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Lattice QCD in a Nutshell

d 1
L=¢("D,—m)y — ZGZVGZW

Gluons =—_— SU(3) matrices (‘links’): U, (x) = e—iagA, (z)T°

Quarks live on ‘sites’ with colour, flavour and spinor indices

1
Derivatives =——_— finite differences: v/, ¢ (z) = g[Uu(l‘W(iL‘ + aft) — Y(x)]

Monte Carlo estimation of the path integral in a finite Euclidean space-time

Measure desired observables ...
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Lattice QCD in a Nutshell

L = (iv"D,, — m) — Lga g

4 H

. Gluons === SU(3) matrices (‘links’): U, (z) = ¢~ 494 (@)T"

* Quarks live on ‘sites’ with colour, flavour and spinor indices

1
» Derivatives =——_— finite differences: </, ¢ (z) = 5[Uu(37)¢(x + aft) — Y(x)]

 Monte Carlo estimation of the path integral in a finite Euclidean space-time

« Measure desired observables. ..

Spectroscopic observablesl

¢ , g
Im(s] ‘Resonances cmc[ BOMTLC[ states Ol’]OJOQCH" as }90&35 m tﬁe S-matrix

2 " piemann sheet

Branch cut

N

O
< O —-—-—-—-—-’ Re[s]
O
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Lattice QCD in a Nutshell

L = (iv"D,, — m) — Lga g

4 H

Gluons =" SU(3) matrices (‘links’): U, (z) = e "294.()T"

Quarks live on ‘sites’ with colour, flavour and spinor indices

1
Derivatives =—__— finite differences: v/, (z) = 5[Uu(37)¢(x + aft) — Y(x)]

Monte Carlo estimation of the path integral in a finite Euclidean space-time

f
gluon quark

Measure desired observables ...

Spectroscopic observablesl

¢ , g
Im(s] ‘Resonances cmc[ BOMTLC[ states Ol’]OJOQCH" as }90&35 m tﬁe S-matrix

- No continuum of states:
Finite Volume

— — No cuts, sheets or resonances

No asymptotic states:

> O O > Rels]

v ( ,) No scattering
E

nergy eigenstates ‘No-Go’: Maiani-Testa theorem




I Spectroscopic observables continued . ..

So what can we do?
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So what can we do?

‘Ciischer formaﬁ’sm’

Finite-volume energy eigenstates < > infinite-volume scattering amplitudes

- Calculations becoming reliable
 Sill in ‘R&D’ stage!
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- Calculations becoming reliable
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‘Sing[e hadron spectroscopy’

Excitation spectrum of finite-volume energy eigenstates

- Extensive calculations for mesons and baryons
« Access to different structures and states
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I Spectroscopic observables continued . ..

So what can we do?

‘Ciischer formaﬁ’sm’

Finite-volume energy eigenstates < > infinite-volume scattering amplitudes

- Calculations becoming reliable
 Sill in ‘R&D’ stage!

‘Sing[e hadron spectroscopy’

Excitation spectrum of finite-volume energy eigenstates

- Extensive calculations for mesons and baryons
« Access to different structures and states

‘Limiting cases’
‘Static’ heavy-quarks, (p) NRQCD

Recent calculations of 4 and 5 quark states




‘Limiting cases’
‘Static’ heavy-quarks, (p)NRQCD
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The static limit and (p)NRQCD

‘Stuofy of 4 and s cluarﬁ states in ﬁJ[f QCD is cﬁﬁcu[t’

QCD

NRQCD

pNRQCD
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The static limit and (p)NRQCD

‘Stuofy of 4 and s cluarﬁ states in ﬁ/l[[ QCD is oﬁ’ﬁ:icu[t’

m | QCD

1. Use a non-relativistic action for heavy quarks
mv| NRQCD  ©=—= = |2. Set finite bottom mass via non-rel. dispersion relation

3. Proceed as ‘normal’

e — I e — E— e R

mov?| pNRQCD
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The static limit and (p)NRQCD

‘Stuofy of 4 and s clum’ﬁ states in ﬁ/l[[ QCD is cﬁ’ﬁ:icu[t’

m | QCD

1. Use a non-relativistic action for heavy quarks
mv| NRQCD  ©=—= = |2. Set finite bottom mass via non-rel. dispersion relation

3. Proceed as ‘normal’

e — I e — E— e R

e

1. Quarkonlum —> NRQM problem (leadlng order)

2. Interaction potential V(r) between static quarks

mv?| pNRQCD —— >

3. V(r) from Wilson loops (non-perturbatively)

e

S A e e
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Hadro-quarkonium in the static limit

o)

Wilson loop / Fundamental static colour charge

(W (r,t)) < |Qr THOJ

i Vo(r )——tli>m d_

LT:-_ e —

[ Static Otentla ]
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Hadro-quarkonium in the static limit

o)

Wilson loop / Fundamental static colour charge

(W (r,t)) < |Qr THOJ

i Vo(r )——tli>m d_

LT:-_ e —

[ Static Otentla ]

Does the static Joownu’a[ become more attractive in the presence cf [igﬁt hadrons?
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Hadro-quarkonium in the static limit

0)

Wilson loop / <Fundamental static colour charge

(W (r,t)) < |Qr Tt/

i Vo(r )——tli>m d_

LT:-_ e —

[ Static Otentla ]

Does the static ]oownu’a[ become more attractive in the presence @C [igﬁt hadrons?

Q, Tt Qf
Q, Tt/ Qf




. Hadro-quarkonium in the static limit .

1000- [arXiv:1608.06537]
High statistics: Ensemble: = o)
O 600+
1552 configurations  + M, ~ 220 MeV =
S 200
12 time-sources * Mg ~ 480 MeV @ ol
>|© -200
?—400
E—GOO .
_8000 oiz 024 oie 0i8 i 12

r [fm]
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ro-quarkonium in the static limit .

- Had

1000, [arXiv:1608.06537]
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Hadro-quarkonium in the static limit

[arX1v:1608.06537]

Similar effects for all octet
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Tetra-quarks from NRQCD
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‘Sing&z hadron spectroscqpy’

Excitation spectrum of finite-volume energy eigenstates




Trh-; Charm Sector - Mesons
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The Charm Sector - Mesons

[arXiv:1610.01073]

2Oty = Eg - .
; g- ®C “lm. = E= - Light quark mass dependence:
D  — £ (| 4
S, W= W 1o &= E= ~« M,:400 MeV —— 240 MeV
= o= T ; :
a\ : g = : : ° °
S [ I -+ Small quantitative changes
= 1000 - s = = DA
] — - N
= . . ¢ No qualitative changes!
M, /MeV | ==
500+ = T 240 400 T
oL 07 1~ 2” B 0 1+ 2+ 3+ 4+
D Mesons -
L [%] 1
L = W= 1 B =
2000 _ - @]: m— DE -
S\ = I z - g — i _— =
%1500; — | W= -
~— r B — i —— :
S =l T
gmool 1 == " DE-
| F R -
= I
— 1 M, | MeV
500 — T 240 400
0+ 1+ 2+ 3+ 4+

e
Ds Mesons




=T

' [arXiv:1610.01073]
() ey (] — [0 .
| e SIS
m= B

—~ | — =]
%1500* = — -
E | m [ -
Q o [ J—
2&:1000;

| L
E L

500+ =
ol 07 1= 2™ B3 473

500 — —

3-

N—

Ds Mesons

——

m. = BE= Light quark mass dependence:
=] E]El —
__ m= "= « M_:400 MeV = 240 MeV
« Small quantitative changes
== D*x
a o+ No qualitative changes!
M, /MeV | ==
240 400 B
O 0 i [! g B
OJ
1500 - _ % J o. o Tn IE B0 .%] @D O ,
— . = . Bl & HEo N 0 O
% U _o 3 _ . . -
] I % - = T S
(W= § o0 ) = = DD
o )
” - T T 2L
L D - [ | | _ = -
i 2 - B NeTT |
500 - I B -
. 1 M, | MeV
== 240 400
ol _ o N [} d i
1=+ 0=+ 1-— 9=+ 9—— 3= 44—+ 44— |ot— 9+— Qt+ 1+— 1++ ot+ gt— 3++ g+t |
or 1 o 77 Charmonium
(— —
e




n, |GeV]

m-3/2m

1.6

1.2

0.8

12 312 512 1772

[arXiv:1307.7022]

M

e

[GeV]

m-m

[arX1v:1502.01845]

N

Operators:
 ‘quark-quark-quark’

+ ‘quark-quark-quark-glue’




| The

30— Preliminary

Charm Sector - Baryons
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‘LCiischer formaﬁsm’

—me energy eigenstates < ———= > infinite-volume scattering— |
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NS
KPS
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Scattering on the Lattice

‘LCiischer forma(ism’

det[t;jl(E) + M@'j (E, L)] = (
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Scattering on the Lattice

Infinite-volume t-matrix
\ Luscﬁer forma[tsm
det[t7:(E) + Mw (E,L)] =0

Channels / )

i (1) :Ho ‘> ;AeEt

Known finite-volume function

Lattlce QCD spectrum —> infinite-volume t-matrix

L
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Scattering on the Lattice

Infinite-volume t-matrix
\ ‘Luscﬁer forma[ism’
det[t: ' (E) + Mw (E,L)] =0

Channels / )

= (oJou0 0j0]) = 34

Known finite-volume function

Lattlce QCD spectrum —> infinite-volume t-matrix

L

The bad news:
+ N channels = N(N+1)/2 unknowns per energy!

- Under-constrained for N > 1

A work-around:

+ Parametrise the t-matrix with a ‘few’ free parameters

« Use >> ‘few’ parameters to constrain the t-matrix as a function of energy

-
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Scattering on the Lattice

Infinite-volume t-matrix
\ ‘Luscﬁer forma[ism’
det[t: ' (E) + Mw (E,L)] =0

Channels / )

= (oJou0 0j0]) = 34

Known finite-volume function

Lattlce QCD spectrum —> infinite-volume t-matrix

L

The bad news:
+ N channels = N(N+1)/2 unknowns per energy!

» Under-constrained for N > 1 * Preserve Unitarity

- Examine pole content of t-matrix

A work-around:

+ Parametrise the t-matrix with a ‘few’ free parameters

« Use >> ‘few’ parameters to constrain the t-matrix as a function of energy

-
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[arX1v:1607.07093]
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S-wave:

«  Bound-state pole ~ 2380MeV ; =~ 55 MeV below DK threshold (at M, = 391 MeV)

«  Expt: D,(2317) = 2317.7+ 0.6 MeV ; =& 45 MeV below DK threshold
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S-wave:
«  Bound-state pole ~ 2380MeV ; =~ 55 MeV below DK threshold (at M, = 391 MeV)

«  Expt: D,(2317) = 2317.7+ 0.6 MeV ; =& 45 MeV below DK threshold

c.f: S-wave pole in the Dz channel ~ 1MeV below threshold




e e L e — S

Summary and Outlook

Lattice QCD calculations now }oroﬁing exotic states and structures with ﬁemfy quarﬁs

‘Static’ [imit, NRQCD —— > |Probing four and five-quark states

e ———————

‘Single had tr ’
T Pty ——"> |with exotic quantum numbers

e —————— ————————— e S

‘Liischer formalism’ —— First coupled-channel scattering calculation
including heavy quarks

Hybrid mesons and baryons and statﬂ
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‘Static’ [imit, NRQCD —— > |Probing four and five-quark states
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/ uture work

, Hybrid mesons and baryons and states
‘Single had tr ’ ——
T T with exotic quantum numbers ]
/ uture work
‘Liischer formalism’ —— First coupled-channel scattering calculation
including heavy quarks
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Summary and Outlook

Lattice QCD calculations now }oroﬁing exotic states and structures with ﬁemfy quarﬁs

‘Static’ [imit, NRQCD —— > |Probing four and five-quark states I

/ uture work

, Hybrid mesons and baryons and states
‘Single had tr ’ ——
T T with exotic quantum numbers ]
/ uture work
‘Liischer formalism’ —— First coupled-channel scattering calculation
including heavy quarks
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