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Overview

Why scale dependent gravity?

G0 → Gk

Λ → Λk

k := momentum scale

G0 → G (r)

Λ → Λ(r)

S0 =

∫
d3x
√
−g
[
R − Λ

16πG0

]
→ S =

∫
d3x
√
−g
[
R − Λ(r)

16πG (r)

]
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Overview

e0 → e(r)

S0 =
∫
d3x
√
−g
[

R
16πG0

− L
e2

0

]
→ S =

∫
d3x
√
−g
[

R
16πG(r) −

L
e(r)2

]



Overview

Why nonlinear electrodynamics?

L → L(F )

The Born-Infeld Lagrangian

L = −b2

(√
1− 1

b2
(E 2 − B2)− 1

)
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Overview
In this talk...

L(F ) = Cβ|F |β

F :=
1

4
FµνF

µν

Power-Maxwell source...

...as a source of
I Classical (2 + 1) gravity
I Scale dependent (2 + 1) gravity

G0 → G (r)

e0 → e(r)

L → L(F )



(2 + 1) Gravity + NLED source

S =

∫
d3x
√
−g
[

R

16πG0
− L(F )

e2β
0

]
,

I metric signature (−,+,+)

I natural units c = ~ = kB = 1



(2 + 1) Gravity + NLED source

Variations respect to the metric field lead to

Rµν −
1

2
gµνR = 8π

G0

e2β
0

Tµν ,

where

Tµν := LFgµν − L(F )FµγFν
γ

Variations respect to the electromagnetic four–potential Aµ

Dµ

(
Fµ νLF

)
= 0.



(2 + 1) Gravity + NLED source



(2 + 1) Gravity + NLED source

Consideration: Static and circularly symmetric spacetime and

ds2 = −f (r)dt2 + f (r)−1dr2 + r2dΩ2

Fµν = (δtµδ
r
ν − δrµδtν)E (r)

For β = 3/4 and C := 27/33−4/3e2
0Q

2/3
0

f (r) =
4G0Q

2
0

3r
− G0M0,

E (r) =
Q0

r2

Tµ
µ = 0!!



(2 + 1) Scale dependent Gravity + NLED source

G0 → G (r)

e0 → e(r)

S =

∫
d3x
√
−g
[

R

16πG (r)
− L(F )

e(r)2β

]
Variations respect to the metric field lead to

Rµν −
1

2
gµνR = 8π

G (r)

e2β(r)
Tµν −∆tµν ,

where

∆tµν = G (r)(gµν�−∇µ∇ν)
1

G (r)
.



(2 + 1) Scale dependent Gravity + NLED source
Variations respect to the electromagnetic four–potential Aµ

Dµ

(
Fµ νLF
e(r)2β

)
= 0.

For static and circularly symmetric solutions we consider

ds2 = −f (r)dt2 + f (r)−1dr2 + r2dΩ2

Fµν = (δtµδ
r
ν − δrµδtν)E (r)

β =
3

4

from where

E (r) =
Q0

r2

(
e(r)

e0

)3

We must solve a set of differential equations for
{f (r),G (r), e(r)}!!!



(2 + 1) Scale dependent Gravity + NLED source
The null energy condition

Tµν`
µ`ν ≥ 0.

where `µ = { 1√
f
,
√
f , 0}.

Now,

���
��:0

`µ`νRµν −
1

2�
���

�:0
`µ`νgµνR = 8π

G (r)

e2β(r)�
��

��:0
`µ`νTµν − `µ`ν∆tµν ,

Then,

∆tµν`
µ`ν = 0,

from where

G (r)
d2G (r)

dr2
− 2

(
dG (r)

dr

)2

= 0,

which solution reads

G (r) =
G0

1 + εr

ε→ running parameter!



(2 + 1) Scale dependent Gravity + NLED source
Solutions

f (r) =
4G0Q

2
0

3r(rε+ 1)3
−

M0G0

(
r3ε2 + 3r2ε+ 3r

)
3r(rε+ 1)3

,

e(r)3 = e3
0

[
(2rε(3rε+ 2) + 1)

(rε+ 1)4
− M0r

3ε2(rε+ 4)

4Q2
0 (rε+ 1)4

]
.

In the limit ε→ 0 we recover the classical results

lim
ε→0

G (r) = G0,

lim
ε→0

E (r) =
Q0

r2
,

lim
ε→0

f (r) =
4G0Q

2
0

3r
− G0M0,

lim
ε→0

e(r)3 = e3
0 .

...as expected!!



(2 + 1) Scale dependent Gravity + NLED source

Ricci scalar

R ≈ −4G0ε

[
M0 + 4Q2

0ε

r

]
+O(r).

Kretschmann scalar

K ≈ 32G 2
0Q

4
0

3r6

[
1−

(
M0

Q2
0

ε+ 4ε2

)
r2 +O(r−3) ε

]
,

....the singularity persist at r = 0!!



(2 + 1) Scale dependent Gravity + NLED source
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Figure: Lapse function f (r) for ε = 0.00 (black solid line), ε = 0.04 (blue dashed line), ε = 0.15 (dotted red
line) and ε = 1.00 (dotted dashed green line). The values of the rest of the parameters have been taken as unity.
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Figure: Electromagnetic coupling e(r)3 for ε = 0.00 (black solid line), ε = 0.25 (dashed blue line), ε = 0.45
(dotted red line) and ε = 1.00 (dotted dashed green line). The values of the rest of the parameters have been
taken as unity.

lim
r→∞

e(r)3 ∝ −e3
0

ε



(2 + 1) Scale dependent Gravity + NLED source
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Figure: Black hole horizons rH as a function of the mass M0 for ε = 0.00 (black solid line), ε = 0.40 (blue
dashed line), ε = 1.00 (dotted red line) and ε = 2.00 (dotted dashed green line). The values of the rest of the
parameters have been taken as unity.
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Figure: Hawking temperature TH as a function of the classical mass M0 for ε = 0.00 (black solid line),
ε = 20.00 (blue dashed line), ε = 50.00 (dotted red line) and ε = 100.00 (dotted dashed green line). The values
of the rest of the parameters have been taken as unity.
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Figure: The Bekenstein-Hawking entropy S as a function of the classical mass M0 for ε = 0.00 (black solid
line), ε = 20.00 (blue dashed line), ε = 50.00 (dotted red line) and ε = 100.00 (dotted dashed green line). The
other values have been taken as unity.
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Figure: The Heat Capacity as a function of the classical mass M0 for ε = 0.00 (black solid line), ε = 20.00
(blue line), ε = 50.00 (red line) and ε = 100.00 (green line). The other values have been taken as unity.



Summary

I An exact solution for scale dependent gravity coupled to a
power Maxwell source was obtained.

I Scale dependent gravitational couplings induce non trivial
deviations from classical Black Holes solutions.

I The singularity at r = 0 and the non-stability of the solutions
persists.



...Gracias!


