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> The electron fraction and the Fermi energy of relativistic

electrons in circumstances of neutron stars (NSs) are two
Important physical parameters influencing directly weak-

Interaction processes including MURCA reactions, electron

capture and so on

» This influence will change intrinsic equations of states

Interior structure and heat evolution of a NS, and even affect

whole properties of the star
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»>Defining E.(e) for relativistic electrons: E_(e) =[p2 (e)c? + m2c*T'2.(1)

> Micro-state number in the weak- g

B Pe (€) 2. 87T 4
magnetic field approximation: N gha = pfo 4rpidp =25 Pe(8).(2)

> Introducing dimensionless momentum X, =p:(1)/mc (1=¢e,n,p)
» According to Pauli’s exclusion principle, 1

. . . 3
electron number density is equal to its N, =Ny, = 3713 Xe (3)

energy state density

> By defining the mass of a baryon m, mg = %Z nm, = i (4),

i _ZiniAi,
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»Matter density can be expressed as: p=Nm, = eY B (5),
»Combining Eq.(4) and Eq.(5), we get: x - (37;% Y ©)

u

» Inserting m, =1.66057x10%*g and
x, =1.0088 <1072 (Y, p)"%,(7)

h 11 .
A, = — =3.8614x10""cm into Eq.(6), we get:

e

o =umn =0.97395x10° 1 X’

s 1 |
> Utilizing 24 = m”:Ye -5 Eq(8)is

rewritten as : — 0.97395x10° i—eg .cm3(8)

e

» Combining Eq.(1) with Egs. (7)

E.(e) =[1+1.018x10*(pY,)*°1"? x0.511MeV.(9)
and (8) , we get
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> From Shapiro \& Teukolsky (1983), we get the electron

fraction in the outer core region (p~0.5p,-2.0p,)

vy =" D L 0.005647(2), (10)

€
n,+n, n o)

n

» Inserting Eq.(10) into EQ.(9), we get

E, (e) =60x (£)%* MeV (11)
Lo
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Inserting Eq.(10) into Eqg.(11), we get

L 1 : poYe 5
Ex(e) = 60 x (£> (E) _ 60 x ( r ) 0.005647
Po Po Po Po
i 5 Y. 5 .
=00~ (E) (0.00.554?) (MeV). (12)

Application conditions:

1B<<B =44x10°G 2.p=10"g-cm”
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Atmosphere
Superhot plasma

Outer crust Starquakes
Crystal lattice: 200 m deep
nuclei + electrons

Using reliable equations of
state (EOSs) and numerical
simulations, we will get one-
to-one relationship between
the electron fraction and
matter density at different
depths in a NS, then obtain
the value of Fermi energy of
electrons given any density .

Inner crust Starquakes
Crystal lattice: 1 km deep
nuclei + electrons + neutron drip

“— 20 km (12 mi) diameter

LT

Outer core
Atomic particle fluid

Inner core
Solid block of subatomic partfﬂiﬂﬁ?
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umerical simulation (1)

=R RS (e [EENePNucleon matter using Argonne v18 two-nucleon interaction (Avl8
agd Urbana IX three nucleon interaction (UIX) indicated that there is a
possibility of a transition to a neutral pion condensed phase for both symmetric

and pure neutron matter,

O Akmal, Pandharipande, & Ravenhall(1998) (APR98) investigated the properties
of dense nucleon matter and the structure of NSs, and provided an excellent fit
to all of the nucleon-nucleon scattering data in the Nijmegen data.

O In APR98, the authors not only considered thenon-relativistic calculations with
Avl8 and Av18+UIX models for nuclear forces, but also described the
relativistic boost interaction model (denoted as ov) with and without three-
nucleon interaction (U1X*).

OO0 The difference between these two models lies in that whether the effect of three-
nucleon interaction (TNI) is considered. These two models can be regarded as
more realistic models.

(Akmal, Pandharipande, \& Ravenhall 1998)
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ool el [aR R PAPRI8, the effective interactions have same form

H = [h*/(2m)+ (ps + (1 —Yy)ps) pe P°] 7, +
[EE}#(Q-;-,-L} + (pa + Yppg,}pﬁt_p”?] Tp +
g(p.Yp =0.5) (1 — (1 —2Y,)%) +
g(p.Y, = 0)(1 — 2Y,)7,
where p=pn+ pp atzero temperature, and

3 2.3 3 2, 5
=BTV = 2B (1-T,)°

Table 1 Parameter values for Avl8 + dv + UI X and Av18 + dv models.

model P P2 Ps Pr Pg P9 P1o P11 P12 P13
AvI18+ov+UIX™ 337.2 —382.0 —-19.1 2146 -3840 64 69.0 -33.0 0.35 ()

Al18+4-0v 2810 -151.1 -106 2101 -158.0 588 588 —-15.0 -0.2 -0.9

model P14 P15 P16 P17 P18 P19 P20 P21 —— ——
Av18Lip+UIX® () 2R87.0 =154 175.0 —145 0.32 0.195 0 — ——

—
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Table 2 Partial values of ng, p. Y. and Er(e) for Avl8 + dv+ UIX" and Avl8 + dv models.

Avls + dv
‘' np Matter-density Y. Eg(e) E;.{E) ng Matter-density Y. Eyle) E;.(E}
i (fm=*) (gem™) (%) (MeV) (MeV) (fm~=%) (2 cm_ﬂr] (%)  (MeV) (MeV)
0.10 1661 x 10"  2.395  R1.60  81.32 0.67 1.113 x 10" 6.237 211.64 211.96
0.17 2178 % 10" 2780 10245 102.19 0.74 1.220 % 10" 6.620 223.15 9223.33
0.23 2.810 x 10" 3.683 124.33  124.03 0.82 1.362 % 10"°  7.068 9236.02 236.32
0.30 4.082 % 10" 4165 141.52  141.02 0.90 1.495 % 10" 7.528  248.63 9248.76
0.37 6.144 x 10**  4.500 156.76  156.76 0.96 1.504 % 10"  7.881 257.05 258.21
0.41 6.808 x 10" 4.820 164.88  164.56 1.00 1.661 % 10" 8121  264.11 264.43
0.45 7473 % 10" 5.043  172.67  172.36 1.04 1.727 % 10" 8365 270.23  270.65
0.49 8.137 % 10 5262 180.17 180.10 1.07 1.777 % 10 8552 927493 274.54
0.57 0.465 x 10"*  5.605 194.55 194.67 1.14 1.803 % 10*® 8001 28542 285.56
0.64 1.063 x 10 6.073  206.50  206.65 1.20 1.993 x 10" 0378 204.45 204.64
AR+ dv+ UIX"
0.10 1.661 x 10™ 3.707  04.38  04.00 0.67 1.113 x 10  7.633 226.38 226.65
0.17 2178 x 10" 4,701 121.04 121.38 0.74 1.220 % 10"  8.001 237.71 237.03
0.23 3.810 x 10" 4.791  135.72 135.25 0.82 1.362 % 10" 8404 250.04 250.21
0.30 4,082 x 10" 5274 153.11 152.81 0.90 1.495 % 10" 8780  261.99 262.23
0.37 6.144 x 10" 5706 169.44 169.17 0.06 1.504 % 10"  0.068 270.20  270.65
0.41 6.808 % 10 6.073 178.00 177.88 1.00 1.661 % 10 0251 27584 275.00
0.45 7473 x 10" 6.385  186.33  186.01 1.04 1.727 % 10" 0.420  280.26  280.54
0.49 8.137 x 10" 6.502  194.23  194.03 1.07 1.777 % 10 0563 285.26 285.76
0.57 0.465 x 10" 7.073  209.12 209.37 1.14 1.803 % 10" 0864 20437 204.57
0.64 1.063 % 10'%  7.468 9221.54 221.33 1.20 1.003 % 10 1012 301.98  302.46

—
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By performing 2nd order polynomial fitting, we obtain

Y. = —0.01232 + 0.1184 p — 0.0572 p?,
Y, = —1.4321 + 2.3246 o — 0.9085 o?,
Y, = 0.0291 + 0.01460 — 5.68 x 10~*p?,

for p ~ 0.593 — 1.190(p ~ (1.661 x 10'* — 3.331 x
10M)g em™?), o0 ~ 1.190 — 1.366 (p ~ (3.331 x 10'* —
3.826 x 10'*)g em™?), and p ~ 1.366 — 7.118 (p ~
(3.826 x10'* —1.993 x10'®) g em™*), respectively, where
nnar = 2 is assumed. When at the density-node of
o = 1.190, the “jump” of the electron fraction is 0.0007,
corresponding to a relative variation |AY, /Y| ~ 1.4%,
while at the point o = 1.366, the “jump” is about
0.0006, corresponding to a relative variation of 1.2%.
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_mtl} the Av184-4dv model, the data of Y. are divided

into two groups according to their change trend. In the

same way, we obtain

Y. = —0.0105 + 0.07487 o — 0.03053 p?,
Y. = 0.0236 + 0.00991 o — 2.317 x 1077 ¢°

for o ~ 0.593 — 0.984(p ~ (1.661 x 10'* — 2.755 x
10)g em™), and p ~ 0.984 — 7.118(p ~ (2.755 x
1014 — 1.993 x 10'%) g em—?), respectively. When at
density-node of o = 0.984, the change |AY.| = 0.0006,
corresponding to a relative variation of 2.1%, which en-
sures the continuity of two analytical expressions. The
differences of Y. between the data and the fits are typ-
ically ~ 1072 or better, the relative differences are s-
maller than 1%, and the maximum error is about 0.004
also at the low density end.
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O The relativistic-mean-field (RMF) theory, which has become
standard method to study nuclear matter and finite-nuclel
properties.

O According to RMF models, the strong interaction between
baryons is mediated by the exchange of isoscalar scalar and vector
mesons ¢, m, Isovector vector meson p.

O There are two additional strange mesons namely isoscalar scalar

o* and vector ¢ mesons considered by some authors (e.g.,
Schaffner & Mishustin 1996; Xu et al. 2012).
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L = ZEB [i"-"}"_uﬁ'“ — (THB — 4sB0 — QJ‘BJ“')
B

—9pBYWuT - P — guB W — gsB V" [UB
1,. . 1,. ,
—l—a(i’,’“créi“cr —m20?) + a(ﬁva*ﬁt'g*
2 1 1

—m;+ﬂ*2) - 11-1’““{;1{@ - ER'HTJR.M-'
1 . L 1 Lv 1 L

—|—5mﬁﬁ’upﬁ - EP'L Py + Emiwﬁwi
1 1 L 5

_gaga — 13}0’4 + 5771;@;1@'[

where I;Ifj.i‘l? _: ﬁ;a‘:‘-"y T 31-'"-‘-";“ R;au = ( v — 51-‘1"9,;1
and F,,, = J,,¢., — J, ¢, denote the field tensors of
w, p and ¢ mesons, respectively.
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The meson field equations in NSs are as follows

ZQEBPS’E = m20 + ao? + bo”,

B
> aupi = mio + el

duwBPB = M,Wo T C3Wp,

B
Z 9pBPBl3p = ﬂli.ﬂﬂu

B

2
E Jo*BPSB = M. 0",
B

Z dsBPB = 'ﬂliﬁf’ﬂa
B
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At T=0 the lepton chemical potentials are expressed by

= \/kirg + mf", l:ﬁn_l}

The charge neutrality condition is given by

ZQEFB_HE_H#:&
B
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!y SH ving the coupled equations self-consistently at a given

density, we get the total energy state density and total pressure

B
Zl I re—— L oo 1 45 1
£ = ) Eﬁ \/IIE“-F]’HEE;S dﬁﬂ+§?ﬂgﬂ +§ggﬂ +EQ3U

1 3 ki
+2m W -|-4C,3w -|——?HF,;J -I—ZT/ \/ K2+ mikAdk,

B
1w 1 [F Bk 1 |
= EZ ) / — 5M,0" — 2620” — —g30"
B /0 “

R+ mg 37 T

kAdk

—I—Im“"z—l—lf tt. m + = Z
2 L/ 4.3'-‘-" l.:|-.I|5I 3 .-_H2+mi
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Table 7 Saturation properties, meson-nueleon couplings and self-coupling constants of three RMF models,

Modd B K mw KT L K Qb K,

S MV MeV MV MV MeV MV MeV M
N3 018 1621 27155 060 20201 3740 1833 10083 ISL31 69885
TMA 0147 1602 31805 063 57212 3066 0014 1075 -10874 -367.99

GMI(SU3) 0153  -1633 30050 070 21566 3252 9402 1798 2501 -478.64
Model my Mg My My JoN  GuN  GpN a b (3

MeV  MeV MeV MeV ! fm! fm' ' 7t
NL3 039.0 508104 78250 7630 10217 12868 4474 -10431 -28.88) 0
TMA 9390 519151 78195 768.1 10055 12.842 3800 -0.328 38862 151.590

|
GM1(SU3)T 938.0 ol T80 700 410 1026 410 1228 -8B 0

iy |

Note: T, For the GM1(SU3) parameter set, the meson masses m,, = 975.0MeV, and Mg, = 1020.0MeV, the meson- hyperon
couplings g, = 6.170fm~!, g,= = 1020.0fm ' g,, 5 = 5.412fm~", and g,,, = 11.516fm~".
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Table 8 Partial calculations of mng, ne., ¥ and FEgy(e) for TMA parameter set.

= TL = E‘r;"l:e} = P
(frm —) (e —2) Ye (MleV) (fim—*) (fm—%)
3.808x 108 0 0 0.04921 1.779x10—°% 3.41x10—10
1.312<10—" 0 0 0.11482 6.202x<10"° 2 61109
0.00106 6.202< 1031 0.0000583 2.4698 0.0050 2 TOR>x10°
0.0434 3.3639 3 103° 0.00775 42 459 0.2073 2 097104
0.1106 3.5155x 103° 0.03179 92 825 0.53086 0.007T67T
0.1442 6.6243 > 1036 0.045904 114.65 0.60582 0.018]35
0.1666 9.0084 > 1036 0.05407 127.02 0.280746 0.02822
0.2786 2.3820x 1037 0.08553 175.67 1.38909 0.11426
0.3066 28026 = 1037 0.09141 185.43 1.5425 0.14544
0.3696 3. 7847 = 1037 0.1024 2041.96 1.8071 0.22019
0.4326 4. 7996 > 1037 0.11095 221 .85 2.2675 0.33046
0.5852 T.327 =< 1037 0.12521 255.45 3.2303 0.63688
0.6286 820579 1037 0.12819 263.67 3.5207 0.73716
0.62816 0.00782> 1037 0.13158 273.65 3.0058 0.87360
0.7T826 1.06890 x 1035 0.13658 280.7T1 4.6073 1.1297
0.8764 1.23193x 1035 0.14057 303.75 5.3009 1.3921
0.9436 1.3501 »x 1038 0.14308 313.17 5.8311 1.5802
1.0528 1.5444 3 1038 0.14660 327.52 6.7033 1.9239
1.1704 1. 7567 »x 1038 0.15009 341.89 7T.6928 2.3017
1.2110 1.8307 »x 1038 0.15117 316.63 82.0418 2.4360
1.2278 1.8614 > 1038 0.15161 318 .56 8.1875 2.4921
1.2614 1.9231 < 1038 0.15246 352.37 2.14813 2.6053
1.2950 1.9850 x 1035 0.15328 356.11 B.TTS1 2. 7196
1.3202 2.03153 1038 0.15388 358.87 9.0027 2.8062
1.3370 20627 x 1038 0.15427 360.69 0.1533 2. .8642
1.3538 20038 3 1038 0.154166 362.50 0.3047 2.0225
1.400 2.1 798 1038 0.15570 367.40 O. 7247 3.0844




Table 9 Partial caleulations of ng, n.. Y. and Er(e) for GM1(5U3) parameter set.

npg Mg EF{E} ng Mg EF(E}
(fm ) (em ™) Yo (MeV) (fm™3) (cm™>) Ye  (MeV)
0.00153 1.526x 10 0.0000997 3.30 0.42993 4.962x10%% 0.1154 224.32
0.0153 3.026x10%°  0.00198 19.03 0.49725 6.145x10%% 0.1236 240.90
0.02601 1.079x10%°® 0.00415 29.07 0.56763 7.395x10%® 0.1303 256.23
0.03519 2.248x10°° 0.00639 37.12 0.608904 8.132x10°® 0.1335 264.48
0.0459 4.306x10%¢  0.00038 46.10 0.65943 9.037x10%% 0.1370 273.94
0.05967 8.201x10%°° 0.01374 57.14 0.70074 9.779x10*® 0.1396 281.25
0.07191 1.297x10%°7 0.01804 66.58 0.78029 1.122x10*" 0.1438 204.42
0.00486 2.553x 1037 0.02601 83.44 0.85986 1.267x10%% 0.1473 306.60
0.10404 3.194x10°7  0.0307 89.91 0.86139 1.270x10* 0.1474 306.82
0.11016 3.667x10°7 0.0333  94.14 0.88281 1.309x10* 0.1483 309.95
0.13005 5.450x 1037  0.0419 107.43 0.91035 1.360x10%% 0.1493 313.90
0.14076 6.492x 1037 0.04612 113.88 0.95778 1.447x10%% 0.1511 320.50
0.17289 9.952x10°7 0.05756 131.31 1.0557 1.629x10*" 0.1543 333.42
0.18513 1.140x10%*®  0.0616 137.41 1.1047 1.721x10* 0.1558 339.57
0.22491 1.657x10%% 0.07366 155.62 1.2378 1.973x10°? 0.1594 355.41
0.2754 2.393x10°® 0.08688 175.91 1.3235 2.138x10°*° 0.1615 365.01
0.34272 3.471x10%% 0.10120 199.14 1.3908 2.268x10%° 0.1631 372.26
0.39933 4.431x10%% 0.11097 216.02 1.530 2.539x10% 0.1660 386.56




Table 11 Partial calculations of ng, n.. ¥, and Er(e) for NL3 parameter set.

ng N e EF'{EII £ P
(frm =) (em ™) Y- (MeV) (fimn—*) (fm—*)
1.48% 108 0 0 0.001 7.55x10~8 3.606x10—14
1.036x10~7 0 0 0.0039 4.23x1077 6.984x10 13
7.400x10—° 0 0 0.3888%0 0.000352 4.204x<10—%
3.108x10—% 3.7149x103° 1.2x10—% 1.0747 0.0014 3.901 =107
0.00132  1.2348x 1072 9.4x10~° 3.0825 0.00627 3.125x10"°
0.00592  3.9553x10%° 6.7x10"% 06678 0.02822 1.841%10"°
0.042902  4.8659x10%® 0.01134 48.018 0.2050 5.987x10—4
0.07104 1.7196x103%¢ 0.0242 73.138 0.34024 0.00285
0.10064  4.0873x10°%° 0.04061 97.607  0.48403 0.00795
0.14208  8.9505x10%¢  0.06300 126.75 0.68868 0.02053
0.17168  1.3163x1037 0.07667 144.14  0.83771 0.03452
0.20276  1.8191x10°7 0.08972 160.55  0.99734 0.05631
0.23088  2.3149x10°7 0.10026 173.98 1.1453 0.08543
0.29156  3.4434x<1037 0.1181 198.61 1.4804 0.19431
0.32116  3.9935x10°7 0.12435 208.66 1.6542 0.27455
0.35224 4.5623x10°7 0.12052 218.13 1.8455 0.37757
0.41144 5.625x10%7 0.13672 233.9 2.2377 0.62107
0.44252  6.1771x10°7 0.13959 241.32 24501 0.77003
0.47212  6.7017x10%7 0.14195 247.96 2.6802 0.92646
0.50172 7.2266x1037 0.14404 254.28 2.09114 1.0939
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Fig. 16 The relations of m,,.. and ng(c) for RMF models.
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ch'_' ¥, vs= p m BEMF for 4 parameter groups

{al-HL3 (b)—GM1 (c)-TMA (d}— Shen 2002
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The relation of Y, and o in four MMF models
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F 483 i X S Analynical expressions (1)
mtain a set of analytical expressions of Y, for
TMA parameter set

Y. = —0.00316 + 0.05258 g — 0.00514 o~,
Y. = 0.08235 4+ 0.0124 p — 5.04 = 104 p2,

for p ~ (6.918 x 10'" — 9.380 =< 10'*) and (9.380 x
101 — 2,690 % 101®) g em 2, respectively. At the mid-
point of 2.988 x 10 g em 2, the "jump” of Y. is about
2.8 x 1072, and its relative variation ~ 2.5% confirming
the continuities of two expressions above. The tyvpical
differences between the fit and the data are 1072 —10—%,
and their relative differences are typically 10—2 — 10—,
The maximum absolute deviation and relative error are
4.5 = 1072 and 3%, respectively, at the high-density end,
due to uncertainty of the EoS.
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GM1(SU3) parameter set

Y. = —0.00298 + 0.0526 0 — 0.00494 o°.
Y. = 0.07663 + 0.0138 p — 5.99 x 10~4 o2,

for p ~ (6.917 x 101! —8.036 x 10'*) and (8.036 x 10 —
2.690 x 10'%) g em 2, respectively. At the midpoint of
8.036 x 10" g em >, the "jump” of Y, is about 4 x 1072,
and its relative variation ~ 3.7%, which also ensures
the continuities of two expressions above. The typical
differences between the fit and the data are 1072 —10"4,
and their relative differences are typically 10—3. The
maximum absolute deviation and relative error are 3.2 x
10— and 3%, respectively, at the high-density end.



Analynical expressions (3)

W set of analytical expressions of Y_ for

NL3 parameter set

¥ B4 510 K4
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Y. = —0.00436 + 0.0749 p — 0.00851 o7,
Y, = 0.11556 + 0.00931 o — 3.52 x 1074 ¢°.

for p ~ (5.688 x 101! — 7.420 x 10') and (7.420 x
1014 — 2,708 x 10'®) g em 2, respectively. At the mid-
point of 7.420 x 10 g em 2, the "jump” of Y. is about
3.4 x 1072, and its relative variation ~ 2.5%, which
also ensures the continmities of two expressions above.
The typical differences between the fit and the data
and their relative differences are similar to those of T-
MA parameter set. The maximum absolute deviation
and relative error are 3.5 x 1072 and 2%, respectively,

-at the hiﬁh—dmlﬂitv end. -
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> We deduce a uniform formula of Fermi energy degenerate and
relativistic electrons in the weak-magnetic field approximation.

> We performed numerical simulations firstly in APR98, then in RM
models, and obtained a number of analytical representations of Ye.

> Since Ye and EF(e) are important in assessing cooling rate of a NS and
the possibility of kaon/pion condensation in the NS interior, the
analytical representations obtained will be very useful in the future
study on thermal evolution of a NS and the EoS of NS’s matter under
extreme conditions, though our methods are indeed simple.
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Thank you for

your attention!




