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S-MATRIX APPROACH
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g.s.

interaction:  
attractive + repulsive
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+ repulsive channels



PHASE SHIFT AND DENSITY OF 
STATES
particle in a box

k(0) =
n�

L
� � sin(k(0)x)



PHASE SHIFT AND DENSITY OF 
STATES
particle in a box

in the presence of  a scattering potential

� � sin(kx + �(k)) density of states
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PHASE SHIFT AND DENSITY OF 
STATES

phase shift and d.o.s. (schematics)
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PHASE SHIFT AND DENSITY OF 
STATES

phase shift and d.o.s. (schematics)
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FORMULATION

given the exact phase shift δl

thermodynamics Bl = 2
d

dq
δl eff. spectral function

from theory 
or 

from experiment

P = P (0) + �PB.U.

free gas interaction+



FORMULATION

∆PB.U. = (2l + 1)

∫
dq

2π
Bl(q)

∫
d3k

(2π)3
T ln(1 + e−βE(k,q,mi))

Bl = 2
d

dq
δl

E =
√

k2 +M(q)2

M(q) =
√
q2 +m2

1 +
√
q2 +m2

2

M(q) =
√
q2 +m2

1 +
√
q2 +m2

2

q

q

m1 m2

k

statistical (thermal weight)dynamical

QP



APPLICATION  
PION + NUCLEON + DELTA SYSTEM



WHAT'S IN A NAME? THAT WHICH 
WE CALL A RESONANCES?

• A resonance is MORE than a MASS and a WIDTH

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C, 38, 090001 (2014) and 2015 update

∆ BARYONS∆ BARYONS∆ BARYONS∆ BARYONS
(S = 0, I = 3/2)(S = 0, I = 3/2)(S = 0, I = 3/2)(S = 0, I = 3/2)

∆++ = uuu, ∆+ = uud, ∆0 = udd, ∆− = ddd

∆(1232) 3/2+∆(1232) 3/2+
∆(1232) 3/2+∆(1232) 3/2+ I (JP ) = 3

2 (3
2
+)

Breit-Wigner mass (mixed charges) = 1230 to 1234 (≈ 1232) MeV
Breit-Wigner full width (mixed charges) = 114 to 120 (≈ 117) MeV
Re(pole position) = 1209 to 1211 (≈ 1210) MeV
−2Im(pole position) = 98 to 102 (≈ 100) MeV

∆(1232) DECAY MODES∆(1232) DECAY MODES∆(1232) DECAY MODES∆(1232) DECAY MODES Fraction (Γi /Γ) p (MeV/c)

N π 100 % 229

N γ 0.55–0.65 % 259

N γ , helicity=1/2 0.11–0.13 % 259

N γ , helicity=3/2 0.44–0.52 % 259

∆(1600) 3/2+∆(1600) 3/2+
∆(1600) 3/2+∆(1600) 3/2+ I (JP ) = 3

2 (3
2
+)

Breit-Wigner mass = 1500 to 1700 (≈ 1600) MeV
Breit-Wigner full width = 220 to 420 (≈ 320) MeV
Re(pole position) = 1460 to 1560 (≈ 1510) MeV
−2Im(pole position) = 200 to 350 (≈ 275) MeV

∆(1600) DECAY MODES∆(1600) DECAY MODES∆(1600) DECAY MODES∆(1600) DECAY MODES Fraction (Γi /Γ) p (MeV/c)

N π 10–25 % 513

N ππ 75–90 % 477

∆π 40–70 % 303

N ρ <25 % †

N(1440)π 10–35 % 98

N γ 0.001–0.035 % 525

N γ , helicity=1/2 0.0–0.02 % 525

N γ , helicity=3/2 0.001–0.015 % 525

HTTP://PDG.LBL.GOV Page 1 Created: 10/6/2015 12:18
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REPULSIONS AND EXCLUDED 
VOLUMES



MODELING SHORT-RANGE 
REPULSION BETWEEN HADRONS

• Excluded volume approach  
 
eigenvolume  

• Beth-Uhlenbeck approach 
 
1) QM problem of a hard-core potential -> 
2) Thermodynamics by S-matrix

�l(q aS)

v0 2r0



FORMULATION #1

P (T, µ) = P id(T, µ̃ = µ � v0P (T, µ))

To be solved self-
consistently.

non-linear effects



FORMULATION #1

P (T, µ) = P id(T, µ̃ = µ � v0P (T, µ))

µ = µBB + µSS + µQQ conserved 
charges



FORMULATION #1

P (T, µ) = P id(T, µ̃ = µ � v0P (T, µ))

µ = µBB + µSS + µQQ conserved 
charges

multiplicityµsym



FORMULATION  
#2

• Starting point: 
hard-core potential in QM

V = ∞ r < a

r > a= 0

tan(δl) =
jl(qa)

nl(qa)

Momentum              enters 
through the scattering 
Schroedinger equation 
with a centrifugal term  

(      -dependence )

q

l

12.1 The cross section and scattering amplitude 405

detectorr
k′

Ω = (θ, φ)

zbeam
target

k

→

Fig. 12.1. Schematic view of a scattering experiment.

low enough that multiple collisions can be neglected. Under these conditions, the number
of particles !! "#$ per unit time and unit target volume that have undergone a collision
and are recorded by the detector is proportional to

• the flux " of incident particles, that is, the number of particles crossing a unit surface perpen-
dicular to Oz per unit time: " = niv, where ni is the incident particle density and v is the particle
speed;

• the density nt of target particles;
• the solid angle !# the detector subtends as seen from the target (Fig. 12.1). In what follows we

shall assume that this solid angle is infinitesimal: !#→ d#.

We then have

d! "#$ = " nt
d%
d#

d#& (12.1)

The proportionality factor d%/d# is called the differential cross section of the scattering.
Dimensional analysis shows that d%/d# has the dimensions of a surface and is measured
in m2 per steradian. By integrating over # we obtain the total cross section %tot:

%tot =
∫

d#
d%
d#

& (12.2)

The product " nt%tot is equal to the number of collisions recorded per second for a target
of unit volume. The total cross section is a priori a function of the speed v of the incident
particle, or, equivalently, its energy. The differential cross section is a function of the
energy and the angles ' and (. When the physical problem is invariant under rotation
about the z axis,2 the differential cross section depends only on '.

Let us give an intuitive illustration of the idea of cross section by studying a collision
between two billiard balls of radii R1 and R2 in classical mechanics. First we assume that
the incident particles (here, the billiard balls) have radius R and the target particles are
point particles. During one second an incident particle sweeps out a volume )R2v, and so

2 Such invariance does not occur if, for example, the potential is not rotationally invariant or the target particles have spin
polarized along an axis perpendicular to Oz and the scattering is spin-dependent.

q
q′

�q(r � �) �� eiqr cos(�) +
eiqr

r

�

l

(2l + 1) Pl
ei�l

q
sin(�l)



FORMULATION #2

tan(δl) =
jl(qa)

nl(qa)

x = qafor small

tan(δl) →
−x2l+1

(2l + 1)((2l − 1)!!)2

δl ∝ (q a)2l+1

(near threshold)

(near threshold)



r0 = 0.3 fm
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PI PI SCATTERING



pi pi  
S-wave

I = 0
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pi pi  
S-wave

I = 2
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aS = �0.028 m�1
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SUMMARY

• Repulsion strengths are channel-dependent. 

• They are automatically incorporated in phase 
shifts, no need for additional excluded volume 

• Flexibility in modeling 
e.g. scattering length is isospin dependent => 
channel dependent!  
 
a��

I=0 > a��
I=2


