN Interesting opportunity: stringy tools for objects in gauge th.
( A fibration over 1) . L :
- efficiently compute partition functions, correlators, efe.

- study (new) symmetries

compactification
on St

configuration of M9-branes,

‘ N = 1" gauge
M-theory on 03 . MZ-branes and M-waves ) theory in 3 dim,
compactification compactification
on 51 on S*
duality geometric N = 2* gauge

ﬁ o G
engineering theory in 4 dim.
[Katz, Klemwm, Vafa 19961

(p.g)-brane web in
type lIB string th.

Main focus of this talk: string degrees of freedom

type Il on CY3

LAharony, Hanany, Kol 19971

M‘fheory: M“Sfl’i"gs [Haghighat, lgbal, Kozeaz, Lockhart, Vafa 20131



F-theory on ell. fibered 0‘? AN Interesting opportunity: stringy tools for objects in gauge th.
( A fibration over 1) . L :
- efficiently compute partition functions, correlators, efe.

- study (new) symmetries

compactification
on S1
configuration of M9-branes, E ; N = 1* gauge
M-theory on 0Y3 M2-branes and M-waves theory in 9 dim.
compactification compactification
on St on St
duality geometric N = 2% gauge

type Il on CY3
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ﬁ o G
engineering theory in 4 dim.
[Katz, Klemwm, Vafa 19961

(p.g)-brane web in
type lIB string th.

Main focus of this talk: string degrees of freedom

different approaches: [Witten 19951
[Aspinwall, Morrison 19971

. el ey ¥ . [Seiberg 19971
Decoupling limit: Little strings Dtriligator 19871

[Hanany, Zaffaroni 19971
[Brunner, Karch 19971



F-theory on ell. fibered 0\g3 AN Interesting opportunity: stringy tools for objects in gauge th.
( A fibration over 1) . L :
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compactification

on St
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compactification compactification
on St on St
dvality geometric N = 2% gauge

(p.g)-brane web in
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Main focus of this talk: string degrees of freedom

: U-duality :
M-stringg «——— > wonopole-strings

decoupling limit

type Il on CY3
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engineering theory in 4 diw.
[Katz, Klemw, Vafa 19961

Little Strings



stretched M2-branes

4
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parallel stacks of M5-branes
with certain distance a

Connection to Gauge Theory:

M-strings

_» M-strings defined as one-dimensional

intersection between M9- and M2-branes
[Haghighat, Iqbal, Kozeaz, Lockhart, Vafa 20131

originally introduced to describe interacting

(almost) tensionless strings in 6. dim
N = (2, 0) superconformal theories

F-theory: P3-branes wrapping P! with
normal bundle O(—2) in the CY3

replacing P — P! x ... x P*
corresponds to wultiple parallel M5-branes

Gauge Theory partition fect. related to elliptic genus of M-strings

[Haghighat, Igbal, Kozeaz, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
LSH, Igbal 20131



m-strings
9-dimensional S-duality:

particle states — monopole strings
(electrically charged) (magnetically charged)

E - ‘ . [Pouglas 20101
precise duality map and details of the BPS spectra very involved 28200 &

Implication from Gauge Theory:

degeneracies of BPS m-string states can be extracted from A7 = 1* gauge theory partition function

——> can be connected to the elliptic genus of M-strings

Known Example:

Taub NUT space as the moduli space of charge (1,1) monopoles in SU (3) gauge theory

elliptic genus of Taub NUT —> gauge theory index
[Harvey, Lee, Murthy 20141 agreewment in all [Kiw, Kim, Koh, Lee, Lee 20111
[Bak, Gustavsson 20141 known instances

want to generalise to other configurations of m-strings



6-dimensional systems: - gravity is decoupled Little Strings
- have an intrinsic string scale
- obtained from type Il string theory through the decoupling limit

Jst — 0 Wh"e gst — fixed
Little String Theories with 16 supercharges
* [1aLST of type An_1 with NV = (1, 1) supersymmetry

- decoupling limit of a stack of N NS5-branes in type IIB with transverse space R* related by

- type llA string theory on A v _1 orbifold background T-dvality

% lb LST of type Ap 1 with N = (2,0) supersymmetry

- decoupling limit of a stack of N NS5-branes in type llA with transverse space R4
- type lIB string theory on Ay _1 orbifold background

M-theory Description:
alternative description of 1lb LST as decoupling limit of N M9-branes with transverse space S x R*

BPS states from the point of view of M5-branes correspond to M2-branes (M-waves) ending on them

——> cohnection to M-strings



6-dimensional systems: - gravity is decoupled Little Strings
- have an intrinsic string scale
- obtained from type Il string theory through the decoupling limit

Jst — 0 while gst — fixed

Little String Theories with 8 supercharges: particular class obtained as
* 7 orbifold of lla LST of type Aps—1with N = (1, 0) supersymmetry

- decoupling limit of a stack of N NS5-branes in type lIB with transverse space R* /Z n related by

T-duality

*  Z s orbifold of b LST of type An_1with AV = (1, 0) supersymmetry
- decoupling limit of a stack of N NSF-branes in type llA with transverse space R* /7

M-theory Description:
alternative description of as decoupling limit of N M5-branes with transverse space S* x ALE 4, .

BPS states from the point of view of M5-branes correspond to M2-branes (M-waves) ending on them

——> connection to M-strings



Brane Configurations

The most general configuration of branes in M-theory in 11 dimensions looks like

i 0 | S5 us)umunt (aun ' EnE s yu uH o 18 aareasnenl Jead a0 Ea e ad )
M5 N e o el o o e
WK e o o
M~ M| e °
; £|| RY
non-compact case: R compact case: S*

MbY-branes arranged on a circle

M5-branes distributed along non-comp. (6)-direction 6
with M2-branes stretched between them | Q
. \ J Je

Cin th
S T e et raaes o tan necessary for little-string interpretation

/ ol 1.6 tensionful string going around S*

e

limit where all M5-branes form a single stack



Brane Configurations

The most general configuration of branes in M-theory in 11 dimensions looks like

i 0 ] SSuaRny)/E nans, uw vl tmmwig 1ot w g0 msasiasnealcnas s R n o)
WO N e o e oo @
M 2 K ® ® ()
M~ | M| o °
R RY
Symwetries:

M5-branes: 150(1,10) ——>» 150(1,5) x Sping(5) ==——>» I50(1,5) x Spinp(4)
SUSY condition: TOTIII°TIP e = ¢
M2-branes: distributed among(N — 1)/N intervals between the M9-branes
1SO(1,5) ——> ISO(1,1) x Spin(4)
SUSY condition: TOT!T%¢ = ¢
M-waves: distributed among M%-branes
preserve: ISO(1,1) x Spin(4) x Spin(4)gr
SUSY condition: T'°T''e =



Brane Configurations

The most general configuration of branes in M-theory in 11 dimensions looks like

Loy (20 3 14 slel 7 8 g
Mb NHe o Lo o o @
M2 K ® ® ®
Mt M e °
2 = Ng s R MR BN e Ny o nanNaa A as
T2~S1xS1 ]Rﬁ Rﬁ_

Compactification: Cowmpactify (01)to 72 ~ St x St withradii Ry and R, =: 22



Brane Configurations

The most general configuration of branes in M-theory in 11 dimensions looks like

w48 1 U] pERn o1 o) s mo)ie pumn (amuE dmmn 1o ot 616 mmay gmmpanuzeni ket o (1]

M5 N ® ® | mENE JENNE JEEEE
M2 K e o .
M~ | M ® °

€1 @EEEEO

€5 QU0 O O O

m O O O

Compactification: Cowmpactify (01)to 72 ~ St x S! withradii Ry and R, = 2;

Peformations: there are two types of deformations with respect to the compactified (0,1)-directions
introducing complex coordinates (21, 22) = (w2 + ixs, T4 + izs) aNd (w1, ws) = (x7 + ixg, Tg + iT10)

(0) dll’ecf @ e1 X U 2 : 21,22 ( 27m€1 27m€222) and (w17w2) i (6_”377(61+€2)w17e—iﬁ(€1+e2)w2)

(1)-direct.: \U(l (s wa = e T e 2mmw2)
W mass-deformation

gauge theory: Omega-backgroun




Calabi-Yau Geowmetry

The M-brane configuration can be dvalised into a toric Calabi-Yau threefold X »y with web diagram

N
Compact case (tsy < oco) p=id ¢, =2miRe

a=1

double elliptic fibration: elliptic fibration over affine An_ 1 which itself is an elliptic fibration over C

fiber-base duality: dual brane setup with 1 M3 brane and N M2-branes starting and ending on it



The compact brane configuration can be related to two (dval) gauge theories

Gavge Theory

* Gauge Theory I: U(IV) gauge theory that reduces to A7 = 2*supersyw. gauge th. in 4dim

*  Gavuge Theory 2: [U(1)]" eirevlar quiver gauge theory

ldentification of Parameters:

non-compact case: linear quiver

pm.

brane configuration

Calabi-Yau

gauge theory 1

gauge theory 2

size of S! parallel
to Mb5-branes

Kahler moduli of
elliptic base

coupling constant

compact Coulomb
branch parameter

size of S transverse to
M5 branes

Kahler moduli of
affine Apn_q-fiber

compact Coulomb
branch parameter

overall
coupling constant

separations between
adjacent M5-branes

Kahler moduli of
affine Apn_q-fiber

compact Coulomb
branch parameter

coupling constants
TG = SR b B L




M-Strings BPS States and Topological String

Free Energy: Counts number of M-string BPS configurations

Computed by topological free energy Fix,, = In Zy 0n X v in the dual picture

[Haghighat, Iqbal, Kozcaz, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
[SH, lgbal 20131

Topological free Energy: sum over massive particles, i.e. M2-branes wrapping holomorphic
curves on Xy (classified by little group SU(2)p x SU(2)g)

E e sk D e e
o) = n GREGE N
27Ti€1

/ BEHy(Xn,Z)n=1 " ir.jr

=i
complexified Kahler degeneracies e
class of X sum over representations of  Of BPS states e

SU(Q)L X SU(Q)R

—27mi€Eg



M-Strings BPS States and Topological String

Free Energy: Counts number of M-string BPS configurations

Computed by topological free energy Fix,, = In Zy 0n X v in the dual picture

[Haghighat, Iqbal, Kozcaz, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
[SH, lgbal 20131

Topological free Energy: sum over massive particles, i.e. M2-branes wrapping holomorphic
curves on Xy (classified by little group SU(2)p x SU(2)g)

—n f5 @ NILIR(_1)2ULA2URTy, (gl s Ty, (1/q/t)" IR

00 1 e
L) 2o s TR Tt B : (g% —q %)(t7 —t7%)

BEHy(XN,Z)n=1  jL,JR

Fx . counts single- and multi-particle states —> extfract single particle bound states

I ZOO Q(nw, ney, nea) Qw, €1, €2) = PLog Zxy (ws€1,€2)  Misvivs function
XN T H oo k
n=1 < = 'u( ) In ZXN (kw,kel,kEQ)

k
k=1



M-Strings BPS States and Topological String

Free Energy: Counts number of M-string BPS configurations

Computed by topological free energy Fix,, = In Zy 0n X v in the dual picture

[Haghighat, Iqbal, Kozcaz, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
LSH, Igbal 20131

Topological free Energy: sum over massive particles, i.e. M2-branes wrapping holomorphic
curves on Xy (classified by little group SU(2)p x SU(2)g)

ST S5 wNjL,jR(_1)2jL+2jRTer(\/ﬁ)njL,;%TrjR( q/t)an,s

o+ s B
Beeta) S D & — s —t %)

BEHy(XN,Z)n=1  jL,JR

Fx . counts single- and multi-particle states —> extfract single particle bound states

o0 Q(nw, et n€2) Q(w, €1, 62) = PLog ZXN (w Gt 62)
Beio ) Al SPESEEENRY g
RS = Z M Zxn (kw, ker, kes)

Topological Vertex Calculation: two distinet expansion of the partition function

Vel’ﬁcal.' ZXN e Zl (m7 tf17 i e B 7th7 61,2) Z Qf— CN,k(m7 tf17 2l o 7th7 61,2)
k>0

N
hOl’iZOM‘l’&\'t ZXN = ZQ(N, T, T, 61,2) Z <H(_Qfa)|’/a|> ZU1V2...,/N (T,m, 61,62)

a=1



M-Strings BPS States and Topological String

Free Energy: Counts number of M-string BPS configurations

Computed by topological free energy Fx,, = In Zx on X v in the dual picture

[Haghighat, Iqbal, Kozcaz, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
LSH, Igbal 20131

Topological free Energy: sum over massive particles, i.e. M2-branes wrapping holomorphic
curves on Xy (classified by little group SU(2)p x SU(2)g)

—n fg W NILIR (1)ULt 2R Ty, (\/qh)MILa Ty (/q/t) IR

00 1 e
L) 2o s TR Tt B : (g7 —q7%)(t7 —t7%)

BEHy(XN,Z)n=1  JL.,JR

Fx  counts single- and multi-particle states —> extract single particle bound states

: - 00 Q(nw, ney, n€2) Q(w, €1, 62) = Bl.og.Zssk (u{, €1.6€5)
2N Z e ey s, Notation:
R — Z i | QT — e271"1,7' a“d Qfa _ 627T’itfa
k=1

Vq integer partitions of length ¢(v/,)
L(va)

Vel’ﬁcall ZXN o Zl(m,tfl,' 28 ,th,Gl,Q) E Qf:. CN,k(m,tf1,° O% G 7th7€172) |]/a| — z; Va,'r
r=
k>0

Topological Vertex Calculation: two distinet expansion of the partiti

N
hOl’iZOM‘l’&': ZXN = Z2(N, T, T, 61,2) Z <H(_Qfa)|’/a|> Zyl,/2...,/N (T,m, 61,62)

a=1



M-Strings BPS States and Topological String

Free Energy: Counts number of M-string BPS configurations

Computed by topological free energy Fx,, = In Zx on X v in the dual picture

[Haghighat, Iqbal, Kozcaz, Lockhart, Vafa 20131
[Haghighat, Kozeaz, Lockhart, Vafa 20131
LSH, Igbal 20131

Topological free Energy: sum over massive particles, i.e. M2-branes wrapping holomorphic
curves on Xy (classified by little group SU(2)p x SU(2)g)

ST iz wNjL,jR(_1)2jL+2jRTer(\/ﬁ)njl,,?,TrjR( q/t)an,s

o+ s B
Beeta) S D & — s —t %)

BEHy(XN,Z)n=1  JL.,JR

Fx . counts single- and multi-particle states —> extfract single particle bound states

o0 Q(nw, et n€2) Q(w, €1, 62) = PLog ZXN (w Gt 62)
Beio ) Al SPESEEENRY g
RS = Z M Zxn (kw, ker, kes)

Topological Vertex Calculation: two distinet expansion of the partition function

vertical: Zx, = Zi(m,tp, - tryo€12) Y QE Onp(mty, - by, €12) instanton expansion in
k>0 gauge theory 1

N . .
horizontal: =z, = Z,(N, 7, m, STAEEHES | HEEln ey iZiE (B7annadn instanton expansion
N7y o(N, T €1.2) < el ) i Y E oy i gauge’rheoryz

a=1



ZXN == Zl(m7 tfla e 7th7 61,2) Z Qf— CN’k(m, tfl? o 7th76172) Vel’ﬂcal.'
k>0

instanton contribution can be written as sum over integer partitions (a1,...,an)

(il
ZJ(V) £ ZQﬁ CNak(m7tf1"" 7th7€1,2>
k>0

o by aaaa Qm ﬁaaab<QabQ;11)19aaa (Qab@m)
Z Q' 1]+ +|an| b
o1 N 0111 ﬁaaaa(\/;> 1<a];£<N ﬁaaab (Q b\/g)ﬁaaab (Qab %)

notation:

b—1
Qm — e27rzm ) QT — 627TZT ) q — eiel ) t = e_iGQ , Qab — H ka:
k=a

theta functions:
Dy G P o ) R T e T ket
('LJ)EM (’LJ)EI/

01 (r,m) = —iQY/3QL/? H (1-QN(1-Qm@Y)(1-Q,'Qr




ZXN == Zl(m7 tfla e 7th7 61,2) Z Qf— CN’k(m, tfl? o 7th76172) Vel’ﬂcal.'
k>0

instanton contribution can be written as sum over integer partitions (a1,...,an)

(il
ZJ(V) £ ZQﬁ CNak(m7tf1"" 7th7€1,2>
k>0

aaoca 7904,104 (Qangzl)ﬁaaa (Qab@m)
B Q|a1|+ +|an| b b
alzozN 0111 ﬁaaaa(\/;> 1<a];£<N ﬁaaab (Q \/g)ﬁaaab (Qab\/g)

Free Energy:
~(1
ZN(T, p,m,tfl, e ,th_l,Gl,GQ) = PLogZ](V)(T, p,m,tfl, S ,th_l,Gl,EQ)

Expansion in powers of Q).:

2y RSB B e 2 e S R e ZQE_ NPT e b €Tt

Further expansion in powers of Q) ; :

k k, N —
EN,k(pamatfp"'7th—17€17€2) Z Q ij\\; i ( 1 g 1)(p7m7€17€2)

RN



N ]
Zxy = Z3(N,7,m, €1 2) Z (H(Qfa)ya> Do oot (s et ) horizontal:

V15 W N-\Na=1

instanton contribution constructed from a single building block:

Zl/ll/g"'l/N (7-7 m, ey, 62) S Dylyg (tv Q)DVgl/g (ta Q)Dygui (ta Q) R Dy]tvyl (ta Q)

building block: Dl g valtlvass
Dl/él/a—i—l (T7 m7 ta Q) — |:t 2 q 2 Qm : :|

x ﬁ I (1 — QEQt g Vet tVaras+i=3)(1 — Qh=1Q,, gt I3 a1 —it3)
2 (e (1 = QE o= #%55~F)(1 = QK1 grehi=1 =0 )

(1 — QFQY gre+ri—i+atras—ita)(1 — QE-1Q,, g Verriti=3t Va,ti—7)
X | | ' |
(1 = Qﬁ an+1,i_j+1thtz+1,j_Z)(1 . Qﬁ_l q_ya+1,i+jt—ug+1,j—|—z—1)

(,7)EVast1




N ]
Zxy = Z3(N,7,m, €1 2) Z (H(Qfa)ya> Do oot (s et ) horizontal:

vVy,...,UN a=1

instanton contribution constructed from a single building block:

ZV1V2"'1/N (7-7 m, ey, 62) = Dylyg (ta Q)Dygl/§ (ta Q)Dugl/}i (ta Q) L Dl/]tvul (ta Q)

leading to the non-perturbative partition function:

5 Ot
e v, gt
Z](V)(T7m7tf17'--ath7€17€2) =~ Z (H Qfa | ) H H H )(9 ( u;)

Vi,....UN a=1 a— 1(27])€Va ()

Arguments of theta-functions:

627TZZ7’3 :le Va, i ]+2 tya—i—ly 7’+2’

t .1 141
o2 v Q;l tVYa—1,Tt"3 q—l/a,z-l-J 2

¢ a . t .
627”“)7;3‘ _ qya,i—]—|—1 tl/a,j—’l,,
p2miug; qva,i—j tvé,j—i—l—l.




N ]
Zxy = Z3(N,7,m, €1 2) Z (H(Qfa)ya> Do oot (s et ) horizontal:

a=1

instanton contribution constructed from a single building block:

Zl/lVQ"'l/N(T?m) 61762) S Dylvg(ta Q)DVQI/ (t Q)Dl/gl/ ( ) Dl/]t\,ul( 7Q)

leading to the non-perturbative partition function:

o Ot
2 Vg, B
Z](V)(T7m7tf17'--ath7€17€2) = Z (H Qfa | ) H H H )(9 ( ;)
TR vy \a=1 a= 1(Z;J)EVa T 'L]
Free Energy:
QN(Tamatfla i ot H 7th7€17€2) = PLOng](\?)(Tamatfla T 7th7€17€2)
Further expansion in powers of Q) , :
QN(Tamatfla' i 7th7€1762) Z Q j Q G(kl’ ,kN)(T m 61762)

kx>0



non-compact:
starting from the horizontal description

~ % 7 '1, 0 (7-7 /U’? )
Z](\?)(T?mvtfu'--ath7€17€2): Z (H Qfa | a|> H H 9 9)9 ( ;)
Ll o o UN a=1 (7, ])Eya 1 Z]
the non-compact partition function is obtained through the limit @y, — O which limits vy = 0
~line v 6) (T"l)?)
e e e e ) = Z (H ~Qy,)! al) H H 0 )9 G ‘7)
Lty et o VN _1 a1 a=1 (3,5)Ev, 1 7/]

Free Energy:

S e e e B e PLongme(T,m,tfl, e b vene kel

Expansion in powers of () ¢, :

line - § : k1 kn -1 kyisithnge
QN (Tam7tf17°"7th—17€17€2) = Qfl QfN 1 ( 3 3 1)(T7m7€17€2)
kl)"'akN—lzo



Compact versus Non-Compact Free Energies

Compact free energies can he expressed in terms of non-compact ones:

({ki}) + ({m:i})
6121£>nO €2 G (1,m, €1,€2) = 6121£>n €2 d({k;1) Z At (1,m, €1, €2)
>_m;=K [SH, Igbal, Rey 20151

where the nuwerical coefficients are defined as:

{n£ if (ki) = ({Fjtms - 1K fm)
d{ry) =

-~

1 else n times

0 else

ek = DT e = L
i) =

Intuitive picture: ‘wrapping’ configurations

my examples:
et i BRALAY c® — p@ | paD)
e GD =2 PO
- o G® — p®) 4 pe1) 4 p(12) 4 gL

c@t2n) Z(F(2,1,2,1) L p212) | F(1,1,2,1,1))

B 2<2F(2’1’2’1) i F(1,1,2,1,1))

M(s4+1)—1 -+ Mop—_1 My—_1 mgz  Myg43 -+ Mgp43 My



Relations hetween non-compact Free Energies

there are relations among the free energies of specific M5-M2-brane configurations

see [Bak, Gustavsson 20141 for earlier partial results
k1 //]
//P 2
/ 7

\ M5-brane with single M2-
brane ending on both sides

M35-branes with arbitrary
M2-branes ending on them



Relations between non-compact Free Energies

there are relations among the free energies of specific M9-M2-brane configurations

see [Bak, Gustavsson 20141 for earlier partial results

= Wi(r,m, €1, €3)

FERE e R
F(kl,...,k,,n,l,l,kr+1,...,kN_l) = W(T,m, 61,62) F( 1 L N-1)

with the function

O1(t,m+e)01(,m —ey) —O1(7,m+€_)01(T,m —€_)
91 (7_7 61)81 (7_7 62)

W(Ta m,ey, 62) =

can be applied repeatedly to obtain

F(kl7k27"'7k7°7171717"'717°“7kr—|—3—|—17°°'7kN—1) ot (W(T, m, 6]_, 62))8_1 F(klkav“?kra]—akT—l—s—l—l7"'7kN—1)



Summary of M-string Partition Fets. and Free

quantity gauge theory 1 gauge theory 2 non-compact theory
variables Eg e e L DU el o T iy e L S e S R T L R e e
partition function 27/](\})(7', p, M, tr , €12) 2](\?>(T, m, ty | €1 2) 2}{,“6(7', m, Ly ,€12)
free energy YN k(p,m,ty,,€1,2) QAn(T,m,ts,,€1,2) Ql]ivne(ﬂ m,tf,,€1,2)
counting functions Eg\{,fz})(p, m, €1.2) GUE) (7, m, €1.2) FUED (7. m, €1,2)
Modular Properties:

The partition functions have modular properties under SL(2,7Z) x SL(2,Z)

(T, p,m, L4, €1 62)H(m+bp SRR : )

bt e prn ctr+d er+d Y er+d er+d with [a b]eSL(ZZ)
(T ot el e 6)'—>(T L8 edER 2 = : ) d |
g el 2 ‘cp+d cp+d cp+d cp+dep+d

The free energies transform (almost) as Jacobi forwms, but require a non-holomorphic modification

Geowmetric Interpretation:
Pouble elliptic fibration structure with parameters 7 and p



Example of a Modular Transformaﬁon and NS-limit
(91 e U’L_]
A ) (E D N H 1] 91 (7 v35)

Va,|Va|=ka a=1 (i,j)€Evq )91(7- uw)
Modular Transformation:
ar +b m €1 €9 : [a b]
—> c SL(2,Z
(T)m7€17€2) (CT+d’CT+d7CT—|—d’CT—I—d> Wlfh c d ( )
N—-1
for ./ € Z and K = Z k. we have the relations
a=1

Lhiokn_ T+ 1,m,€e1,€3) = Zpyokon_, (T, M, €1, €2)

2miff
Zk1---kN_1(_l m <l 62):equ(m’el’Q)Zkl...kN_l(T,m,61,62)

S E WS R

—2mi K E2T—|—47rimKZ

Zrr ok (T,m+ 0T +1,€61,60) = € k(T eED)

Lk, -k _, transforms as a Jacobi form with respect to (7, m)

Simplification: Nekrasov-Shatashvili limit [ satashli 20093

€] | ey | f ,;(m, €1) = fr(m,€1)  depends only on the total number of M2-branes



Duality and Relation to m-strings

Goal: we want to map the counting of BPS M-string states in 6 dims. to the counting of

BPS monopole strings (m-strings) in 9 dimensions

Three Steps: 1) compactify (9)-direction FSH- il Rey 20151

: topologically 77 ;
recall brane-setup and deformations P —> SL(3,Z) action

# [{(0)] (1) 617 -8 9 30

Mo Nl ejloef e o @
M2 K ° L ° °
M~ | M| jolfof

€1 : } i oo

€9 O

& s & L

twisted b rotation
V{2 untwisted KK-cycle wrapped by M2-branes
-3 S-dualise



Duality and Relation to m-strings

Goal: we want to map the counting of BPS M-string states in 6 dims. to the counting of

BPS monopole strings (m-strings) in 9 dimensions

Three Steps: 1) compactify (9)-direction FSH- il Rey 20151

2) Nekrasov-Shatashvili (NS) limit: e2 — 0
3)S € SL(2,Z) C SL(3,7Z) dvality action

recall brane-setup and deformations

# ; " 234

topologically T° —3 S1,(3, Z) action

b st Ot

Mo Nl ejloef e o @
M2 K ° L ° °
M~ | M| jolfof

€1 : } i oo

€9 O

& s & L

twisted b rotation
V{2 untwisted KK-cycle wrapped by M2-branes
-3 S-dualise

twisted by €9 rotation



Explicit Relation between Méwm-string BPS Counting Functions

We are looking for relations hetween BPS excitations of M-strings and m-strings.

Simplest cases: ‘Uniform’ excitations
M-strings: monopole strings:

N times

G(k ..... 2 (7-7 m,eq, 62)

summation over contrib. with same number ]
M-branes: £ M2-branes between neighbouring M3 but N M5-branes with & M2-branes
fixed power of O stretched between each of thewm

gauge theory: instantons of charge &k monopole strings of charges (k, ..., k)
in U(N) gauge theory in affine A _; theory
little strings with momentum FAy little strings with winding
; R B | l l 5l l ith windi
Little Strings: number & in lla of type An_ 4 number & in llb of type Axn_

[Bhardwaj, Del Zotto, Heckman, Morrison, Rudelivs, Vafa 20151
[SH, Igbal, Rey 20151

geowmetric: fiber-base duality of X acting as exchange 7 «— p

N times

(0,...,0) Zr e
: 2Nk (t,m, €1, €2) , Gl )(t,m,€1,€2)
lim 2 = lim

e2—0 Eg?i”"o)(t,m, Che et G e e

Analysis of generalisation of this relation to other configurations is currently under way!



Elliptic Genera of Moduli Spaces

More geometrically, we are interested in the moduli spaces of the instantons and monopoles:

M-strings: monopole strings:

. . M(N, k) moduli space of SU(N) Mp,,....kx moduli space of monopole
Moduli Space: instantons of charge & strings of charges (k1,...,kn)
Elliptic Genus:

S k) (0, M By sy bpyy, €1,2) = One(msty,e12)  proposal:
defined through the expansion of the part.fet. M i G kN (7 m eq, €2)
& ki, ky) = 1M
Z](\;) — ZQ/I?_ CN,k(mjtf“... 7th7€1,2) €20 G(l)(T7m7 61762)
k=0 [Hollowood, Iqbal, Vafa 20031
[lgbal, Kozcaz, Vafa 20071
Parameters: Parameters:

N
p=1Y ts, ... modular parameter T ... modular parameter
a=1

(£ -5 teny) - - - fugacities of [U(1)]Y

(€1, ¢ equivariant deformation (e1,€5) ... equivariant deformation
' 27 """ parameters (reqularisation) parawmeters (reqularisation)



Elliptic Genus of m-string Moduli Spaces

we re-interpret the M-strings free energies in the NS-limit by defining

(7_ m 61) = lim G(kl,mjkN)@-?m) E1762)
S epHilo G (1, m, €1, €2)

P

; 7kN

transformation properties under SL(2,7Z)

1 m €1 27‘("1:(’)’)’1,2—6%) )
Plﬂ, 7kN(_; ?7?) =€ 1 S 1)Pk1,'“,kN(Tama€1)
Pril e, m 40T +161) = e_ZWiK‘ezﬂ'M’imKPkl,... kn (T, M, €1)
Genus Zero Limit: €1 — 0 has the following properties for gcd(k1,:-- ,kn—1) =1
* Py, gy (7,m,0)has weight 0 under SL(2, Z)transformations
N
*  Pe,. kn(7,m,0) hasindex K = Zka under SL(2, Z) transformations
a=1

we thus propose Py, ... ky (7,m,€1) to be the elliptic genus of the relative moduli space A of
monopoles of charge k = (k1,..., kx) for gcd(k1,...,kn) (note: K = %dim@/\//T 2

In the non-compact case (for configurations (1,1) and (2)), this proposal agrees with the known
elliptic genera of the Taub-Nut and Atiyah-Hitchin space



Orbifolds of M-brane Configurations

Consider M9-branes probing a transverse orbifold background

= s o B eg e 89l
Mo N e e lie o e e

\/12 K @ o ®
" ————
5e R4 /Zg

Orbifold keeps key structures intact:

*  M-string world-sheet supersymmetry is compatible with the orbifold

*  mass and ¢)-deformation can still be introduced
*  connection to little string theories with N = (1, O)supersymmetry

*  [ual description in terms of toric Calabi-Yau threefold X v s



new feature: stacks of M2-branes can be separated in the vertical direction

N

)
ey e

THEE

+ Thr)

+ tn)



Topological String Partition Function

M-string part. fet. is computed by topological string part. fot. of Xy p iadeithat Huzsaz Lockhart, Yafa 20131

LSH, Igbal 20131
\aw)

M
a(M) H_ g (2)
ZXN,M(TnO?tla-"7tN—17T1;-- TM 1, M, 612 @M E QZ | | ( Qz ('O‘

H H Y (7,-|-1) ( )(Qm, ) H L] ﬂagi)al(jﬂrl) (QabQ;q, ;p) ﬁagi+1)al()i) (Qame§ /0)
X
1=1a=1 ﬁozgi)ag ) ( t/q’ ’0) T=a= b N =l 19agf')al()73) (Qab t/q; :0) ﬁagj’)aéi) (Qab V Q/t; :0)

Notation:

@ZZB_T’, \V/i:L...,M,
Qu=¢e ', Va=1,...,N,
Qar = QaQat1 .. Qo—1, 1<a<b<N
Wn@)(t1,...,tn,m,e12) = lim Zx . (7,p,t1, - ,tN—1, M, €12)

T—100

1

1 451 1
— H H Qk 1Qaa—|—bQ 1tz qu 2 Qk 1Qaa—|—b 1Qm 2qj 2

Hn 1 1 o Qn i,j.k a,b=1 Qa,a tz 1q 1 — Qa,a—|—b tij 1




Topological String Partition Function

[Haghighat, Kozeaz, Lockhart, Vafa 20131

M-string part. fet. is computed by topological string part. fet. of X pr 1o e

M .
o (M) sl e G
2 o bty T T e o) = W (D)™ E Q?a' & || (I | Qiza(’ = D)
(2) i=1

ﬁ ﬂ ﬁa(i-i-l)a(i) (Qma :0) H it 19058)@,(]5“) (QabQT_nl; p) ﬁaff—'_l)agi) (Qame; /0)
>< Qa Qa
i=1a=1 ﬁagi)agi)( t/Q§ :0) R e ﬂagi)al()z‘) (Qab t/q; ,0) ﬁagf,)al()z') (Qab\/ q/t; ,0)

Free Energy:

EN,M(t,T,m, 61,2) p— PlogZXN,M(T, P, tl, r ,tN_l,Tl, HOT ,TM_l,m, 6172)

Little String Theory Partition Function:

ZI(IJZ,M)(T7t7m7 61,2) 5 ZXN,M(T7 p7t17 AR 7tN—17T17 e 7TM—17 m, €1,2)
ZI(IJ\S’N)(Tatamﬁm) =y e Con e i e e e T



Self-Similarity

Partition function drastically simplifies at the point in moduli space

QlZQQZ---:QN:Qé_{f and @1:@2:---:QM

|
O
35

We observe the following self-similarity in the NS-limit

lim €2 ZN,M(ta Pt ,t, T, S ,T, m, 61,2) = NM lim €2 lel(t, T, m, 61,2)
€2 —0 €250
LSH, Igbal, Rey 20161

Consequences:

*  Partition Function can fully be reconstructed just from (V, M) = (1,1)
*  gymmetry in the exchange t «—— T
*  symwmetries of (1,1) inherited by other setups

*  self-dvality of little string theories



Conclusions
Sumwmary:

* studied string degrees of freedom in supersymwetric gauge theories

* dvality between M-strings and monopole strings and little strings
* wmodular properties of M-string partition function

* proposal for elliptic genus of relative moduli space of m-strings

* checked for all known examples

*  self-similarity of orbifold theories

Outlook:

*  wore general charge configurations  ged(k1,--- ,knv_1) # 1

* analyse fractional momentum states in the little string setup

* study symwmetries away frowm special point in the moduli space



