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Outline

 Equation of state of nuclear matter at low energies

 transport theory (BUU)

 p-p correlations

 NSCL 03045 Experiment

 particle emission chronology

(neutron and proton emission times and symmetry energy)

Summary
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EOS and Symmetry Energy

E/A (,) = E/A (,0) + 2S()

 = (n- p)/ (n+ p) = (N-Z)/A

Both astrophysical and laboratory 

observables can constrain the EoS 

indirectly

• What are the observables?

• At what densities or asymmetries 

do these constraints apply?

• What are the accuracies or 

model dependencies of these 

constraints?

adapted from

M.B. Tsang, Prog. Part.Nucl.Phys. 66, 400 (2011)

Brown, Phys. Rev. Lett. 85, 5296 (2001)
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Modeling heavy ion collisions
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Our tool: Transport models
• BUU – Boltzmann-Uehling-Uhlenbeck

• QMD – Quantum Molecular Dynamics

• AMD – Antisymmetrized Molecular Dynamics

• Simulates the time-dependent evolution of the collision 

Danielewicz, Acta. Phys. Pol. B 33, 45 (2002)

Danielewicz, Bertsch, NPA533 (1991) 712

Main ingredients

• Nucleons in mean-field

• Symmetry energy

• Momentum-dependent 

nuclear interaction

• In-medium cross section 

effective mass

• Cluster production 
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What we hope to learn?

Spectra
(Double-)

ratios Femtoscopy Flow
Isospin 

diffusion

 [
M

e
V

/c
]

n
>

/A
 

x
<

p

-40

-30

-20

-10

0

10

20

30

40

proj
/y

cms
y

-1 0 1

Ca
48

Ca+
48

soft
 
 

 

stiff
 b = 1
 b = 3

 b = 5

n

proj
/y

cms
y

-1 0 1

Free

p

proj
/y

cms
y

-1 0 1

d

proj
/y

cms
y

-1 0 1

t

proj
/y

cms
y

-1 0 1

He
3

Symmetry 

energy ✔ * ✔
Cross 

section ✔ ✔ ✔ ✔
Cluster 

production ✔ ✔ ✔ ✔ ✔

pBUU

Transport 

model 

ingredients

4

Our approach: Use different isotopes

(fix Z of your initial system and vary N)
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Proton femtoscopy

few fm
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Theoretical CF: Koonin-Pratt equation
S.E. Koonin, 

PLB70 (1977) 43

S.Pratt et al., 

PRC42 (1990) 2646
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Our experiment

6



Z. Chajecki - WPCF 2017

NSCL experiment 05045: HiRA + 4 detector

- 4π detector => impact parameter + reaction plane

- HiRA => light charge particle correlations 
(angular coverage 20-60º in LAB, 

-63 cm from target (= ball center))

= High Resolution Array

Reaction systems:

40Ca + 40Ca @ 80 MeV/u

48Ca + 48Ca @ 80 MeV/u

7
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NSCL experiments 05045: HiRA + 4 detector

= High Resolution Array

8

Si-DE 65 mm

Si-E 500 mm

Particle identification
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Experimental correlation functions
C

(q
)

Measured correlation 

functions depend on rapidity 

and the transverse 

momentum of the pair Next step:

extract the sizes

9

Low  PT : [150,350] MeV

High PT : [350,700] MeV
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Gaussian S(r)?
C

(q
)

10

Brown, Danielewicz, PLB398 (1997) 252
Danielewicz, Pratt, PLB618 (2005) 60

 
C q( ) = 1+ 4p K q,r( )ò S r( )r2dr

Koonin-Pratt Equation
Two ways of characterizing the 

size of the p-p source

1) S(r) - Gaussian shape

2) Imaged S(r) (Brown, Danielewicz)  
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Fits to the data

Brown, Danielewicz, PLB398 (1997) 252
Danielewicz, Pratt, PLB618 (2005) 60

C
(q

)

 
C q( ) = 1+ 4p K q,r( )ò S r( )r2dr

Koonin-Pratt Equation

Both methods give 

consistent fits

11

Two ways of characterizing the 

size of the p-p source

1) S(r) - Gaussian shape

2) Imaged S(r) (Brown, Danielewicz)  
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Fits to the data
Source distribution : S(r) x103Correlation function C(Q)

r1/2

12
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other method, we obtained source sizes by fitt ing exper-
imental correlat ion funct ions with the Koonin-Pratt for-
mula (Eq. 1) assuming the Gaussian source distribut ion
S(r ) given by

S(r ) =
λG

(2
√
πRG )3

e
− r 2

4R 2
G (6)

For the Gaussian source, there are three free parameters:
the normalizat ion of the correlat ion funct ion, N , λG and
the source size RG parameters of Eq. 6.

According to Eq. 2, λG = 1 if the emission of all
protons used to construct the correlat ion funct ion is de-
scribed by the source funct ion. While some protons are
emit ted over a short t ime scale after the collision and are
strongly correlated, other protons can be emit ted over
very long t imescales due to evaporat ion processes and
secondary decays. Since the strength of the correlat ions
reflects thespat ial separat ion between the two protons at
the t ime the second proton is emit ted, early protons are
not correlated with protons emit ted at later t imes and
late protons are only weakly correlated with each other.

When both early and later emission occurs, the
width of the peak in the p-p correlat ion funct ion at
20 MeV/ cprimarily reflects the early emit ted part icles
(fast source with smaller source sizes). Slowly emit ted
part icles, coming from long-lived and more extended sec-
ondary decay sources primarily influence the correlat ion
funct ion at low q-values [18]. If one is not primarily con-
cerned with low q-values, these late emissions of protons
largely reduce the magnitude of the correlat ion funct ion
while not usually strongly modifying its shape [18]. In
this case, Equat ion 2 has a more general form that re-
flects the fact that not all protons are correlated with
each other, given to a good approximation by

4π S(r )r 2dr = λ. (7)

Theλ parameter represents the fract ion of pairs where
both protons are emit ted by the fast source represented
by S(r ) over the range of r represented in the integral in
Eq. 7. The remainder 1 − λ contains the contribut ions
from pairs at large separat ion r outside of this range,
where either one or both protons are emit ted by the slow
source at the late secondary decay stage of the react ion.
The relevant proton pair fract ion comes from the fast
source; thus, λ, can be well approximated by [18]

λ = f 2 (8)

where f and the remainder 1− f are the fract ions of the
total protons yields produced by the fast source and the
slow source, respect ively.

To minimize apriori assumpt ions about the source
funct ion we follow the imaging techniques described in
Ref. [18, 23–26], and describe the source funct ion S(r )
by an expression involving three posit ive definite spline
funct ions, which decreases monotonically with radius.

We take the half-width half-maximum of the extracted
source profile, r1/ 2, as a measure of the spat ial extent of
the source. This provides a simple size parameter that
can be easily calculated even in the case of non-Gaussian
source profiles where a RG parameter as in Eq. 6 cannot
be defined. In the specific case of a Gaussian source, the
relat ion between r1/ 2 and the size of the Gaussian source
distribut ion (Eq. 6) is given by

r1/ 2 = 2
√

ln2RG . (9)

I I I . EX PER I M EN TA L D ETA I LS

We performed an experiment at the National Super-
conduct ing Cyclotron Laboratory (NSCL), where pri-
mary beams of 40Ca (48Ca) with an E/ A= 80 MeV im-
pinged on 40Ca (48Ca) targets in a form of a thin mono-
isotopic metallic foils of isotopic purity of about 97%
(92.4%) by mass. We mounted the target near the center
of the 4π Array, which housed 215 fast/ slow phoswiches
covering 85% of 4π solid angle around the target in the
laboratory reference frame. The 4π Array, with an in-
side diameter of nearly 2 m, was instrumental in select-
ing central events by requiring a high transverse energy,
Et = i Ei sin2(θi ) > 150 MeV [27]. Here, θi and E i

correspond to the angles and energies of charged par-
t icles detected in the 4π detector array. Assuming the
transverse energy to monotonically decrease with impact
parameter, this gate on Et corresponds approximately to
an impact parameter range of 0 < b (f m) < 4.

In order to achieve both precise angular and energy
measurements of the protons, required for correlat ion
funct ions, wereplaced oneof theforward hexagonal mod-
ules of the 4π Array with the High Resolut ion Array
(HiRA) [28]. In our setup, HiRA consisted of 17 in-
dividual telescopes in a hexagonal configurat ion, each
housing a 65µm thin single-sided silicon strip detector
followed by a 1.5 mm thick double-sided Si strip detec-
tor with each face having 32 strips with a pitch of 2 mm
and an act ive area of 62.3 x 62.3 mm2. The orthogonal
orientat ion of the front and back strips of the thick Si
detector, which was located 63 cm from the target , al-
lowed for angular resolut ion of δθ ≈ 0.05◦ . In order to
allow the high-precision angular determinat ion of the po-
sit ion, we measured the posit ion of the target and silicon
strips in HiRA with the Laser Based Alignment System
(LBAS) [29]. Addit ionally, the Si detectors were backed
by a cluster of four 39 mm long CsI(TI) crystals which
served as the calorimeters. For this paper, we only an-
alyzed protons which stopped in the CsI(TI) crystals.
This resulted in a proton momentum range of approxi-
mately 200-500 MeV/ c. The angular coverage of HiRA
with respect to the beam was 18 < θL ab (deg) < 58 in
the laboratory frame and 30 < θC M (deg) < 110 in the
center-of-mass frame.
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Fits to the data

13

Correlation function C(Q)

rapidity & 
momentum 
dependence 
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Fit results

Small rapidity:

reflect the participant zone of 

the reaction

Large rapidity:

reflect the expanding, 

fragmenting and evaporating 

projectile-like residues

Higher velocity protons are 

more strongly correlated than 

their lower velocity 

counterparts, consistent with 

emission from expanding and 

cooling sources

Sensitivity to the initial size

14
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other method, we obtained source sizes by fitt ing exper-
imental correlat ion funct ions with the Koonin-Pratt for-
mula (Eq. 1) assuming the Gaussian source distribut ion
S(r ) given by

S(r ) =
λG

(2
√
πRG )3

e
− r 2

4R 2
G (6)

For the Gaussian source, there are three free parameters:
the normalizat ion of the correlat ion funct ion, N , λG and
the source size RG parameters of Eq. 6.

According to Eq. 2, λG = 1 if the emission of all
protons used to construct the correlat ion funct ion is de-
scribed by the source funct ion. While some protons are
emit ted over a short t ime scale after the collision and are
strongly correlated, other protons can be emit ted over
very long t imescales due to evaporat ion processes and
secondary decays. Since the strength of the correlat ions
reflects thespat ial separat ion between the two protons at
the t ime the second proton is emit ted, early protons are
not correlated with protons emit ted at later t imes and
late protons are only weakly correlated with each other.

When both early and later emission occurs, the
width of the peak in the p-p correlat ion funct ion at
20 MeV/ cprimarily reflects the early emit ted part icles
(fast source with smaller source sizes). Slowly emit ted
part icles, coming from long-lived and more extended sec-
ondary decay sources primarily influence the correlat ion
funct ion at low q-values [18]. If one is not primarily con-
cerned with low q-values, these late emissions of protons
largely reduce the magnitude of the correlat ion funct ion
while not usually strongly modifying its shape [18]. In
this case, Equat ion 2 has a more general form that re-
flects the fact that not all protons are correlated with
each other, given to a good approximation by

4π S(r )r 2dr = λ. (7)

Theλ parameter represents the fract ion of pairs where
both protons are emit ted by the fast source represented
by S(r ) over the range of r represented in the integral in
Eq. 7. The remainder 1 − λ contains the contribut ions
from pairs at large separat ion r outside of this range,
where either one or both protons are emit ted by the slow
source at the late secondary decay stage of the react ion.
The relevant proton pair fract ion comes from the fast
source; thus, λ, can be well approximated by [18]

λ = f 2 (8)

where f and the remainder 1− f are the fract ions of the
total protons yields produced by the fast source and the
slow source, respect ively.

To minimize apriori assumpt ions about the source
funct ion we follow the imaging techniques described in
Ref. [18, 23–26], and describe the source funct ion S(r )
by an expression involving three posit ive definite spline
funct ions, which decreases monotonically with radius.

We take the half-width half-maximum of the extracted
source profile, r1/ 2, as a measure of the spat ial extent of
the source. This provides a simple size parameter that
can be easily calculated even in the case of non-Gaussian
source profiles where a RG parameter as in Eq. 6 cannot
be defined. In the specific case of a Gaussian source, the
relat ion between r1/ 2 and the size of the Gaussian source
distribut ion (Eq. 6) is given by

r1/ 2 = 2
√

ln2RG . (9)

I I I . EX PER I M EN TA L D ETA I LS

We performed an experiment at the National Super-
conduct ing Cyclotron Laboratory (NSCL), where pri-
mary beams of 40Ca (48Ca) with an E/ A= 80 MeV im-
pinged on 40Ca (48Ca) targets in a form of a thin mono-
isotopic metallic foils of isotopic purity of about 97%
(92.4%) by mass. We mounted the target near the center
of the 4π Array, which housed 215 fast/ slow phoswiches
covering 85% of 4π solid angle around the target in the
laboratory reference frame. The 4π Array, with an in-
side diameter of nearly 2 m, was instrumental in select-
ing central events by requiring a high transverse energy,
Et = i Ei sin2(θi ) > 150 MeV [27]. Here, θi and E i

correspond to the angles and energies of charged par-
t icles detected in the 4π detector array. Assuming the
transverse energy to monotonically decrease with impact
parameter, this gate on Et corresponds approximately to
an impact parameter range of 0 < b (f m) < 4.

In order to achieve both precise angular and energy
measurements of the protons, required for correlat ion
funct ions, wereplaced oneof theforward hexagonal mod-
ules of the 4π Array with the High Resolut ion Array
(HiRA) [28]. In our setup, HiRA consisted of 17 in-
dividual telescopes in a hexagonal configurat ion, each
housing a 65µm thin single-sided silicon strip detector
followed by a 1.5 mm thick double-sided Si strip detec-
tor with each face having 32 strips with a pitch of 2 mm
and an act ive area of 62.3 x 62.3 mm2. The orthogonal
orientat ion of the front and back strips of the thick Si
detector, which was located 63 cm from the target , al-
lowed for angular resolut ion of δθ ≈ 0.05◦ . In order to
allow the high-precision angular determinat ion of the po-
sit ion, we measured the posit ion of the target and silicon
strips in HiRA with the Laser Based Alignment System
(LBAS) [29]. Addit ionally, the Si detectors were backed
by a cluster of four 39 mm long CsI(TI) crystals which
served as the calorimeters. For this paper, we only an-
alyzed protons which stopped in the CsI(TI) crystals.
This resulted in a proton momentum range of approxi-
mately 200-500 MeV/ c. The angular coverage of HiRA
with respect to the beam was 18 < θL ab (deg) < 58 in
the laboratory frame and 30 < θC M (deg) < 110 in the
center-of-mass frame.
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Comparing data to theory (pBUU)

Henzl et al., Phys.Rev. C85 (2012) 014606 

Proton femtoscopy in 48Ca+48Ca ..
@ 80 AMeV

6

5

4

3

15

Importance of 

cluster production 

and in-medium 

cross section
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Comparing data to theory (pBUU)

BUU Pararameters

Rostock in-medium reduction

 Importance of the clusters

No dependence on symmetry 

energy – not shown
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BUU does reasonably well

Except at larger rapidities -

Spectator source

Where evaporation and 

secondary decays are 

important!
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Comparing data to theory (pBUU)
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FIG. 3: r 1/ 2 as a funct ion of total momentum for 40Ca+ 40Ca

and 48Ca+ 48Ca collisions and all three angular ranges. The
sizesof source from data using the imaging techniquearegiven
by red closed circles while those from the Gaussian technique

are shown as blue closed t riangles. Source sizes from BUU
are shown as black open circles.

lat ter case, however, a relat ively small fract ion of fast
protons (f= 0.30) was reported. From the λG and λ I

parameters obtained from the Gaussian fit and imaging
method we calculated the fract ion f of short t ime scale
emit ted protons [18], according to Eq. 8. The results are
summarized in Table I. We show that the values of this
f parameter are consistent between both methods. All
proton fract ions exceed 0.5 and there is very lit t le mo-
mentum or angular dependence of the f parameter. It is
interest ing that the largesourcesat θ = 18− 26◦ and total
momenta of 740− 900 MeV/ c observed for both react ions
also have relat ively large fast fract ions eg. f > 0.7. This
implies that more than 70% of the two-proton emission
occurs at relat ive separat ions of r < 15 fm. This appears
to exclude significant contribut ions (> 30%) from evap-
orat ive emission at emission t ime delays much greater
than about 150 fm/ c.

On shorter t imescales, the relat iveimportanceof a spa-
t ial expansion of the project ile remnant versus the effects
of an extended lifet ime cannot be dist inguished with an-
gular averaged correlat ion funct ions such as those pre-
sented here. However, some informat ion can be gleaned
by considering the limits of an expansion followed by an
instantaneous emission versus an emission that extends

over t imescale of the order 10’s of fm/ c. For the limit of
instantaneous emission, we approximate the correspond-
ing density by assuming that it is uniform with same
RMS radius as the Gaussian distribut ion given by the
best fit . In this approximat ion, the freezeout density
would be approximately ϱf r e ≈ Aspec/ { 4π

3
(
√

5RG )3} .
Assuming, the project ile contains Aspec = 20 nucleons
prior to fragmentat ion and RG = 3− 9 fm, oneobtainses-
t imates for ϱf r e of ϱf r e = 0.004− 0.1ρ0. This is somewhat
below thedensity rangeassumed by stat ist ical simultane-
ous mult i-fragmentat ion models [34, 35]. It is also below
the density range, ρ = 0.2− 0.4ρ0, extracted from d− α
correlat ions for the part icipant source in 129Xe+ 197Au
collisions [33]. Both comparisons suggest that the source
fragments over a non-zero t imescale.

Alternat ively, we assume that decay occurs from a
spherical source with RG and vary the t imescale of the
decay. Following Koonin [16] weassumea Gaussian emis-
sion t ime dist ribut ion: i.e. emission rate∝ exp(− t2/ τ 2).
This leads to a source funct ion of the form:

S(r ) =
λG

(4π)3/ 2R2
G R2

G + 0.5(vτ )2
e
−

r 2
⊥

4R 2
G

−
r 2

| |

4( R 2
G

+ 0. 5( v τ ) 2 ) .

(10)

Here, v = |−→v |, where −→v =
−→
V −

−→
V0 is the magnitude of

the velocity
−→
V of the center of mass of the two protons

relat ive to the velocity
−→
V0 of the source, r⊥ (r || ) is the

component of r⃗ perpendicular (parallel) to v⃗.
The beam momentum per nucleon is roughly equal

to the average proton momentum for the data with
18◦ < θ < 26◦ and 740 ≤ P (M eV/ c) < 900. Thus,
most of the protons within this gate must be preferen-
t ially emit ted perpendicular to the beam leading to an
est imated velocity of v ≈ 0.16c. In this scenario, the
space-t ime extent measured for those part icles is a com-
binat ion of the spat ial dimension (RG ) and the lifet ime
of the source (τ ). The dashed lines in the lower panels of
Fig. 1 correspond to the correlat ion funct ions obtained
with the source distribut ion from Eq. 10, where RG = 3
fm and τ = 100 fm/ c (≈ 3.3 × 10− 22s) for 40Ca+ 40Ca
and RG = 3.5 fm and τ = 135 fm/ c (≈ 4.5 × 10− 22s)
48Ca+ 48Ca react ions.

Thosecalculat ionsshow reasonableagreement with the
experimental correlat ion funct ions. This ” lifet ime” is rel-
at ively short for a stat ist ical evaporat ion process, but
comparable to the t imes for expansion and disassembly
during a mult ifragmentat ion process [36–41].

To illustrate the inconsistency of the large source
sizes at forward angles with a straightforward dynami-
cal origin, we simulated 40Ca+ 40Ca and 48Ca+ 48Ca col-
lisions at E/ A= 80 MeV. We chose a parametrizat ion of
BUU such that an energy dependent in-medium nucleon-
nucleon cross sect ion reduct ion was employed [42]. We
also included momentum dependence in the mean field
with a soft equat ion of state [43]. We chose the density
dependence of the symmetry energy to be γ = 0.7, which
is in agreement with Ref. [44]. We also included the pro-
duct ion of A ≤ 3 clusters [14, 45]; this tends to increase
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emit ted protons [18], according to Eq. 8. The results are
summarized in Table I. We show that the values of this
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by considering the limits of an expansion followed by an
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the velocity
−→
V of the center of mass of the two protons

relat ive to the velocity
−→
V0 of the source, r⊥ (r || ) is the

component of r⃗ perpendicular (parallel) to v⃗.
The beam momentum per nucleon is roughly equal

to the average proton momentum for the data with
18◦ < θ < 26◦ and 740 ≤ P (M eV/ c) < 900. Thus,
most of the protons within this gate must be preferen-
t ially emit ted perpendicular to the beam leading to an
est imated velocity of v ≈ 0.16c. In this scenario, the
space-t ime extent measured for those part icles is a com-
binat ion of the spat ial dimension (RG ) and the lifet ime
of the source (τ ). The dashed lines in the lower panels of
Fig. 1 correspond to the correlat ion funct ions obtained
with the source distribut ion from Eq. 10, where RG = 3
fm and τ = 100 fm/ c (≈ 3.3 × 10− 22s) for 40Ca+ 40Ca
and RG = 3.5 fm and τ = 135 fm/ c (≈ 4.5 × 10− 22s)
48Ca+ 48Ca react ions.

Thosecalculat ionsshow reasonableagreement with the
experimental correlat ion funct ions. This ” lifet ime” is rel-
at ively short for a stat ist ical evaporat ion process, but
comparable to the t imes for expansion and disassembly
during a mult ifragmentat ion process [36–41].

To illustrate the inconsistency of the large source
sizes at forward angles with a straightforward dynami-
cal origin, we simulated 40Ca+ 40Ca and 48Ca+ 48Ca col-
lisions at E/ A= 80 MeV. We chose a parametrizat ion of
BUU such that an energy dependent in-medium nucleon-
nucleon cross sect ion reduct ion was employed [42]. We
also included momentum dependence in the mean field
with a soft equat ion of state [43]. We chose the density
dependence of the symmetry energy to be γ = 0.7, which
is in agreement with Ref. [44]. We also included the pro-
duct ion of A ≤ 3 clusters [14, 45]; this tends to increase
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sizes at forward angles with a straightforward dynami-
cal origin, we simulated 40Ca+ 40Ca and 48Ca+ 48Ca col-
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Averaged emission time 

of particles in transport theory
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Emission of p’s and n’s: Sensitivity to SymEn
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Possible emission configurations (stiff EOS)
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Sensitivity to particle emission (soft EOS)
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Not expected if n,p emitted from the same source 
(no n-p differential flow)

Relating asymmetry in the CF to space-time asymmetry

x t( ) = xp - xn( ) -V tp - tn( )

(n,p) correlation function

qx = 0.5(px,p - px,n) 

qx<0 qx>0
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Classically, average separation 

b/t protons and neutrons

Voloshin et al., PRL 79:4766-4769,1997
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 Two particle correlations provide a unique probe to study 

the space-time extend of the source 

 add constrains on the in-medium cross-section

 importance of the clusters, symmetry energy

 validate theoretical models

 The average relative emission time of n’s and p’s 

potentially sensitive to the symmetry energy and can be 

“measured” with two particle correlations

 Transport models

 Predictions are model dependent

 Collaboration between theorists and experimentalists beneficial 
for both sides

Summary
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