
Estia Eichten                                                                                                                                                              Fermilab                     

LHCb 2016                                                                                                                                                          Oct. 14, 2016                     1

Estia Eichten  
Fermilab

LHCb Workshop 2016
Implications of LHCb Measurement and Future Prospects

CERN
Geneva, Switzerland
October  12-14, 2016
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Tetraquarks  (Z+(b,c),  X),  Hybrid states, etc. 
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• Use LQCD information to determine the properties of quarkonium states. 

– direct approach - set the parameters of the lattice: αs, mu, md, ms, mc, mb from 
physical masses and then all other quantities are determined uniquely. 

– indirect approach - for non relativistic systems determine the static energy V(R) 
then use the Bethe-Salpeter approach (Schrodinger Equation) to determine the 
properties of the system. 

2

Estia Eichten                                                                                                                                                              Fermilab                     

15

¯

¯

¯

¯ ¯
¯

¯

r<0.75r1 r<0.7r1 r<0.65r1 r<0.6r1 r<0.55r1 r<0.5r1 r<0.45r1

0.060

0.062

0.064

0.066

0.060

0.062

0.064

0.066

a
L
M
S

b=7.825 -- Nref=7 -- 3 loop » r3 term

FIG. 18. Values for a⇤MS from the fits including an r3 mono-
mial, red stars (see text), together with our default results
with statistical (black -darker- error bars) and perturbative
(magenta -lighter- error bars) errors.

monomial. Our new fits contain therefore two parame-
ters, which are ⇤MS and the coe�cient of the monomial
term. From the outcome of these fits, we do not find any
evidence for a significant non-perturbative term in any
of the cases. Furthermore, the values we obtain for ⇤MS,
at the r < 0.6r1 distance ranges, in these modified fits
are perfectly consistent with the outcome of our previous
fits. For illustration, we show the results for ⇤MS from
the fits with an r

3 monomial, together with the outcome
of our default fits, in Fig. 18. The red stars in the figure
are the results from the fit including the r3 term, and the
points with error bars are the results from our default fits.
We can clearly see from the figure that adding a mono-
mial term, that could encode non-perturbative e↵ects,
does not distort our results for ⇤MS. This fact provides
further evidence that our extraction of ↵s is robust.

It is worth stressing again that the goal of this section
was to check that our perturbative analyses at short dis-
tances are stable and robust. A di↵erent question is how
should one include non-perturbative e↵ects to the per-
turbative expressions, in the form of local condensates,
non-local condensates, etc., in order to extent their range
of validity to larger distances. This is a very interesting
question in itself, but it does not fall within the scope of
the present paper, which is obtaining a precise determi-
nation of ↵s from the short-distance region of the static
energy. We leave these studies for future work.

D. Final result for ↵s

In this section we collect the numbers we obtained from
the analyses described in Secs. IVA, IVB and give our
final result for ↵s.

Table III summarizes the results we obtain at three-
loop accuracy, for the r < 0.5r1 fit range. For each value
of the lattice spacing, we present the result for a⇤MS,
for each of the three points we use to define Nref , in
the second to fourth columns in the table. As described

in the previous sections, we take the range spanned by
these three Nref choices to get our result for a⇤MS at
each lattice spacing. This is shown in the fifth column
of the table, the central value here is the average of the
three previous columns. We then convert the result to
r1 units using the values of r1/a given in Sec. II, and
display it in the sixth column of the table. In all cases,
the first error is the perturbative one, the second error is
the one from statistical uncertainties in the fit, and, for
the sixth column, the third error corresponds to the one
coming from the value of r1/a. We added the errors in
quadrature on the right-hand side of the sixth column.
Finally, we take a weighted average, with the inverse of
the total error as the weight, of the results for the three
di↵erent � values to obtain our final number for r1⇤MS.
We added the errors linearly in this average, since the
error at each � value is dominated by the perturbative
uncertainties, which are common to all data sets. This
final number is shown on the bottom-right corner of the
table.
As explained in Sec. IVB2, we also include here the

results we obtain at three-loop plus leading-ultrasoft-
resummation accuracy. These results are shown in
Tab. IV, with the same format as the previous table. As
we can see, the final results for r1⇤MS in Tabs. III and IV
are quite similar, as we expected from the discussion in
Sec. IVB2. We take the number at three-loop plus lead-
ing ultrasoft resummation accuracy as our best and final
result. The final figure for r1⇤MS, which we recall is for
nf = 3 light-quark flavors and uses lattice data in the
1.3 GeV - 5.1 GeV energy range, is therefore

r1⇤MS = 0.495+0.028
�0.018. (12)

We now convert this result to physical units by using
the value r1 = 0.3106 ± 0.0008 ± 0.0014 ± 0.0004 fm =
0.3106 ± 0.0017 fm, obtained in Ref. [34] from the pion
decay constant f⇡ (where we added the errors in quadra-
ture on the right-hand side). We obtain

⇤MS = 314.5+17.6
�11.7 ± 1.7 MeV = 315+18

�12 MeV, (13)

where the first error corresponds to the one in Eq. (12),
and the second to the value of r1, we added the two errors
in quadrature on the right-hand side. This value of ⇤MS
gives

↵s(1.5 GeV, nf = 3) = 0.336+0.012
�0.008, (14)

which corresponds to

↵s(MZ , nf = 5) = 0.1166+0.0012
�0.0008, (15)

where we used the Mathematica package RunDec [35] to
obtain the numbers in Eqs. (14)-(15)1. Equation (15)
constitutes the main result of the paper. This number is
perfectly compatible with our previous result in Ref. [5],
which was ↵s(MZ) = 0.1156+0.0021

�0.0022, and supersedes it.

1 Four-loop running, with the charm quark mass equal to 1.6 GeV
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ters, which are ⇤MS and the coe�cient of the monomial
term. From the outcome of these fits, we do not find any
evidence for a significant non-perturbative term in any
of the cases. Furthermore, the values we obtain for ⇤MS,
at the r < 0.6r1 distance ranges, in these modified fits
are perfectly consistent with the outcome of our previous
fits. For illustration, we show the results for ⇤MS from
the fits with an r

3 monomial, together with the outcome
of our default fits, in Fig. 18. The red stars in the figure
are the results from the fit including the r3 term, and the
points with error bars are the results from our default fits.
We can clearly see from the figure that adding a mono-
mial term, that could encode non-perturbative e↵ects,
does not distort our results for ⇤MS. This fact provides
further evidence that our extraction of ↵s is robust.

It is worth stressing again that the goal of this section
was to check that our perturbative analyses at short dis-
tances are stable and robust. A di↵erent question is how
should one include non-perturbative e↵ects to the per-
turbative expressions, in the form of local condensates,
non-local condensates, etc., in order to extent their range
of validity to larger distances. This is a very interesting
question in itself, but it does not fall within the scope of
the present paper, which is obtaining a precise determi-
nation of ↵s from the short-distance region of the static
energy. We leave these studies for future work.

D. Final result for ↵s

In this section we collect the numbers we obtained from
the analyses described in Secs. IVA, IVB and give our
final result for ↵s.

Table III summarizes the results we obtain at three-
loop accuracy, for the r < 0.5r1 fit range. For each value
of the lattice spacing, we present the result for a⇤MS,
for each of the three points we use to define Nref , in
the second to fourth columns in the table. As described

in the previous sections, we take the range spanned by
these three Nref choices to get our result for a⇤MS at
each lattice spacing. This is shown in the fifth column
of the table, the central value here is the average of the
three previous columns. We then convert the result to
r1 units using the values of r1/a given in Sec. II, and
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the first error is the perturbative one, the second error is
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final number is shown on the bottom-right corner of the
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resummation accuracy. These results are shown in
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we can see, the final results for r1⇤MS in Tabs. III and IV
are quite similar, as we expected from the discussion in
Sec. IVB2. We take the number at three-loop plus lead-
ing ultrasoft resummation accuracy as our best and final
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gives
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monomial. Our new fits contain therefore two parame-
ters, which are ⇤MS and the coe�cient of the monomial
term. From the outcome of these fits, we do not find any
evidence for a significant non-perturbative term in any
of the cases. Furthermore, the values we obtain for ⇤MS,
at the r < 0.6r1 distance ranges, in these modified fits
are perfectly consistent with the outcome of our previous
fits. For illustration, we show the results for ⇤MS from
the fits with an r

3 monomial, together with the outcome
of our default fits, in Fig. 18. The red stars in the figure
are the results from the fit including the r3 term, and the
points with error bars are the results from our default fits.
We can clearly see from the figure that adding a mono-
mial term, that could encode non-perturbative e↵ects,
does not distort our results for ⇤MS. This fact provides
further evidence that our extraction of ↵s is robust.

It is worth stressing again that the goal of this section
was to check that our perturbative analyses at short dis-
tances are stable and robust. A di↵erent question is how
should one include non-perturbative e↵ects to the per-
turbative expressions, in the form of local condensates,
non-local condensates, etc., in order to extent their range
of validity to larger distances. This is a very interesting
question in itself, but it does not fall within the scope of
the present paper, which is obtaining a precise determi-
nation of ↵s from the short-distance region of the static
energy. We leave these studies for future work.

D. Final result for ↵s

In this section we collect the numbers we obtained from
the analyses described in Secs. IVA, IVB and give our
final result for ↵s.

Table III summarizes the results we obtain at three-
loop accuracy, for the r < 0.5r1 fit range. For each value
of the lattice spacing, we present the result for a⇤MS,
for each of the three points we use to define Nref , in
the second to fourth columns in the table. As described

in the previous sections, we take the range spanned by
these three Nref choices to get our result for a⇤MS at
each lattice spacing. This is shown in the fifth column
of the table, the central value here is the average of the
three previous columns. We then convert the result to
r1 units using the values of r1/a given in Sec. II, and
display it in the sixth column of the table. In all cases,
the first error is the perturbative one, the second error is
the one from statistical uncertainties in the fit, and, for
the sixth column, the third error corresponds to the one
coming from the value of r1/a. We added the errors in
quadrature on the right-hand side of the sixth column.
Finally, we take a weighted average, with the inverse of
the total error as the weight, of the results for the three
di↵erent � values to obtain our final number for r1⇤MS.
We added the errors linearly in this average, since the
error at each � value is dominated by the perturbative
uncertainties, which are common to all data sets. This
final number is shown on the bottom-right corner of the
table.
As explained in Sec. IVB2, we also include here the

results we obtain at three-loop plus leading-ultrasoft-
resummation accuracy. These results are shown in
Tab. IV, with the same format as the previous table. As
we can see, the final results for r1⇤MS in Tabs. III and IV
are quite similar, as we expected from the discussion in
Sec. IVB2. We take the number at three-loop plus lead-
ing ultrasoft resummation accuracy as our best and final
result. The final figure for r1⇤MS, which we recall is for
nf = 3 light-quark flavors and uses lattice data in the
1.3 GeV - 5.1 GeV energy range, is therefore

r1⇤MS = 0.495+0.028
�0.018. (12)

We now convert this result to physical units by using
the value r1 = 0.3106 ± 0.0008 ± 0.0014 ± 0.0004 fm =
0.3106 ± 0.0017 fm, obtained in Ref. [34] from the pion
decay constant f⇡ (where we added the errors in quadra-
ture on the right-hand side). We obtain

⇤MS = 314.5+17.6
�11.7 ± 1.7 MeV = 315+18

�12 MeV, (13)

where the first error corresponds to the one in Eq. (12),
and the second to the value of r1, we added the two errors
in quadrature on the right-hand side. This value of ⇤MS
gives

↵s(1.5 GeV, nf = 3) = 0.336+0.012
�0.008, (14)

which corresponds to

↵s(MZ , nf = 5) = 0.1166+0.0012
�0.0008, (15)

where we used the Mathematica package RunDec [35] to
obtain the numbers in Eqs. (14)-(15)1. Equation (15)
constitutes the main result of the paper. This number is
perfectly compatible with our previous result in Ref. [5],
which was ↵s(MZ) = 0.1156+0.0021
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1 Four-loop running, with the charm quark mass equal to 1.6 GeV
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form a continuum extrapolation of the ratio w
0

/r
1

us-
ing a simple form (w

0

/r
1

)cont + hw(a/r1)2. In the con-
tinuum limit, we obtain (w

0

/r
1

)cont = 0.5619(21) or
w

0

= 0.1749(14) fm. This value agrees with the value
quoted in Ref. [41], w

0

= 0.1755(18)(4) fm, within the es-
timated errors. Our value of w

0

is higher than the prelim-
inary value reported by MILC w

0

= 0.1711(2)(8)(2)(3)fm
for 2+1+1 flavor QCD [59]. For the slope parameter we
get hw = �0.1076(149) with �2/dof = 0.38. If we use the
w

0

scale instead of the r
1

scale, the temperature values
for N⌧ = 8 lattices for T < 150 MeV would be lower by
6%, and for N⌧ = 10 and 12 calculations the di↵erences
in the temperature scale would be only 4% or less.

Appendix C: Hadronic observables

1. Line of constant physics

It is standard practice to present results for thermody-
namic quantities as a function of temperature at fixed,
renormalized quark masses. We start by setting a con-
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stant value of the strange quark mass ms, preferably, its
physical value, and then set the mass of the light quarks
to ms/20. We determine the strange quark mass by re-
quiring that the mass of the un-mixed pseudoscalar ss̄
meson, ⌘ss̄ is equal to a prescribed value expressed in
units of r

1

. We aim at the value suggested by leading
order chiral perturbation theory, where the mass of ⌘ss̄
meson in terms of the kaon and pion masses is, M⌘

ss̄

=p
2m2

K �m2

⇡ = 686 MeV. In practice, this requires some
tuning and, as discussed later, it turns out that our LCP
is best described by the value M⌘

ss̄

= 695 MeV. Setting
the line of constant physics (LCP) in this way requires a
combination of determining the lattice spacing in physi-
cal units (see Appendix B) and the hadron spectrum at
zero temperature, including, at least, the mass of the ⌘ss̄,
a calculation with costs that mount as the lattice spac-
ing decreases. Thus, some retuning is usually needed to
correct for an imprecise determination.

For the present study, we extend the LCP of our pre-
vious work [5] to weaker coupling in order to cover the
range needed for N⌧ = 12. In our previous work, the
hadron spectrum was measured along the LCP up to � =
6.8. The masses of the pseudoscalar mesons were also
measured at � = 7.28 with the relatively low statistics of
about 1,400 equilibrated time units. Here, we added or
extended nine T = 0 ensembles with 6.8 < �  7.825 as
described in Appendix B. On the extended ensembles, in
addition to measuring thermodynamic quantities needed
for the zero temperature subtraction, we measured the
masses and decay constants of the pseudoscalar mesons
and the masses of the vector mesons. These quantities al-
low us to quantify the lattice artifacts due to taste break-
ing and can be used as an alternative means to set the
lattice spacing, thus providing additional validation of
our calculations.

The masses of the three pseudoscalar mesons are given
in lattice units in Table V. The mass of the ⌘ss̄ normalized

A. Bazavov et. al. [arXiv:1407.6387] 

A. Bazavov et. al. [arXiv:1407.8437] 

(r2dV/dr)r=r1 ≣ 1.0; V(r1) = 0.2060/r1 : r1 = 0.3106 ± 0.0017 fm

For 3 flavors can fit short  
range potential to obtain:

T

R

Q

Qc

W(R,T)
V (R) = � lim

T!1

1

T
log(W (R, T ))
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• This form is consistent with phenomenological potentials but is fixed by QCD 

• Similarly relativistic corrections can be treated in the same way.  Using spin-dependent 
and spin-independent potentials between static quark.  

– The “new” spin-dependent terms are short range  ~ 1/r3  

– These calculations have not yet reached the precision of the static energy. 

– Consistent with phenomenological expectations. 

• The terms multiply rapidly for the relativistic corrections.  But are explicitly computed 
for pNRQCD limit and can be used to set phenomenological forms. 

– See, for example:

3

Estia Eichten                                                                                                                                                              Fermilab                     

C. Peset, A. Pineda, M. Stahlhöfen [arXiv:1511.08210]  

and the references therein 



Narrow States Below Threshold

– Expected spectrum below threshold: 

• Observed states (labeled) 

• 2 narrow states still unobserved                            18 narrow states still unobserved
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• Three areas in heavy quark systems that are targets of interest of LHCb. 

– Double heavy baryons 

– Heavy light systems - Bs unobserved P-wave states 

– Bc system  

• Double heavy baryons - (ccq), (cbq), (bbq).  Both HQET and NRQCD play a role in the 
excitation spectra. 

– theoretically interesting double expansion 

– NRQCD for the two heavy quarks and HQET expansion for the                                           
heavy core diquark system (QQ)3 - light quark system. 

– In leading order in 1/mQ : Excitation spectrum for the light quark is the same as for 
the heavy-light mesons (HQET).

5
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–  Heavy-Light systems 

•  Low-lying observed states in D meson systems:   

• HQS determines the ratios of hadronic transitions - very useful in distinguishing excited 
states. (Fulvia De Fazio’ talk) 

• Various proposals for the shifts of the Ds*(2317) and Ds(2460): 

– Influence of the nearby decay channels. 

– Chiral multiplets (0-,0+). 

– Threshold bound states of DK and D*K respectively
LHCb 2016                                                                                                                                                          Oct. 14, 2016                     6
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– Observed states in the B meson systems 

• HQS relates the excitation spectrum in the D system to the B system.   

• Various models will be disentangled when the narrow Bs (jP = ½+) states are observed.
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Important to observe the Bs (jP = ½+) states
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C. B. Lang, Daniel Mohler, Sasa Prelovsek, R. M. Woloshyn 

[arXiv:1501.01646]

Table 5: Comparison of masses from this work to results from various model
based calculations; all masses in MeV.

JP 0+ 1+
Covariant (U)ChPT [24] 5726(28) 5778(26)
NLO UHMChPT [19] 5696(20)(30) 5742(20)(30)
LO UChPT [17, 18] 5725(39) 5778(7)
LO χ-SU(3) [16] 5643 5690
HQET + ChPT [20] 5706.6(1.2) 5765.6(1.2)
Bardeen, Eichten, Hill [15] 5718(35) 5765(35)
rel. quark model [5] 5804 5842
rel. quark model [22] 5833 5865
rel. quark model [23] 5830 5858
HPQCD [30] 5752(16)(5)(25) 5806(15)(5)(25)
this work 5713(11)(19) 5750(17)(19)
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TABLE I: The heavy-light spectrum compared to experiment. We report the difference between the excited state masses and
the ground state (D or B) in each case. We have assumed that ∆M(mc) = ∆M(mb) = ∆M(∞) = 349 MeV.

charmed meson masses [MeV] bottom meson masses [MeV]
model experiment model experiment

D∗0
− D0 142 [a] 142.12 ± 0.07 B∗0

− B0 46 [a] 45.78 ± 0.35
D∗+

− D+ 141 [a] 140.64 ± 0.10 B∗+
− B+ 46 [a] 45.78 ± 0.35

D∗+
s − D+

s 144 [a] 143.8 ± 0.41 B∗+
s − B+

s 47 [a] 47.0 ± 2.6
D0(0+) − D0 349 B0(0+) − B0 349
D+(0+)−D+ 349 B+(0+)−B+ 349
D+

s (0+)−D+
s 349 [a] 349 ± 1.3 [b] B+

s (0+)−B+
s 349

D0(1+) − D0(0+) 142 B0(1+) − B0(0+) 46
D+(1+)−D+(0+) 141 B+(1+)−B+(0+) 46
D+

s (1+)−D+
s (0+) 144 B+

s (1+)−B+
s (0+) 47

[a] Experimental input to model parameters fit. [b] BaBar result [1].

TABLE II: The predicted hadronic and electromagnetic transistion rates for narrow jP
l = 1/2−(1S) and jP

l = 1/2+(1P ) heavy-
light states. “Overlap” is the reduced matrix element overlap integral; “dependence” refers to the sensitive model parameters, as
defined in the text. We take GA = 1 and extract gA from a fit to the D+∗ total width. Note that the cs transitions are sensitive
to rcs; if we implement the observed ratio of branching fractions (Ds(1−) → Ds(0−)π0)/Γ(Ds(1−) → Ds(0−)γ) = 0.062±0.026
then the E1 radiative transitions for the cs system should be reduced by a factor of ∼ 3

system transition Q(keV) overlap dependence Γ (keV) exptl BR

(cu) 1−
→ 0− + γ 137 0.991 rcu 33.5 (38.1 ± 2.9)%

1−
→ 0− + π0 137 gA 43.6 (61.9 ± 2.9)%
total 77.1

(cd) 1−
→ 0− + γ 136 0.991 rcd 1.63 (1.6 ± 0.4)%

1−
→ 0− + π0 38 gA 30.1 (30.7 ± 0.5)%

1−
→ 0− + π+ 39 gA 65.1 (67.7 ± 0.5)%
total 96.8 96 ± 22

(cs) 1−
→ 0− + γ 138 0.992 rcs 0.43 (94.2 ± 2.5)%

1−
→ 0− + π0 48 gAδηπ0 0.0079 (5.8 ± 2.5)%
total 0.44

(cs) 0+
→ 1− + γ 212 2.794 rcs 1.74

0+
→ 0− + π0 297 GAδηπ0 21.5
total 23.2

(cs) 1+
→ 0+ + γ 138 0.992 r′cs 2.74

1+
→ 0+ + π0 48 gAδηπ0 0.0079

1+
→ 1− + γ 323 2.638 rcs 4.66

1+
→ 0− + γ 442 2.437 rcs 5.08

1+
→ 1− + π0 298 GAδηπ0 21.5

1+
→ 0− + 2π 221 gAδσ1σ3

4.2
total 38.2

(bu) 1−
→ 0− + γ 46 0.998 rbu 0.78
total 0.78

(bd) 1−
→ 0− + γ 46 0.998 rbd 0.24
total 0.24

(bs) 1−
→ 0− + γ 47 0.998 rbs 0.15
total 0.15

(bs) 0+
→ 1− + γ 293 2.536 rbs 58.3

0+
→ 0− + π0 297 GAδηπ0 21.5
total 79.8

(bs) 1+
→ 0+ + γ 47 0.998 r′

bs
0.061

1+
→ 1− + γ 335 2.483 rbs 56.9

1+
→ 0− + γ 381 2.423 rbs 39.1

1+
→ 1− + π0 298 GAδηπ0 21.5

1+
→ 0− + 2π 125 gAδσ1σ3

0.12
total 117.7
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W.Bardeen, E.E., C. Hill  PR D68 054024 (2003) 

[hep-ph/0305049]

• Lattice expectations:  

• Branching fractions: 

• Requires identifying low momentum photons and π0 s.  

LQCD calculation includes the mixing of  
the two meson thresholds.
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• Bc  -  a rich excitation spectrum 

– 14 narrow states below 
threshold 

– 1S, 2S, 1P, 1D, partial (2P) 

– Hadronic production of Bc 

• color singlet production 
dominates 

• spin triplet dominates singlet
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BCVEGPY2.2  C-H Chang et al 
 [arXiv:1507.051176]   

  
σ(11S0)/σ(13S1) ≃ σ(21S0)/σ(23S1)≃0.4 

σ(23S1)/σ(13S1) ≃ 0.25 
σ(13P2)/σ(13S1) ≃ 0.16 
σ(13P1(‘))/σ(13S1) ≃ 0.06 
σ(13P0)/σ(13S1) ≃ 0.02 

EE and C. Quigg (in preparation)
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• First radially excited S-wave states. 

– M(Bc) = 6275.1 ± 1.0 MeV 

– LQCD:  M(Bc*)-M(Bc) = 54 (3) MeV.           E. Gregory et.al. [HPQCD] [arXiv:1010.3848] 

– M(Bc*’) - M(Bc’) = |ψ’(0)|2/|ψ(0)|2  |M(Bc*) - M(Bc)| = 32 MeV 

– M(Bc*) = 6329 MeV 

– M(Bc*’) = 6892 MeV, M(Bc’) = 6860 MeV 

• Atlas observation:  2S->1S + ππ   

–  Possible undetected photon so can’t distinguish Bc* from Bc 

– M(2S) - 2m(π+) - M(1S) = 288.2 ±5 -> M(2S) - M(1S) = 563 

– M(Bc*’) = (6842 ±4 ±5) + (54 ±3) = 6896±4 ±8 MeV 

– Agrees with the identification of the excited state as Bc*’  

• Much to learn from the 1P states 

– Unequal quark masses yields different weights for the spin dependent terms. 

– Expect for 3P0, P1, P1’, 3P2 : 6708, 6730, 6735, 6745 MeV 

• Transitions require observing low energy photons and pions.

10
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• Bc  is the only heavy-heavy meson with only weak decays. 

• Many opportunities to study weak decay physics.   

• (LHC and TeraZ) 

• First lattice calculations 
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TABLE XI: Branching ratios of exclusive B+
c decays at the fixed choice of factors: ac

1 = 1.20 and ac
2 = −0.317 in the non-leptonic

decays of c quark, and ab
1 = 1.14 and ab

2 = −0.20 in the non-leptonic decays of b̄ quark. The lifetime of Bc is appropriately
normalized by τ [Bc] ≈ 0.45 ps.

Mode BR, %

B+
c → ηce

+ν 0.75

B+
c → ηcτ

+ν 0.23

B+
c → η′ce

+ν 0.020

B+
c → η′cτ

+ν 0.0016

B+
c → J/ψe+ν 1.9

B+
c → J/ψτ+ν 0.48

B+
c → ψ′e+ν 0.094

B+
c → ψ′τ+ν 0.008

B+
c → D0e+ν 0.004

B+
c → D0τ+ν 0.002

B+
c → D∗0e+ν 0.018

B+
c → D∗0τ+ν 0.008

B+
c → B0

se+ν 4.03

B+
c → B∗0

s e+ν 5.06

B+
c → B0e+ν 0.34

B+
c → B∗0e+ν 0.58

B+
c → ηcπ

+ 0.20

B+
c → ηcρ+ 0.42

B+
c → J/ψπ+ 0.13

B+
c → J/ψρ+ 0.40

B+
c → ηcK

+ 0.013

B+
c → ηcK

∗+ 0.020

Mode BR, %

B+
c → J/ψK+ 0.011

Bc → J/ψK∗+ 0.022

B+
c → D+D 0 0.0053

B+
c → D+D ∗0 0.0075

B+
c → D∗+D 0 0.0049

B+
c → D∗+D ∗0 0.033

B+
c → D+

s D 0 0.00048

B+
c → D+

s D ∗0 0.00071

B+
c → D∗+

s D 0 0.00045

B+
c → D∗+

s D ∗0 0.0026

B+
c → ηcD

+
s 0.28

B+
c → ηcD

∗+
s 0.27

B+
c → J/ψD+

s 0.17

B+
c → J/ψD∗+

s 0.67

B+
c → ηcD

+ 0.015

B+
c → ηcD

∗+ 0.010

B+
c → J/ψD+ 0.009

B+
c → J/ψD∗+ 0.028

B+
c → B0

sπ
+ 16.4

B+
c → B0

sρ
+ 7.2

B+
c → B∗0

s π+ 6.5

B+
c → B∗0

s ρ+ 20.2

Mode BR, %

B+
c → B0

sK+ 1.06

B+
c → B∗0

s K+ 0.37

B+
c → B0

sK∗+ –

B+
c → B∗0

s K∗+ –

B+
c → B0π+ 1.06

B+
c → B0ρ+ 0.96

B+
c → B∗0π+ 0.95

B+
c → B∗0ρ+ 2.57

B+
c → B0K+ 0.07

B+
c → B0K∗+ 0.015

B+
c → B∗0K+ 0.055

B+
c → B∗0K∗+ 0.058

B+
c → B+K0 1.98

B+
c → B+K∗0 0.43

B+
c → B∗+K0 1.60

B+
c → B∗+K∗0 1.67

B+
c → B+π0 0.037

B+
c → B+ρ0 0.034

B+
c → B∗+π0 0.033

B+
c → B∗+ρ0 0.09

B+
c → τ+ντ 1.6

B+
c → cs̄ 4.9

and decrease the theoretical uncertainties in the corre-
sponding theoretical evaluation of quark parameters as
well as the hadronic matrix elements, determined by the
nonperturbative effects caused by the quark confinement.
The measurement of branching fractions for the semilep-
tonic and non-leptonic modes and their ratios can in-
form on the values of factorization parameters, which de-
pend again on the normalization of non-leptonic weak la-
grangian. The charmed quark counting in the Bc decays
is related to the overall contribution of b quark decays as
well as with the suppression of b̄ → cc̄s̄ transition because
of the destructive interference, which value depends on
the nonperturbative parameters (roughly estimated, the
leptonic constant) and non-leptonic weak lagrangian.

Thus, the progress in measuring the Bc lifetime and de-

cays could enforce the theoretical understanding of what
really happens in the heavy quark decays at all.

We point also to the papers, wherein some aspects of
Bc decays and spectroscopy were studied: non-leptonic
decays in [42], polarization effects in the radiative lep-
tonic decays [43], relativistic effects [44], spectroscopy in
the systematic approach of potential nonrelativistic QCD
in [45], nonperturbative effects in the semileptonic de-
cays [46], exclusive and inclusive decays of Bc states into
the lepton pair and hadrons [47], rare decays in [48], the
spectroscopy and radiative decays in [49].

This work is supported in part by the Russian Founda-
tion for Basic Research, grants 01-02-99315, 01-02-16585,
and 00-15-96645.
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Semileptonic Bc decays from full lattice QCD Andrew Lytle

For the Bc ! hc decay there are two form factors to determine, f+ and f0.

hhc(p)|V µ |Bc(P)i= f+(q2)


Pµ + pµ � M2 �m2

q2 qµ
�
+ f0(q2)

M2 �m2

q2 qµ

For the relativistic case we can determine f0 using a scalar current, which is absolutely normalised.

hhc(p)|S|Bc(P)i=
M2 �m2

mb0 �mc0
f0(q2)

There are five form factors to determine for the Bc ! J/y decay, one from the vector current
and four from the axial-vector current (three of which are independent).

hJ/y(p,e)|V µ �Aµ |Bc(P)i=
2ieµnrs

M+m
e⇤

n prPs V (q2)� (M+m)e⇤µ A1(q2)+

e⇤ ·q
M+m

(p+P)µ A2(q2)+2m
e⇤ ·q

q2 qµ A3(q2)�2m
e⇤ ·q

q2 qµ A0(q2)

Results

Figure 1 (left) shows our results for the Bc ! hc form factors f+(q2) and f0(q2) computed
using improved NRQCD on the a ⇡ 0.09 fm ensemble.
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Figure 1: (Left) Results for Bc ! hc form factors f0 and f+ from lattice NRQCD, determined over the
full q2 range. (Right) Extrapolation results in heavy quark mass mh for f0(q2

max)/ fHc and f0(0)/ fHc using
the fully relativistic (HISQ) formalism. The rightmost points are the corresponding NRQCD results with
physical b mass.

In Figure 1 (right) we show results for f0(q2
max)/ fHc and f0(0)/ fHc using the relativistic for-

malism on ensembles with lattice spacings of a ⇡ 0.09,0.06, and 0.045 fm. For each ensemble we
use valence masses mh such that amh  0.8, which correspond to heavier physical masses as we go
to smaller lattice spacings. As mh approaches mb the results join smoothly with results computed
using NRQCD (rightmost points).

Figure 2 is another extrapolation plot, this time showing the Bc ! J/y form factor A1(q2
max).

This is the only form factor that contributes to the decay rate at zero recoil. Furthermore Luke’s
theorem tells us the 1/mb current corrections vanish there so that the comparison between NRQCD
and relativistic data is particularly simple.
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Figure 2: Extrapolation in heavy quark mass mh for the Bc ! J/y form factor A1(q2
max) using the relativistic

HISQ formalism. The rightmost point is the NRQCD result at physical b mass.

Conclusions

We have presented results for the Bc semileptonic decays to hc and J/y using two comple-
mentary approaches.

• The Bc ! hc results provide proof-of-principle for our strategy; we are able to control the
calculation over the full q2 range and find good agreement between the NRQCD and fully
relativistic approaches.

• Our first results for the Bc ! J/y decay also appear promising. The full lattice calculation
of this decay will allow the extraction of |Vcb| if the decay is measured at LHCb.

• The NRQCD b ! c currents also mediate the decays B ! D and B ! D⇤. Using information
from the relativistic calculation we will improve the normalisations of the currents, which
will lead to improvements in theoretical precision for these decays.
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Threshold QCD: New States

• Expected and observed quarkonium states above threshold
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LHCb 2016                                                                                                                                                          Oct. 14, 2016                     12

ψ (4.040)

ψ (4.421)

𝟀c2(3.927)

ψ(3D2)(3.823) 
ψ(3D1)(3.773)

ψ(23D1)(4.191)

ϒ(10.579)

ϒ(10.876)

ϒ(11.020)

• Above threshold - Strong decays 

• Numerous quarkonium resonances have been observed
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• Decays are essentially two body 

• Many two body decay channels open in the threshold region

13
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• strangeness zero states:   
– first double wide states: B(13P0)B(13P0) ~ 11.43; Bs(B21S0)Bs(21S0) ~ 12.0
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Narrow-Wide 

Bs* B(P1) 

Bs* B(P0); Bs B(P1) 

B* B(P1); Bs B(P0) 

B* B(P0), B B(P1) 

B B(P0)

• strangeness zero states: 
– first double wide states: D(13P0)D(13P0) ~ 4.6; Ds(21S0)Ds(21S0) ~ 5.42

LHCb 2016                                                                                                                                                          Oct. 14, 2016                     16
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(4081)

(4225)

(3875)

(4014)

(4636) Narrow-Wide 

Ds* D(P1) 

Ds D(P1); Ds* D(P0) 

Ds D(P0); D* D(P0); D D(P1) 

D D(P0)
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• More degrees of freedom 

14
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– light quark pairs  - strong decays

• D(*) D(*) thresholds in 1D to 3S region  

• B(*) B(*) thresholds in 4S region       


– gluonic string excitations   

• Hybrid states associated with the potentials Πu, ...      


• In the static limit this occurs at separation  r ≈ 1.2 fm.  


• Between the 3S and 4S in (cc) system 

• Just above the 5S in the (bb) system


• New degrees of freedom —> new states


• The XYZ states


• JPC= 1- - :      Yc(4260), Yc(4360), Yc(4650) …


• Z isospin 1 : 


• Zb+(10610), Zb+(10650)     Related by


• Zc+(3885), Zc+(4025)       HQS


• Zc+(4430)


• X anything else

• X(3872), … 

• Pentaquark: X(4450) JP = 5/2+, ..
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Fig. 3.6: The singlet static energy (quenched and unquenched data) from Ref. [51], see also [143]

2.3.3 The QCD static spectrum and mechanism of confinement18

The spectrum of gluons in the presence of a static quark–antiquark pair has been extensively studied with

high precision using lattice simulations. Such studies involve the calculation of large sets of Wilson loops

with a variety of different spatial paths. Projections onto states of definite symmetries are done, and the

resulting energies are related to the static quark–antiquark potential and the static hybrids potentials. With

accurate results, such calculations provide an ideal testing ground for models of the QCD confinement

mechanism.

The singlet static energy

The singlet static energy is the singlet static potential V (0)
s .

In the plot3.6, we report simulation results both with and without light quark–antiquark pair cre-

ation. Such pair creation only slightly modifies the energies for separations below 1 fm, but dramatically

affects the results around 1.2 fm, at a distance which is too large with respect to the typical heavy quarko-

nium radius to be relevant for heavy quarkonium spectroscopy. At finite temperature, the so-called string

breaking occurs at a smaller distance (cf. corresponding Section in Chapter 7,Media).

One can study possible nonperturbative effects in the static potential at short distances. As it has

already been mentioned in the ”static QCD potential” subsection, the proper treatment of the renormalon

effects has made possible the agreement of perturbation theory with lattice simulations (and potential

models) [78,88–92]. Here we would like to quantify this agreement assigning errors to this comparison.

In particular, we would like to discern whether a linear potential with the usual slope could be added to

perturbation theory. In order to do so we follow here the analysis of Ref. [90, 144], where the potential

is computed within perturbation theory in the Renormalon Subtracted scheme defined in Ref. [81]. The

comparison with lattice simulations [145] in Fig. 3.7 shows that nonperturbative effects should be small

and compatible with zero, since perturbation theory is able to explain lattice data within errors. The

systematic and statistical errors of the lattice points are very small (smaller than the size of the points).

Therefore, the main sources of uncertainty of our (perturbative) evaluation come from the uncertainty in

the value of ΛMS (±0.48 r−1
0 ) obtained from the lattice [146] and from the uncertainty in higher orders

in perturbation theory. We show our results in Fig. 3.7. The inner band reflects the uncertainty in ΛMS
whereas the outer band is meant to estimate the uncertainty due to higher orders in perturbation theory.

We estimate the error due to perturbation theory by the difference between the NNLO and NNNLO

evaluation. The usual confining potential, δV = σr, goes with a slope σ = 0.21GeV2. In lattice units

18Authors: N. Brambilla, C. Morningstar, A. Pineda

91

DD, BB
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• PDG (zoo)
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– 7–

Table 3: As in Table 1, but for new states above the first open flavor thresholds in the cc̄ and
bb̄ regions, ordered by mass. X(3945) and Y (3940) have been subsumed under X(3915) due to
compatible properties. The quantum numbers of the state were measured at BaBar [65]. The
state known as Z(3930) appears as the χc2(2P ) in Table 1. In some cases experiment still allows
two JPC values, in which case both appear. See also the reviews in [1–7]. Updated from [7]
with kind permission, copyright (2011), Springer, and [8] with kind permission from the authors.

State m (MeV) Γ (MeV) JPC Process (mode) Experiment (#σ) Year Status

χc0(3915) 3917.4 ± 2.7 28+10
− 9 0++ B → K (ωJ/ψ) Belle [66] (8.1), BABAR [67,65] (19) 2004 OK

χc2(2P ) 3927.2 ± 2.6 24±6 2++ e+e− → e+e−(DD̄) Belle [68] (5.3), BABAR [69,45] (5.8) 2005 OK

e+e− → e+e− (ωJ/ψ) Belle [70] (7.7), BABAR [45] (np)

X(3940) 3942+9
−8 37+27

−17 ??+ e+e− → J/ψ (DD
∗

) Belle [71] (6.0) 2007 NC!

e+e− → J/ψ (...) Belle [21] (5.0)

Y (4008) 4008+121
− 49 226±97 1−− e+e− → γ(π+π−J/ψ) Belle [72] (7.4) 2007 NC!

Z1(4050)
+ 4051+24

−43 82+51
−55 ? B → K (π+χc1(1P )) Belle [73] (5.0), BABAR [74] (1.1) 2008 NC!

Y (4140) 4145.8 ± 2.6 18 ± 8 ??+ B+
→ K+(φJ/ψ) CDF [75,76]( 5.0), Belle [77]( 1.9), 2009 NC!

LHCb [78]( 1.4), CMS [79]( >5)

D0 [80]( 3.1)

X(4160) 4156+29
−25 139+113

−65 ??+ e+e− → J/ψ (DD
∗

) Belle [71] (5.5) 2007 NC!

Z2(4250)
+ 4248+185

− 45 177+321
− 72 ? B → K (π+χc1(1P )) Belle [73] (5.0), BABAR [74] (2.0) 2008 NC!

Y (4260) 4263+8
−9 95±14 1−− e+e− → γ (π+π−J/ψ) BABAR [81,82] (8.0) 2005 OK

CLEO [83] (5.4), Belle [72] (15)

e+e− → (π+π−J/ψ) CLEO [84] (11)

e+e− → (π0π0J/ψ) CLEO [84] (5.1)

e+e− → (f0(980)J/ψ) BaBar [85]( np), Belle [57]( np) 2012 OK

e+e− → (π−Zc(3900)
+) BESIII [56]( 8), Belle [57]( 5.2) 2013 OK

e+e− → (γ X(3872)) BESIII [86]( 5.3) 2013 NC!

Y (4274) 4293 ± 20 35 ± 16 ??+ B+
→ K+(φJ/ψ) CDF [76]( 3.1), LHCb [78]( 1.0), 2011 NC!

CMS [79]( >3), D0 [80]( np)

X(4350) 4350.6+4.6
−5.1 13.3+18.4

−10.0 0/2++ e+e− → e+e− (φJ/ψ) Belle [87] (3.2) 2009 NC!

Y (4360) 4361 ± 13 74±18 1−− e+e− → γ (π+π−ψ(2S)) BABAR [88] (np), Belle [89] (8.0) 2007 OK

Z(4430)+ 4458 ± 15 166+37
−32 1+− B̄0

→ K−(π+J/ψ) Belle [90,91,92]( 6.4), BaBar [93]( 2.4) 2007 OK

B0
→ ψ(2S)π−K+ LHCb [94]( 13.9)

X(4630) 4634+ 9
−11 92+41

−32 1−− e+e− → γ (Λ+
c Λ−

c ) Belle [95] (8.2) 2007 NC!

Y (4660) 4664±12 48±15 1−− e+e− → γ (π+π−ψ(2S)) Belle [89] (5.8) 2007 NC!

Υ(10860) 10876 ± 11 55 ± 28 1−− e+e− → (B
(∗)
(s)

B̄
(∗)
(s)

(π)) PDG [96] 1985 OK

e+e− → (ππΥ(1S, 2S, 3S)) Belle [97,62,63]( >10) 2007 OK

e+e− → (f0(980)Υ(1S)) Belle [62,63]( >5) 2011 OK

e+e− → (πZb(10610, 10650)) Belle [62,63]( >10) 2011 OK

e+e− → (ηΥ(1S, 2S)) Belle [98]( 10) 2012 OK

e+e− → (π+π−Υ(1D)) Belle [98]( 9) 2012 OK

Yb(10888) 10888.4 ± 3.0 30.7+8.9
−7.7 1−− e+e− → (π+π−Υ(nS)) Belle [99]( 2.3) 2008 NC!

August 21, 2014 13:18
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2.  The large size of the hadronic transitions for the ϒ(5S). 

• Very large 2π hadronic transitions [ > 100 times 𝚼(4S) rates ] 

• Very large  η (single light hadron) transitions.   Related to nearby Bs*Bs* threshold?

16
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—>  partial rate = 0.29 ± 0.13 MeV

—>  partial rate = 86 ± 41 keV

—>  partial rate = 0.15 ± 0.08 MeV

Table 2: Selected ⌥(5S) decays.

Decay Mode Branching Rate Decay Mode Branching Rate

BB̄ (5.5± 1.0)% ⌥(1S) ⇡+⇡� (5.3± 0.6)⇥ 10�3

BB̄⇤ + c.c. (13.7± 1.6)% ⌥(2S) ⇡+⇡� (7.8± 1.3)⇥ 10�3

B⇤B̄⇤ (38.1± 3.4)% ⌥(3S) ⇡+⇡� (4.8 +1.9
�1.7)⇥ 10�3

⌥(1S)KK̄ (6.1± 1.8)⇥ 10�4

BsB̄s (5± 5)⇥ 10�3 hb(1P )⇡+⇡� (3.5 +1.0
�1.3)⇥ 10�3

BsB̄
⇤
s + c.c. (1.35± 0.32)% hb(1P )⇡+⇡� (6.0 +2.1

�1.8)⇥ 10�3

B⇤
s B̄

⇤
s (17.6± 2.7)% �b1 ⇡+⇡�⇡0 (total) (1.85± 0.33)⇥ 10�3

BB̄⇡ (0.0± 1.2)% �b2 ⇡+⇡�⇡0 (total) (1.17± 0.30)⇥ 10�3

B⇤B̄⇡ +BB̄⇤⇡ (7.3± 2.3)% �b1 ! (1.57± 0.32)⇥ 10�3

B⇤B̄⇤⇡ (1.0± 1.4)% �b2 ! (0.60± 0.27)⇥ 10�3

BB̄⇡⇡ < 8.9% ⌥(1S)⌘ (0.73± 0.18)⇥ 10�3

⌥(2S)⌘ (2.1± 0.8)⇥ 10�3

⌥(1D)⌘ (2.8± 0.8)⇥ 10�3

total BB̄X (76.2 +2.7
�4.0)%

hb(2P)π+π-
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• Requires new mechanism for hadronic transitions 

– Dominant two body decays of the ϒ(5S) 

– Decays involving  P-state heavy-light mesons: 

• n3S1(QQ) ->  1½+PJ(Qq) + 1½-SJ’(qQ)   then 

• 1½+PJ(Qq) -> 1½-SJ’(Qq’) +  1S0 (qq’)  for S-wave J=J’

_ __

17
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_ _ _

π

πϒ(5S)

ϒ(1S)

B1(1P)
B*

B(*)
_

Table 3: QQ̄ ! Qq̄(1
1
2
+

PJ) + qQ̄(1
1
2
�
SJ 0)

C(J, J 0) J 0 = 0 J 0 = 1

J = 0 0 2/3

J = 1 2/3 4/3

3

Remarks: 
(1)  𝚼(5S) strong decay is S-wave 
(2)The large width of the B1(1P) implies 

that the first π is likely emitted 
while the B1(1P) and B(*) are still 
nearby. 

(3)The B1(1P) decay is S-wave 
(4) Therefore the B(*) B* system is in a 

relative S-wave and near threshold.   
(5) No similar BB system is possible.

S-wave decays



Zb±(10,610)  and Z b± (10,650)

• Υ(5S) -> Zb++ π- and  Zb+ -> hb(nP) + π+ .   

– The Zb± : M = 10607 MeV,  Γ= 15.6 ± 2.5 MeV                                                       
[BB* threshold (10605)] 

– The Zb± : M = 10653 MeV,  Γ= 14.4 ± 3.2                   
[B*B* threshold (10650)]. 

• Strong threshold dynamics 

– Strong peaking at threshold BB* and B*B* 

– Z+(10610) and Z+(10650) states 

– HQS implies that the same mechanism applies 
for charmonium-like states

Estia Eichten                                                                                                                                                              Fermilab                     
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Z+(10610)

Z+(10650)

_

4

!

(
√
s− EBπ)2/c4 − P 2

Bπ/c
2, where EBπ and PBπ are

the measured energy and momentum of the reconstructed
Bπ combination. Signal e+e− → BB∗π events produce
a narrow peak in the Mmiss(Bπ) spectrum around the
nominal B∗ mass while e+e− → B∗B∗π events produce
a peak at mB∗ + ∆mB∗ , where ∆mB∗ = mB∗ − mB,
due to the missed photon from the B∗ → Bγ decay. It
is important to note here that, according to signal MC,
BB∗π events, where the reconstructed B is the one from
the B∗, produce a peak in the Mmiss(Bπ) distribution at
virtually the same position as BB∗π events, where the
reconstructed B is the primary one. To remove the cor-
relation between Mmiss(Bπ) and M(B) and to improve
the resolution, we use M∗

miss = Mmiss(Bπ)+M(B)−mB

instead of Mmiss(Bπ). The M∗
miss distribution for the RS

combinations is shown in Fig. 1(b), where peaks corre-
sponding to the BB∗π and B∗B∗π signals are evident.
Combinations with π+ — the wrong sign (WS) combina-
tions — are used to evaluate the shape of the combinato-
rial background. There is also a hint for a peaking struc-
ture in the WS M∗

miss distribution, shown as a hatched
histogram in Fig. 1(b). Due to B0 − B̄0 oscillations, we
expect a fraction of the produced B0 mesons to decay as
B̄0 given by 0.5x2

d/(1 + x2
d) = 0.1861± 0.0024, where xd

is the B0 mixing parameter [11].
Note that the momentum spectrum of B mesons

produced in events with initial-state radiation (ISR),
e+e− → γBB̄, overlaps significantly with that for B
mesons from the three-body e+e− → B(∗)B(∗)π pro-
cesses. However, ISR events do not produce peaking
structures in the M∗

miss distribution.
A binned maximum likelihood fit is performed to fit

the M∗
miss distribution to the sum of three Gaussian func-

tions to represent three possible signals and two threshold
components Ak(xk − x)αk exp{(x− xk)/δk} (k = 1, 2) to
parameterize the qq̄ and two-body B(∗)B̄(∗) backgrounds.
The means and widths of the signal Gaussian functions
are fixed from the signal MC simulation. The parameters
Ak, αk, δk of the background functions are free parame-
ters of the fit; the threshold parameters xk are fixed from
the generic MC. ISR events produce an M∗

miss distribu-
tion similar to that for qq̄ events; these two components
are modeled by a single threshold function. The reso-
lution of the signal peaks in Fig. 1(c) is dominated by
the c.m. energy spread and is fixed at 6.5 MeV/c2 as
determined from the signal MC. The fit to the RS spec-
trum yields NBBπ = 13 ± 25, NBB∗π = 357 ± 30 and
NB∗B∗π = 161± 21 signal events. The statistical signif-
icance of the observed BB∗π and B∗B∗π signal is 9.3σ
and 8.1σ, respectively. The statistical significance is cal-
culated as

!

−2 ln(L0/Lsig), where Lsig and L0 denote
the likelihood values obtained with the nominal fit and
with the signal yield fixed at zero, respectively.
For the subsequent analysis, we require |M∗

miss −
mB∗ | < 15 MeV/c2 to select BB∗π signal events and
|M∗

miss − (mB∗ + ∆mB)| < 12 MeV/c2, where ∆mB =

0
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FIG. 2. The Mmiss(π) distribution for the (a) BB∗π and (b)
B∗B∗π candidate events.

mB∗ − mB , to select B∗B∗π events. For the se-
lected B∗B(∗)π candidates, we calculate Mmiss(π) =
!

(
√
s− Eπ)2/c4 − P 2

π/c
2, where Eπ and Pπ are the re-

constructed energy and momentum, respectively, of the
charged pion in the c.m. frame. The Mmiss(π) distribu-
tions are shown in Fig. 2 [12]. We perform a simulta-
neous binned maximum likelihood fit to the RS and WS
samples, assuming the same number and distribution of
background events in both samples and known fraction
of signal events in the RS sample that leaks to the WS
sample due to mixing. To fit the Mmiss(π) spectrum, we
use the function

F (m) = [fsigS(m) +B(m)]ϵ(m)FPHSP(m), (1)

where m ≡ Mmiss(π); fsig = 1.0 (0.1105 ± 0.0016, [13])
for the RS (WS) sample; S(m) and B(m) are the signal
and background PDFs, respectively; and FPHSP(m) is the
phase space function. To account for the instrumental
resolution, we smear the function F (m) with a Gaussian
function. The reconstruction efficiency is parametrized
as ϵ(m) ∼ exp((m−m0)/∆)(1−m/m0)3/4, where m0 =
10.718±0.001 GeV/c2 is an efficiency threshold and ∆ =
0.094± 0.002 GeV/c2.
The distribution of background events is parameter-

ized as BB(∗)B∗π(m) = b0e−βδm , where b0 and β are fit
parameters and δm = m−(mB(∗)+mB∗). A general form
of the signal PDF is written as

S(m) = |AZb(10610) +AZb(10650) +Anr|2, (2)

where Anr = anreiφnr is the non-resonant amplitude
parameterized as a complex constant and the two Zb

B(Zb(10610) → BB∗ + c.c.)/B(Zb(10610) → bottomonium)            
= 4.76 ± 0.64 ± 0.75  

B(Zb(10650) → B∗B∗)/B(Zb(10650) → bottomonium)      
= 2.40 ± 0.44 ± 0.50.  

_

_



 Zc+(3885)  and  Zc+(4020)
• Charmonium-like states:  e+e- —> π+ π- J/ѱ  at √s = 4.26 GeV   [Y(4260)] 

• Zc(3885) , Zc(4020)  both have  IG (JP) = 1- (1+).    

• As expected by HQS between the bottomonium and charmonium systems
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respectively. The pole position of this peak is calculated to be Mpole = 3883.9 ± 1.5± 4.2 MeV
and Γpole = 24.8±3.3±11.0 MeV, where the first errors are statistical and the second systematic.

The mass and width of the peak observed in DD∗ final state agree with that of Zc(3900).
Thus, they are quite probably the same state. From the production cross section measurement,
we also obtained Γ[Zc(3900)→DD∗]

Γ[Zc(3900)→πJ/ψ] = 6.2 ± 1.1stat ± 2.7sys. That means Zc(3900) has a much

stronger coupling to DD∗ than πJ/ψ. Further study of production angle distribution shows the
DD∗ peak favor JP = 1+ assignment.

4 Zc(4020) and Zc(4025)

Using about 3.3 fb−1 data, we also try to search charged charmoniumlike state in the e+e− →
π+π−hc process11. The hc resonance is reconstructed through its radiative decay hc → γηc (with
∼ 50% branching ratio), and ηc resonance is reconstructed through 16 exclusive hadron decay
channels (with ∼ 40% branching ratios). After events selection, clear e+e− → π+π−hc signal
events are observed, and the e+e− CM energy dependent production cross section σB(e+e− →
π+π−hc) is measured, which is at the same order of that π+π−J/ψ 5,6,9.

By further checking the π±hc invariant mass distribution, a resonant structure was observed,
as shown in Fig. 2 (left). The measured mass is M = 4022.9 ± 0.8 ± 2.7 MeV and width is
Γ = 7.9 ± 2.7 ± 2.6 MeV for the resonance (denoted as Zc(4020)), where the first errors are
statistical and the second systematic. The significance of Zc(4020) is estimated to be > 8.9σ.
And the production cross section σB(e+e− → π+Zc(4020)− → π+π−hc) is measured to be
∼ 10 pb level at e+e− CM energy 4.23, 4.26, 4.36 GeV. The Zc(3900) state is also searched, but
find to be not significant in π+π−hc process.
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Figure 2 – M(π±hc) (left) invariant mass distribution for e+e− → π+π−hc data events and M(D∗D∗) (right)
invariant mass distribution for e+e− → π+(D∗D∗)− data events. Dots with error bars are data. The solid curves
in both panel are fit results, the dashed curve in left panel is background and in the right panel is signal.

Being near D∗D∗ mass threshold, the Zc(4020) state is also quite possible to be cou-
pling to D∗D∗. Using 827 pb−1 data collected at

√
s = 4.26 GeV, BESIII has studied the

e+e− → π+(D∗D∗)− (here charge conjugation is always implied) process 12. In order to in-
crease statistics, partial reconstruction technique is also employed. The primary charged pion,
one D meson from charged D∗ decay, and at least one π0 from D∗ decay are detected. The final
4-momentum of (D∗D∗) system is determined from e+e− initial momentum minus the primary
pion momentum, due to strict momentum conservation.

Figure 2 (right) shows the (D∗D∗) invariant mass distribution. There is obvious excess for
data events distribution over background estimation. We assume this enhancement is due to a
resonant structure, and labeled it as Zc(4025). The measured mass isM = 4026.3±2.6±3.7 MeV,
and width is Γ = 24.8 ± 5.6 ± 7.7 MeV, where the first errors are statistical and the second
systematic. The significance of Zc(4025) is estimated to be 13σ.

BESIII  Z. Lin  

[arXiv:1504.06102]

2 Observation of Zc(3900) at BESIII

The BESIII detector has collected 525 pb−1 data at e+e− central-of-mass (CM) energy (4.260±
0.001) GeV. With this data sample, we analyze the e+e− → π+π−J/ψ process 5. The Drift
Chamber is used to catch 4 charged tracks (π+π−ℓ+ℓ−), and the calorimeter is used to separate

electrons and muons. We use the published Belle 6 and BABAR 9 e+e− → π+π−J/ψ cross
section line shapes to do radiative correction. The Born order cross section at

√
s = 4.260 GeV

is measured to be σB(e+e− → π+π−J/ψ) = (62.9± 1.9± 3.7) pb. The good agreement between

BESIII, Belle 6 and BABAR 9 for π+π−J/ψ cross section measurement confirms the BESIII
analysis is valid and unbiased.

After obtained the cross section, we turn to investigate the intermediate state in Y (4260) →
π+π−J/ψ decays. We got 1595 π+π−J/ψ signal events with a purity of ∼90%. The Dalizt plot
of Y (4260) → π+π−J/ψ signal events shows interesting structures both in the π+π− system and
π±J/ψ system. In the π±J/ψ mass distribution, a new resonance at around 3.9 GeV/c2 (called
Zc(3900) hereafter) was observed. For the π+π− mass distribution, there are also interested
structures, which can be modeled well by 0++ resonance σ(500), f0(980) and non-resonant S-
wave π+π− amplitude. The D-wave π+π− amplitude is found to be small in data and they
also do not form peaks in the M(π±J/ψ) mass spectrum. To extract the resonant parameters
of Zc(3900), we use 1-dimensional unbinned maximum likelihood fit to the Mmax(π±J/ψ) mass
distribution (the larger one of M(π+J/ψ) and M(π−J/ψ) mass combination in each event),
which is an effective way to avoid Zc(3900)+ and Zc(3900)− components cross counting. Figure 1
(left) shows the fit results, with M [Zc(3900)] = (3899.0± 3.6± 4.9) MeV/c2, and Γ[Zc(3900)] =
(46±10±20) MeV. Here the first errors are statistical and the second systematic. The significance
of Zc(3900) signal is estimated to be > 8σ in all kinds of systematic checks.
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Figure 1 – Fit to the Mmax(Zc(3900) → π±J/ψ) (left) and M(Zc(3900) → D0D∗−) (middle) and M(Zc(3900) →
D+D̄∗0) (right) invariant mass distribution as described in the text. Dots with error bars are data, the solid
curves show the total fit and the dashed curves are backgrounds contribution.

3 e+e− → π+(DD∗)−+c.c.

The mass of Zc(3900) is a bit above DD∗ mass threshold, which motivates an assumption
that Zc(3900) can coupling to DD∗. The BESIII Collaboration has performed the analysis

of e+e− → π+(DD∗)− (here charge conjugation is always implied) with 525 pb−1 data 10.
The (DD∗)− system contains two combination: D0D∗− and D−D∗0. In order to obtain more
statistics, a good choice is to employed the partial reconstruction technique. The primary π+

and D meson are required to be detected, while the D∗ meson is missing. The final 4-momentum
of DD∗ system is obtained through e+e− initial momentum minus pion momentum, which is due
to strict momentum conservation. Figure 1 (middle, right) shows the obtained DD∗ invariant
mass distributions. An obvious peak is observed near DD∗ mass threshold, which corresponds
to a resonance. An unbinned maximum likelihood fit gives mass M = 3889.1 ± 1.8 MeV and
width Γ = 28.1 ± 4.1 MeV (3891.8 ± 1.8 MeV and 27.8 ± 3.9 MeV) for the two data sets,

respectively. The pole position of this peak is calculated to be Mpole = 3883.9 ± 1.5± 4.2 MeV
and Γpole = 24.8±3.3±11.0 MeV, where the first errors are statistical and the second systematic.

The mass and width of the peak observed in DD∗ final state agree with that of Zc(3900).
Thus, they are quite probably the same state. From the production cross section measurement,
we also obtained Γ[Zc(3900)→DD∗]

Γ[Zc(3900)→πJ/ψ] = 6.2 ± 1.1stat ± 2.7sys. That means Zc(3900) has a much

stronger coupling to DD∗ than πJ/ψ. Further study of production angle distribution shows the
DD∗ peak favor JP = 1+ assignment.

4 Zc(4020) and Zc(4025)

Using about 3.3 fb−1 data, we also try to search charged charmoniumlike state in the e+e− →
π+π−hc process11. The hc resonance is reconstructed through its radiative decay hc → γηc (with
∼ 50% branching ratio), and ηc resonance is reconstructed through 16 exclusive hadron decay
channels (with ∼ 40% branching ratios). After events selection, clear e+e− → π+π−hc signal
events are observed, and the e+e− CM energy dependent production cross section σB(e+e− →
π+π−hc) is measured, which is at the same order of that π+π−J/ψ 5,6,9.

By further checking the π±hc invariant mass distribution, a resonant structure was observed,
as shown in Fig. 2 (left). The measured mass is M = 4022.9 ± 0.8 ± 2.7 MeV and width is
Γ = 7.9 ± 2.7 ± 2.6 MeV for the resonance (denoted as Zc(4020)), where the first errors are
statistical and the second systematic. The significance of Zc(4020) is estimated to be > 8.9σ.
And the production cross section σB(e+e− → π+Zc(4020)− → π+π−hc) is measured to be
∼ 10 pb level at e+e− CM energy 4.23, 4.26, 4.36 GeV. The Zc(3900) state is also searched, but
find to be not significant in π+π−hc process.
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Figure 2 – M(π±hc) (left) invariant mass distribution for e+e− → π+π−hc data events and M(D∗D∗) (right)
invariant mass distribution for e+e− → π+(D∗D∗)− data events. Dots with error bars are data. The solid curves
in both panel are fit results, the dashed curve in left panel is background and in the right panel is signal.

Being near D∗D∗ mass threshold, the Zc(4020) state is also quite possible to be cou-
pling to D∗D∗. Using 827 pb−1 data collected at

√
s = 4.26 GeV, BESIII has studied the

e+e− → π+(D∗D∗)− (here charge conjugation is always implied) process 12. In order to in-
crease statistics, partial reconstruction technique is also employed. The primary charged pion,
one D meson from charged D∗ decay, and at least one π0 from D∗ decay are detected. The final
4-momentum of (D∗D∗) system is determined from e+e− initial momentum minus the primary
pion momentum, due to strict momentum conservation.

Figure 2 (right) shows the (D∗D∗) invariant mass distribution. There is obvious excess for
data events distribution over background estimation. We assume this enhancement is due to a
resonant structure, and labeled it as Zc(4025). The measured mass isM = 4026.3±2.6±3.7 MeV,
and width is Γ = 24.8 ± 5.6 ± 7.7 MeV, where the first errors are statistical and the second
systematic. The significance of Zc(4025) is estimated to be 13σ.

respectively. The pole position of this peak is calculated to be Mpole = 3883.9 ± 1.5± 4.2 MeV
and Γpole = 24.8±3.3±11.0 MeV, where the first errors are statistical and the second systematic.

The mass and width of the peak observed in DD∗ final state agree with that of Zc(3900).
Thus, they are quite probably the same state. From the production cross section measurement,
we also obtained Γ[Zc(3900)→DD∗]

Γ[Zc(3900)→πJ/ψ] = 6.2 ± 1.1stat ± 2.7sys. That means Zc(3900) has a much

stronger coupling to DD∗ than πJ/ψ. Further study of production angle distribution shows the
DD∗ peak favor JP = 1+ assignment.

4 Zc(4020) and Zc(4025)

Using about 3.3 fb−1 data, we also try to search charged charmoniumlike state in the e+e− →
π+π−hc process11. The hc resonance is reconstructed through its radiative decay hc → γηc (with
∼ 50% branching ratio), and ηc resonance is reconstructed through 16 exclusive hadron decay
channels (with ∼ 40% branching ratios). After events selection, clear e+e− → π+π−hc signal
events are observed, and the e+e− CM energy dependent production cross section σB(e+e− →
π+π−hc) is measured, which is at the same order of that π+π−J/ψ 5,6,9.

By further checking the π±hc invariant mass distribution, a resonant structure was observed,
as shown in Fig. 2 (left). The measured mass is M = 4022.9 ± 0.8 ± 2.7 MeV and width is
Γ = 7.9 ± 2.7 ± 2.6 MeV for the resonance (denoted as Zc(4020)), where the first errors are
statistical and the second systematic. The significance of Zc(4020) is estimated to be > 8.9σ.
And the production cross section σB(e+e− → π+Zc(4020)− → π+π−hc) is measured to be
∼ 10 pb level at e+e− CM energy 4.23, 4.26, 4.36 GeV. The Zc(3900) state is also searched, but
find to be not significant in π+π−hc process.

)2(GeV/c
ch±πM

3.95 4.00 4.05 4.10 4.15 4.20 4.25

)2
E

ve
nt

s/
(0

.0
05

 G
eV

/c

0

20

40

60

80

100

120

)2(GeV/c
ch+πM

3.8 3.9 4.0 4.1

)2
E

ve
nt

s/
(0

.0
05

 G
eV

/c

0

10

20

30

40

50

)2) (GeV/c-πRM(
4.02 4.04 4.06 4.08

 )2
Ev

en
ts

 / 
( 2

.5
 M

eV
/c

20

40

60

80 comb. BKG
 D*D** 

data
total fit

(4025)cZ
PHSP signal
WS

Figure 2 – M(π±hc) (left) invariant mass distribution for e+e− → π+π−hc data events and M(D∗D∗) (right)
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in both panel are fit results, the dashed curve in left panel is background and in the right panel is signal.

Being near D∗D∗ mass threshold, the Zc(4020) state is also quite possible to be cou-
pling to D∗D∗. Using 827 pb−1 data collected at

√
s = 4.26 GeV, BESIII has studied the

e+e− → π+(D∗D∗)− (here charge conjugation is always implied) process 12. In order to in-
crease statistics, partial reconstruction technique is also employed. The primary charged pion,
one D meson from charged D∗ decay, and at least one π0 from D∗ decay are detected. The final
4-momentum of (D∗D∗) system is determined from e+e− initial momentum minus the primary
pion momentum, due to strict momentum conservation.

Figure 2 (right) shows the (D∗D∗) invariant mass distribution. There is obvious excess for
data events distribution over background estimation. We assume this enhancement is due to a
resonant structure, and labeled it as Zc(4025). The measured mass isM = 4026.3±2.6±3.7 MeV,
and width is Γ = 24.8 ± 5.6 ± 7.7 MeV, where the first errors are statistical and the second
systematic. The significance of Zc(4025) is estimated to be 13σ.

respectively. The pole position of this peak is calculated to be Mpole = 3883.9 ± 1.5± 4.2 MeV
and Γpole = 24.8±3.3±11.0 MeV, where the first errors are statistical and the second systematic.

The mass and width of the peak observed in DD∗ final state agree with that of Zc(3900).
Thus, they are quite probably the same state. From the production cross section measurement,
we also obtained Γ[Zc(3900)→DD∗]

Γ[Zc(3900)→πJ/ψ] = 6.2 ± 1.1stat ± 2.7sys. That means Zc(3900) has a much

stronger coupling to DD∗ than πJ/ψ. Further study of production angle distribution shows the
DD∗ peak favor JP = 1+ assignment.

4 Zc(4020) and Zc(4025)

Using about 3.3 fb−1 data, we also try to search charged charmoniumlike state in the e+e− →
π+π−hc process11. The hc resonance is reconstructed through its radiative decay hc → γηc (with
∼ 50% branching ratio), and ηc resonance is reconstructed through 16 exclusive hadron decay
channels (with ∼ 40% branching ratios). After events selection, clear e+e− → π+π−hc signal
events are observed, and the e+e− CM energy dependent production cross section σB(e+e− →
π+π−hc) is measured, which is at the same order of that π+π−J/ψ 5,6,9.

By further checking the π±hc invariant mass distribution, a resonant structure was observed,
as shown in Fig. 2 (left). The measured mass is M = 4022.9 ± 0.8 ± 2.7 MeV and width is
Γ = 7.9 ± 2.7 ± 2.6 MeV for the resonance (denoted as Zc(4020)), where the first errors are
statistical and the second systematic. The significance of Zc(4020) is estimated to be > 8.9σ.
And the production cross section σB(e+e− → π+Zc(4020)− → π+π−hc) is measured to be
∼ 10 pb level at e+e− CM energy 4.23, 4.26, 4.36 GeV. The Zc(3900) state is also searched, but
find to be not significant in π+π−hc process.
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in both panel are fit results, the dashed curve in left panel is background and in the right panel is signal.

Being near D∗D∗ mass threshold, the Zc(4020) state is also quite possible to be cou-
pling to D∗D∗. Using 827 pb−1 data collected at

√
s = 4.26 GeV, BESIII has studied the

e+e− → π+(D∗D∗)− (here charge conjugation is always implied) process 12. In order to in-
crease statistics, partial reconstruction technique is also employed. The primary charged pion,
one D meson from charged D∗ decay, and at least one π0 from D∗ decay are detected. The final
4-momentum of (D∗D∗) system is determined from e+e− initial momentum minus the primary
pion momentum, due to strict momentum conservation.

Figure 2 (right) shows the (D∗D∗) invariant mass distribution. There is obvious excess for
data events distribution over background estimation. We assume this enhancement is due to a
resonant structure, and labeled it as Zc(4025). The measured mass isM = 4026.3±2.6±3.7 MeV,
and width is Γ = 24.8 ± 5.6 ± 7.7 MeV, where the first errors are statistical and the second
systematic. The significance of Zc(4025) is estimated to be 13σ.

respectively. The pole position of this peak is calculated to be Mpole = 3883.9 ± 1.5± 4.2 MeV
and Γpole = 24.8±3.3±11.0 MeV, where the first errors are statistical and the second systematic.

The mass and width of the peak observed in DD∗ final state agree with that of Zc(3900).
Thus, they are quite probably the same state. From the production cross section measurement,
we also obtained Γ[Zc(3900)→DD∗]

Γ[Zc(3900)→πJ/ψ] = 6.2 ± 1.1stat ± 2.7sys. That means Zc(3900) has a much

stronger coupling to DD∗ than πJ/ψ. Further study of production angle distribution shows the
DD∗ peak favor JP = 1+ assignment.
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Using about 3.3 fb−1 data, we also try to search charged charmoniumlike state in the e+e− →
π+π−hc process11. The hc resonance is reconstructed through its radiative decay hc → γηc (with
∼ 50% branching ratio), and ηc resonance is reconstructed through 16 exclusive hadron decay
channels (with ∼ 40% branching ratios). After events selection, clear e+e− → π+π−hc signal
events are observed, and the e+e− CM energy dependent production cross section σB(e+e− →
π+π−hc) is measured, which is at the same order of that π+π−J/ψ 5,6,9.

By further checking the π±hc invariant mass distribution, a resonant structure was observed,
as shown in Fig. 2 (left). The measured mass is M = 4022.9 ± 0.8 ± 2.7 MeV and width is
Γ = 7.9 ± 2.7 ± 2.6 MeV for the resonance (denoted as Zc(4020)), where the first errors are
statistical and the second systematic. The significance of Zc(4020) is estimated to be > 8.9σ.
And the production cross section σB(e+e− → π+Zc(4020)− → π+π−hc) is measured to be
∼ 10 pb level at e+e− CM energy 4.23, 4.26, 4.36 GeV. The Zc(3900) state is also searched, but
find to be not significant in π+π−hc process.
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Figure 2 – M(π±hc) (left) invariant mass distribution for e+e− → π+π−hc data events and M(D∗D∗) (right)
invariant mass distribution for e+e− → π+(D∗D∗)− data events. Dots with error bars are data. The solid curves
in both panel are fit results, the dashed curve in left panel is background and in the right panel is signal.

Being near D∗D∗ mass threshold, the Zc(4020) state is also quite possible to be cou-
pling to D∗D∗. Using 827 pb−1 data collected at

√
s = 4.26 GeV, BESIII has studied the

e+e− → π+(D∗D∗)− (here charge conjugation is always implied) process 12. In order to in-
crease statistics, partial reconstruction technique is also employed. The primary charged pion,
one D meson from charged D∗ decay, and at least one π0 from D∗ decay are detected. The final
4-momentum of (D∗D∗) system is determined from e+e− initial momentum minus the primary
pion momentum, due to strict momentum conservation.

Figure 2 (right) shows the (D∗D∗) invariant mass distribution. There is obvious excess for
data events distribution over background estimation. We assume this enhancement is due to a
resonant structure, and labeled it as Zc(4025). The measured mass isM = 4026.3±2.6±3.7 MeV,
and width is Γ = 24.8 ± 5.6 ± 7.7 MeV, where the first errors are statistical and the second
systematic. The significance of Zc(4025) is estimated to be 13σ.

Charged charmoniumlike states Zc(4020) and Zc(4025) show up with a similar mass (near
D∗D∗ threshold). Thus, they might be the same resonance. If we assume so, we can measure

the relative decay width of Γ[Zc(4025)→D∗D∗]
Γ[Zc(4020)→πhc]

∼ 9. This behaves quite similar with Zc(3900), and

hints Zc(4020)/Zc(4025) is a partner particle of Zc(3900).

5 e+e− → γX(3872)

The X(3872) was firstly observed by Belle Collaboration in B → Kπ+π−J/ψ 2. After ten years
of its discovery, its nature still keep mysterious. Recently, the LHCb Collaboration determined
its quantum number to be JPC = 1++ 13. Since BESIII can produce lots of vector particles
ψ/Y s, thus it’s natural to search for X(3872) in the radiative decay of vector particles.

Using ∼ 3.3 fb−1 data collected by BESIII, we have studied the e+e− → ψ/Y → γπ+π−J/ψ

process 14. Figure 3 (left) shows the obtained π+π−J/ψ invariant mass distribution from the
whole data sets. X(3872) signal could be seen clearly. A fit to data events gives M [X(3872)] =

3871.9±0.7stat±0.2sys MeV, which agrees with other measurements very well15. The significant
of X(3872) signal is estimated to be 6.3σ. It’s worth to mention our measurement at BESIII
provides another independent confirmation of the X(3872) particle.

We also measured the e+e− CM energy dependent production cross section of γX(3872).
Figure 3 (right) shows the cross section line shape, which peaks near 4.26 GeV. We find pure
phase space and linear shape describe the cross sections rather bad (with χ2/ndf=8.7/3 and
5.5/2, respectively), while Y (4260) line shape can describe the cross section line shape quite well
(with χ2/ndf = 0.49/3). It strongly suggested the decay Y (4260) → γX(3872).
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6 Summary

With the large data sets taken above 4 GeV, the BESIII experiment could study XY Z particles
in a unique way. The charged charmoniumlike state Zc(3900) discovered recently by BESIII
experiment give us solid evidence for an exotic hadron, probably a four quark state. Further
study also shows Zc(3900) can couple to DD∗ final state strongly. BESIII also observed a
new charged charmoniumlike state Zc(4020), a “partner” particle of Zc(3900). And a similar
structure Zc(4025) (possible the same state as Zc(4020)) was also found to be strongly coupling
to D∗D∗.

In addition to charged states, BESIII also studied X(3872) and Y (4260) particles. We
observe the first radiative decay of Y (4260) → γX(3872), which connected the X and Y particles
together. Considering the Zc(3900) was also observed at

√
s = 4.26 GeV, it hints us there may

be common nature for these XY Z particles, and suggest us understand them in a unified way.

respectively. The pole position of this peak is calculated to be Mpole = 3883.9 ± 1.5± 4.2 MeV
and Γpole = 24.8±3.3±11.0 MeV, where the first errors are statistical and the second systematic.

The mass and width of the peak observed in DD∗ final state agree with that of Zc(3900).
Thus, they are quite probably the same state. From the production cross section measurement,
we also obtained Γ[Zc(3900)→DD∗]

Γ[Zc(3900)→πJ/ψ] = 6.2 ± 1.1stat ± 2.7sys. That means Zc(3900) has a much

stronger coupling to DD∗ than πJ/ψ. Further study of production angle distribution shows the
DD∗ peak favor JP = 1+ assignment.

4 Zc(4020) and Zc(4025)

Using about 3.3 fb−1 data, we also try to search charged charmoniumlike state in the e+e− →
π+π−hc process11. The hc resonance is reconstructed through its radiative decay hc → γηc (with
∼ 50% branching ratio), and ηc resonance is reconstructed through 16 exclusive hadron decay
channels (with ∼ 40% branching ratios). After events selection, clear e+e− → π+π−hc signal
events are observed, and the e+e− CM energy dependent production cross section σB(e+e− →
π+π−hc) is measured, which is at the same order of that π+π−J/ψ 5,6,9.

By further checking the π±hc invariant mass distribution, a resonant structure was observed,
as shown in Fig. 2 (left). The measured mass is M = 4022.9 ± 0.8 ± 2.7 MeV and width is
Γ = 7.9 ± 2.7 ± 2.6 MeV for the resonance (denoted as Zc(4020)), where the first errors are
statistical and the second systematic. The significance of Zc(4020) is estimated to be > 8.9σ.
And the production cross section σB(e+e− → π+Zc(4020)− → π+π−hc) is measured to be
∼ 10 pb level at e+e− CM energy 4.23, 4.26, 4.36 GeV. The Zc(3900) state is also searched, but
find to be not significant in π+π−hc process.
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Being near D∗D∗ mass threshold, the Zc(4020) state is also quite possible to be cou-
pling to D∗D∗. Using 827 pb−1 data collected at

√
s = 4.26 GeV, BESIII has studied the

e+e− → π+(D∗D∗)− (here charge conjugation is always implied) process 12. In order to in-
crease statistics, partial reconstruction technique is also employed. The primary charged pion,
one D meson from charged D∗ decay, and at least one π0 from D∗ decay are detected. The final
4-momentum of (D∗D∗) system is determined from e+e− initial momentum minus the primary
pion momentum, due to strict momentum conservation.

Figure 2 (right) shows the (D∗D∗) invariant mass distribution. There is obvious excess for
data events distribution over background estimation. We assume this enhancement is due to a
resonant structure, and labeled it as Zc(4025). The measured mass isM = 4026.3±2.6±3.7 MeV,
and width is Γ = 24.8 ± 5.6 ± 7.7 MeV, where the first errors are statistical and the second
systematic. The significance of Zc(4025) is estimated to be 13σ.

M(D0+D*-) = 3.8752

M(D*0+D*-) = 4.0178
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• Strangeness zero states - bottomonium
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• This suggests conditions for such threshold state T  <-> H1 +H2: 

– The two body initial states (H1, H2) are both narrow.                                                     
(For charmed mesons: H1,H2 = 0- or 1- ;                                                                            
charmed strange mesons = charmed mesons + D(0+ or 1+).  

– The quantum numbers (JP) of T allow coupling to H1 + H2  in a S-wave.            
Examples: (T=1+, H1=0-, H2=1-),  (T=1+, H1=1-, H2=1-), (T=0+, H1=0-, H2=0-), (T=2+, 
H1=1-, H2=1-), ...      

– There is a strong production mechanism for producing  H1 and H2 nearby and nearly 
at rest in their CM frame.    

• The situation is complicated and more than one kind type of new state may have been 
observed experimentally.  But all the postulated four quark states to date have masses 
at or above the associated H1 + H2 threshold.  This is consistent with the Lattice QCD 
results.  (Graham Moir talk).                                                                                                  
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• Production modes:  (Where to look for new surprises) 

– e+e- processes 

• direct                                                 sequential (dominant terms) 

• Can compute using coupled channel formalism 

– B weak decays 

• More quantum numbers accessible  

– Four quark states can easily be produced from two-heavy-light meson at                          
S-wave thresholds.

22
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• What is the QCD dynamics of these new states? Threshold Effects, Hybrids, 
Tetraquark States: 

XYZ  States Observed
Estia Eichten                                                                                                                                                              Fermilab                     
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The Exotic XY Z Charmonium-like Mesons 7

[cuc̄s̄]) (41).

Figure 2: Cartoon representations of molecular states, diquark-diantiquark
tetraquark mesons and quark-antiquark-gluon hybrids.

2.3 Charmonium hybrids

Hybrid mesons are states with an excited gluonic degree of freedom (see Fig. 2).
These are described by many different models and calculational schemes (42).
A compelling description, supported by lattice QCD (43, 44), views the quarks
as moving in adiabatic potentials produced by gluons in analogy to the atomic
nuclei in molecules moving in the adiabatic potentials produced by electrons. The
lowest adiabatic surface leads to the conventional quarkonium spectrum while the
excited adiabatic surfaces are found by putting the quarks into more complicated
colour configurations. In the flux-tube model (45), the lowest excited adiabatic
surface corresponds to transverse excitations of the flux tube and leads to a doubly
degenerate octet of the lowest mass hybrids with quantum numbers JPC = 0+−,
0−+, 1+−, 1−+, 2+−, 2−+, 1++ and 1−−. The 0+−, 1−+, 2+− quantum numbers
are not possible for a cc̄ bound state in the quark model and are referred to
as exotic quantum numbers. If observed, they would unambiguously signal the
existence of an unconventional state. Lattice QCD and most models predict the
lowest charmonium hybrid state to be roughly 4200 MeV/c2 in mass (45,42,46).

Charmonium hybrids can decay via electromagnetic transitions, hadronic tran-
sitions such as ψg → J/ψ + ππ, and to open-charm final states such as ψg →
D(∗,∗∗)D̄(∗,∗∗)10. The partial widths have been calculated using many different
models. There are some general properties that seem to be supported by most
models and by recent lattice QCD calculations. Nevertheless, since there are

10D∗∗ denotes mesons that are formed from P -wave cq̄ (q = u or d) pairs: D∗

0(3P0), D∗

2(3P2)
and the D1 and D′

1 are 3P1 −
1 P1 mixtures.

S. Godfrey+S. Olsen 
arXiv:0801.3867

_ 
u

uc

_ 
c

hadro-charmonium
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• LHCb - arXiv:1606.07895   J/ψ 𝝓 final state 

• The attractive force binding these states is short range 

• How to interpret these states?

24
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Figure 3: Distributions of (top left) �K+, (top right) J/ K+ and (bottom) J/ � invariant
masses for the B+ ! J/ �K+ candidates (black data points) compared with the results of the
default amplitude fit containing eight K⇤+ ! �K+ and five X ! J/ � contributions. The total
fit is given by the red points with error bars. Individual fit components are also shown.
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Table 2: Results for significances, masses, widths and fit fractions (FF) of the components
included in the default amplitude model. The first (second) errors are statistical (systematic).
Possible interpretations in terms of kaon excitation levels are given for the resonant �K+ fit
components. Comparisons with the previously experimentally observed kaon excitations [31] and
X ! J/ � structures are also given.

Contri- Sign. Fit results

bution or Ref. M0 [MeV ] �0 [MeV ] FF %

All K(1+) 8.0� 42± 8 + 5
� 9

NR
�K

16±13 +35
� 6

K(1+) 21P1 7.6� 1793±59 +153
�101 365±157 +138

�215 12±10 +17
� 6

K1(1650) [31] 1650±50 150± 50

K
0
(1+) 23P1 1.9� 1968±65 + 70

�172 396±170 +174
�178 23±20 +31

�29

All K(2�) 5.6� 11± 3 + 2
� 5

K(2�) 11D2 5.0� 1777±35 +122
� 77 217±116 +221

�154

K2(1770) [31] 1773± 8 188± 14

K
0
(2�) 13D2 3.0� 1853±27 + 18

� 35 167± 58 + 82
� 72

K2(1820) [31] 1816±13 276± 35

K⇤(1�) 13D1 8.5� 1722±20 + 33
�109 354± 75 +140

�181 6.7±1.9 +3.2
�3.9
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� 2
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�15 ± 8

CMS [23] 4313.8±5.3±7.3 38 +30
�15 ± 16
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J/ �
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�21
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�20 6.6±2.4 +3.5
�2.3

X(4700) 5.6� 4704±10 +14
�24 120±31 +42

�33 12± 5 + 9
� 5

detailed discussion of our results for kaon excitations can be found in Ref. [30].
A near-threshold J/ � structure in our data is the most significant (8.4�) exotic

contribution to our model. We determine its quantum numbers to be JPC = 1++ at 5.7�
significance from the change in �2 lnL relative to other JP assignments [43] including
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• strangeness zero states - charmonium 

• SU(3) symmetry suggests new Xs states near the thresholds:                                   D 
Ds*, Ds D*, D*Ds* : observable in B decays?
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X(4704)

(4081)

(4225)

(3875)

(4014)

(4636)

X(4140)

X(4273)

Z+(3884)

Z+(4023)

X(4506)

 B -> X K:  Mx < 4785 MeV



• The dynamics of these threshold tetraquark states  should be approximately           
SU(3) symmetric.  Expect states with strangeness. 

• The issue is an appropriate production channel because there is no wide jp = ½+ heavy-
light mesons in charm or bottom systems -> no sequential  transitions (as in the ϒ(5S) 
system)

• Strangeness 1 thresholds :
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Xs(?)

Xs(?)



Summary

• Heavy quark states are ideal systems to study QCD strong dynamics. 

• In the threshold region for decays to open heavy flavor states QCD 
dynamics is more complicated than below. There have been many 
surprises and a still incomplete picture of the dynamics:  

– Pattern of observed new states suggests strong SU(3) and HQS 
preserving dynamics of S-wave two heavy-light mesons at threshold. 

– New states with additional degrees of freedom:  Threshold effects, 
hybrid states, tetraquarks, pentaquark provide a multitude of 
possibilities.   

– More clues from BESIII, Belle2, LHCb, PANDA,…    coupled with Lattice 
QCD calculations are needed.   

• Many heavy quark systems remain essentially unexplored; more 
surprises may await.
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Wish List

• Still corners of QCD dynamics to probe in conventional heavy quark systems: 

– The Bc excitation spectrum;  mass, width and decays of J½+ P-wave states in the Bs 
system; double charm baryons.  Need to detect low energy photons and pions.  

• The dynamics of the new states is likely a cocktail of the models so far proposed.     
Lattice QCD may provide some answers.  More experimental data  will also clarify the 
situation: 

– Resolve the status of (cc) new exotic states only seen by one experiment. 

– HQS predicts the expectations (cc) -> (bb) within a given model.   Provides a test 
for various models.  

• We see enhancements (resonances) at two heavy-light meson thresholds for I=1 
channels.  And now hidden strangeness states have been seen. What about the rest of 
the SU(3) nonet? 

– Observe heavy-light meson pair resonances that decay to a quarkonium state        
and a single K and K* light hadron? 
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BACKUP SLIDES



X(3872)
• X(3872)  - JPC = 1++   M= 3871.69 ± 0.16 ± 0.19   Γ< 1.2 MeV   from J/ψ ππ mode 

– Decays observed:  

– LHCb [arXiv:1404.0275]    

– MX - MD - MD*  = - 0.11 ± 0.23 MeV     

– Two primary models:     
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B(X(3872) !  (2S)�)

B(X(3872) ! J/ �)
= 2.46± 0.64± 0.29,

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

X (3872) DECAY MODESX (3872) DECAY MODESX (3872) DECAY MODESX (3872) DECAY MODES

Mode Fraction (Γi /Γ)

Γ1 e+ e−

Γ2 π+π− J/ψ(1S) > 2.6 %

Γ3 ρ0 J/ψ(1S)
Γ4 ωJ/ψ(1S) > 1.9 %

Γ5 D0D0 π0 >32 %

Γ6 D∗0D0 >24 %

Γ7 γγ
Γ8 D0D0

Γ9 D+D−

Γ10 γχc1
Γ11 γχc2
Γ12 ηJ/ψ
Γ13 γ J/ψ > 6 × 10−3

Γ14 γψ(2S) [a] > 3.0 %

Γ15 π+π− ηc(1S) not seen

Γ16 pp not seen

[a] BHARDWAJ 11 does not observe this decay and presents a stronger 90%
CL limit than this value. See measurements listings for details.

X (3872) PARTIAL WIDTHSX (3872) PARTIAL WIDTHSX (3872) PARTIAL WIDTHSX (3872) PARTIAL WIDTHS

Γ
!

e+ e−
"

Γ1Γ
!

e+ e−
"

Γ1Γ
!

e+ e−
"

Γ1Γ
!

e+ e−
"

Γ1
VALUE (keV) CL% DOCUMENT ID TECN COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •

<0.28 90 16 YUAN 04 RVUE e+ e− → π+π− J/ψ
16Using BAI 98E data on e+ e− → π+π− ℓ+ ℓ−. Assuming that Γ(π+π− J/ψ) of

X (3872) is the same as that of ψ(2S) (85.4 keV).

X (3872) Γ(i)Γ(e+ e−)/Γ(total)X (3872) Γ(i)Γ(e+ e−)/Γ(total)X (3872) Γ(i)Γ(e+e−)/Γ(total)X (3872) Γ(i)Γ(e+e−)/Γ(total)

Γ
!

π+π− J/ψ(1S)
"

× Γ
!

e+ e−
"

/Γtotal Γ2Γ1/ΓΓ
!

π+π− J/ψ(1S)
"

× Γ
!

e+ e−
"

/Γtotal Γ2Γ1/ΓΓ
!

π+π− J/ψ(1S)
"

× Γ
!

e+ e−
"

/Γtotal Γ2Γ1/ΓΓ
!

π+π− J/ψ(1S)
"

× Γ
!

e+ e−
"

/Γtotal Γ2Γ1/Γ
VALUE (eV) CL% DOCUMENT ID TECN COMMENT

< 6.2< 6.2< 6.2< 6.2 90 17,18 AUBERT 05D BABR 10.6 e+ e− →

K+K−π+π−γ
• • • We do not use the following data for averages, fits, limits, etc. • • •

< 8.3 90 18 DOBBS 05 CLE3 e+ e− → π+π− J/ψ

<10 90 19 YUAN 04 RVUE e+ e− → π+π− J/ψ
17Using B(X (3872) → J/ψπ+ π−) · B(J/ψ → µ+µ−) · Γ(X (3872) → e+ e−) < 0.37

eV from AUBERT 05D and B(J/ψ → µ+µ−) = 0.0588 ± 0.0010 from the PDG 04.
18Assuming X (3872) has JPC = 1 −−.
19Using BAI 98E data on e+ e− → π+π− ℓ+ ℓ−. From theoretical calculation of the

production cross section and using B(J/ψ → µ+ µ−) = (5.88 ± 0.10)%.
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Γ3 ρ0 J/ψ(1S)
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Γ5 D0D0 π0 >32 %

Γ6 D∗0D0 >24 %

Γ7 γγ
Γ8 D0D0

Γ9 D+D−

Γ10 γχc1
Γ11 γχc2
Γ12 ηJ/ψ
Γ13 γ J/ψ > 6 × 10−3

Γ14 γψ(2S) [a] > 3.0 %

Γ15 π+π− ηc(1S) not seen

Γ16 pp not seen

[a] BHARDWAJ 11 does not observe this decay and presents a stronger 90%
CL limit than this value. See measurements listings for details.

X (3872) PARTIAL WIDTHSX (3872) PARTIAL WIDTHSX (3872) PARTIAL WIDTHSX (3872) PARTIAL WIDTHS
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"

Γ1Γ
!
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"

Γ1Γ
!
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"

Γ1Γ
!

e+ e−
"

Γ1
VALUE (keV) CL% DOCUMENT ID TECN COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •

<0.28 90 16 YUAN 04 RVUE e+ e− → π+π− J/ψ
16Using BAI 98E data on e+ e− → π+π− ℓ+ ℓ−. Assuming that Γ(π+π− J/ψ) of

X (3872) is the same as that of ψ(2S) (85.4 keV).
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!

π+π− J/ψ(1S)
"

× Γ
!

e+ e−
"

/Γtotal Γ2Γ1/Γ
VALUE (eV) CL% DOCUMENT ID TECN COMMENT

< 6.2< 6.2< 6.2< 6.2 90 17,18 AUBERT 05D BABR 10.6 e+ e− →

K+K−π+π−γ
• • • We do not use the following data for averages, fits, limits, etc. • • •

< 8.3 90 18 DOBBS 05 CLE3 e+ e− → π+π− J/ψ

<10 90 19 YUAN 04 RVUE e+ e− → π+π− J/ψ
17Using B(X (3872) → J/ψπ+ π−) · B(J/ψ → µ+µ−) · Γ(X (3872) → e+ e−) < 0.37

eV from AUBERT 05D and B(J/ψ → µ+µ−) = 0.0588 ± 0.0010 from the PDG 04.
18Assuming X (3872) has JPC = 1 −−.
19Using BAI 98E data on e+ e− → π+π− ℓ+ ℓ−. From theoretical calculation of the

production cross section and using B(J/ψ → µ+ µ−) = (5.88 ± 0.10)%.
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suggests 2P state

suggests molecule

1. χc1’(23P1) state 

2. D0 D0* molecule
_

TABLE I. Unnatural spin-parity and charge-psrity state. L stands for the relative orbital

angular momentum of π+π− and J/ψ.

JPC
ππ I L JPC

0++ 0, 2 1 0+−, 1+−, 2+−

2 2−−

2++ 0, 2 0 2−−

1 0+−, 1+−, 2+−, 3+−, 4+−

1−− 1 0 1++

1 0−+, 1−+, 2−+, 3−+
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• B -> X(3872) K -> (D0D0*) K 

• Strong peaking at threshold for S-wave 
observed experimentally. 

• Lattice calculations: 

– `A pole appears just below threshold in 
the  JPC =1++  I = 0 channel. 

_
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Debye screening fit of the results, and the resulting Debye screening mass acquires
a nonzero value roughly at Tc. The spin-dependent part has a repulsive core which
roughly resembles the familiar parametrisation with the �(r) function.

11 Summary

Recent lattice QCD studies of charmonium and charmonium-like states were reviewed.
The main challenge for the future lattice simulations is the extraction of the scatter-
ing matrix relevant to the experimentally interesting states. This will, for example,
involve two or more coupled channels for tetraquarks Z+

c or pentaquarks Pc.
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• RA  - R with axial vector currents - for b meson decays 

– CCCM: only shift the bare mass of the 23P1 state (𝟀’c1)  

– bare mass, mB, adjusted to physical 𝟀’c1  to D0D*0 threshold (3.872):                              
ΔMP = m(𝟀’c1) - M(D0) - DMD*0);  ΔMB = mB(23P1) - mB(23P1 [ref]) = 0

32
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det GA(n,m)

— total 
—    D0 

—    D+

RA

 ΔMP = 0; ΔMB = 0 
25



• The ΔMB = mB(23P1) - mB(23P1 [ref])  behavior: 

• below 
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 ΔMP = -0.1; ΔMB = -2  ΔMP = -0.5; ΔMB = -5  ΔMP = -1.0; ΔMB = -10  ΔMP = -1.6; ΔMB = -15

 ΔMP = 0.2; ΔMB = +5  ΔMP = 0.3; ΔMB = +10  ΔMP = 0.4; ΔMB = +15
 ΔMP = ~; ΔMB = +20

det GA(n,m)

25
peak = 38 peak = 72 peak = 32 

25
 ΔMP = -30; ΔMB = -75
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• My preliminary conclusions about the X(3872) 

– No need for addition attractive interactions or pion exchange. 

– Detailed measurements can extract the physical mass to high accuracy.  

– For the real shifts of states above threshold: 

• Coupled channel models need to include the contribution of more higher states, or 

• Use subtracted dispersion relations, or 

• Model the high states using perturbative QCD

34
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•  Xb(10604) ?? 

• No isospin breaking: X is I=0 => G-parity 
forbids the decay X -> ππϒ(1S).  

• Dominate decay X -> ωϒ(1S) ? 

• M(χb1(3P)) - M(B) - M(B*) ≈  - 75 MeV 

• So the (bb) state is decoupled. 

35
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X(3872) and Z+c (3900) Carleton DeTar
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cc (I=0) cc + DD* (I=0) DD* (I=0)

Figure 2: Energy splittings between En and 1S = 1
4 (Mηc + 3MJ/ψ ), the spin-averaged 1S charmonium

masses. The towers of states are from the same operator bases as the first three panels in Fig. 1. Left:
the separate χc1(1P) and χc1(2P) states from cc operators. Middle: combined cc and DD∗ operators. Right:
states from the DD∗ I = 0 operators. The lower blue bar represents the X(3872) candidate.

Table 1: Energy levels for the cc+DD∗ operator set. The level e1 (lower blue bar in Fig. 2) corresponds
to the X(3872) candidate with a splitting of 13(6) MeV relative to the DD∗ threshold with our unphysical
lattice parameters.

En−1S (MeV)

Non-interacting
D̄(0)D(0) 910(2)
D̄(1)D(−1) 1036(3)

Interacting

e0 452(2)
e1 897(6)
e2 966(21)
e3 1494(30)

interpolating operators included, level repulsion results in the weakly bound state represented by
the lower blue bar, our candidate X(3872). The upper blue bar can be interpreted as a scattering
state shifted up due to the large negative scattering length. This shallow bound state scenario on the
lattice has been confirmed in deuteron studies [29, 30]. Our results agree qualitatively with those of
the pioneering lattice studies of the X(3872) by Prelovsek and Leskovec [19] using clover valence
and sea quarks throughout.

4.2 Z+
c (3900)

Figure 3 shows the energy splittings in the various 1+− channels. The mixing is evidently
too weak to produce a state distinct from the noninteracting scattering states, in agreement with
[20, 22].

5
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FIG. 3. The spectra of states with JPC = 1++ for the cases with u/d valence quarks. The energies En = Elat
n −mlat

s.a. +mexp
s.a.

[Eq. (11)] are shown. The horizontal lines show energies of noninteracting two-particle states (1) and experimental thresholds,
indicating uncertainty related to σ width. In each subplot, the middle block shows the discrete spectrum determined from our
lattice simulation from the optimized basis [Eq. (9)]. The right-hand block shows the spectrum we obtained from the optimized
basis of operators with the [c̄q̄]Ḡ [cq]G operators excluded. The gray marks, on the right-hand side of each pane, indicate the
lowest three-meson threshold mηc + 2mπ, while the actual lowest ηcππ level on the lattice appears higher due to l = 1, which
requires relative momenta. The left-hand block shows the physical thresholds and possible experimental candidates (a) χc1,
X(3872) and X(3940), (b) Z+

c (4050) and Z+
c (4250). The violet error bars for experimental candidates show the uncertainties

in the energy and the black error bars show its width.
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FIG. 4. The spectrum of states with JPC = 1++ and hidden
strange quarks. The possible experimental candidates shown
are χc1, X(3872), Y (4140) and Y (4274). The gray marks, on
the right-hand side of each pane, indicate the lowest three-
meson threshold mηc + 2mK . However, the actual lowest
ηcKK level on the lattice appears higher due to l = 1, which
requires relative momenta. For further details see Figure 3.

or becomes too noisy to be identified. This is de-
termined by comparing the pattern of the effective
masses and overlaps between the original basis and
the basis after operator exclusion.

The remaining states, that are not attributed to the
two-meson scattering channels, are represented by red
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FIG. 5. The spectrum of states (Eq. (11)) with JPC = 1++

and quark content c̄c(ūu + d̄d) & c̄c. (i) Optimized basis
(without OMM

17 ), (ii) optimized basis without c̄c operators
(and without OMM

17 ) and (iii) basis with only c̄c operators.
Note that candidate for X(3872) disappears when remov-
ing c̄c operators although diquark-antidiquark operators are
present in the basis, while it is not clear to infer on the dom-
inant nature of this state just from the third panel. The
OMM

17 = χc1(0)σ(0) is excluded from the basis to achieve bet-
ter signals and clear comparison.

squares.

Figures 3 and 4 also compare the spectra between the
two bases of operators, one with optimized operator set
and another with the optimized set excluding [c̄q̄]Ḡ [cq]G .
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In all three cases we see an almost negligible effect on the
low lying states, while we do observe an improvement in
the signals for higher lying states in the basis without
[c̄q̄]Ḡ [cq]G . The same conclusion applies for overlaps.
The employed irreducible representation T++

1 con-
tains the states JPC = 1++ of interest, as well as
JPC = 3++ states due to the broken rotational sym-
metry. Upon inclusion of the interpolator Oc̄c

8 to the
basis [Eq. (9)] the spectra for both I = 0 channels re-
main essentially unchanged except for an additional level
at E ≃ 4.1−4.2 GeV [Eq. (11)]. This is where the earlier
simulation on the same ensemble [25] and the simula-
tion [47] have identified the only 3++ state in the energy
region of our interest. In the following subsections, we
present the spectra of JPC = 1++ states in three flavor
channels for the basis (Eq. (9)), where Oc̄c

8 is excluded.

A. I = 0 channel with flavor c̄c(ūu+ d̄d) and c̄c

This is the channel where the experimental X(3872)
resides. We will argue that the energy levels affected
by this state are n = 2 (red squares) and n = 6 (blue
circle) from Figure 3(a). The lowest state is the con-
ventional χc1(1P ). The overlaps of the three low-lying
levels represented by circles show dominant J/ψ(0)ω(0),
ηc(1)σ(−1) and χc1(0)σ(0) Fock components. The high-
est two states in Figure 3(a) have significant overlap with
the J/ψ(1)ω(−1) and D0(1)D̄∗

0(−1) operators.
Now we focus on the eigenstates that are related to

X(3872). The c̄c interpolators alone give an eigenstate
close to DD̄∗ threshold (right pane of Figure 5), but
one cannot establish whether this eigenstate is related
to X(3872) or to nearby two-meson states in this case.
Therefore we turn to the spectrum of the full optimized
basis [midpane in Figure 3(a)], where levels n = 2 (red
squares) and n=6 (blue circles) are found to have dom-
inant overlap with the c̄c and DD̄∗ operators. Exclud-
ing either of these operators results in disappearance of
one level and a shift in the other level towards the DD̄∗

threshold. We emphasize that one of the two levels re-
mains absent whenDD̄∗ and O4q are used and Oc̄c is not,
as is evident from the first and second panel from the left
of Figure 5. This indicates that the c̄c Fock component is
crucial for X(3872), while the [c̄q̄]Ḡ [cq]G structure alone
does not render it. This also implies a combined domi-
nance of c̄c and DD̄∗ operators in determining the posi-
tion of these two levels, while their resulting energies are
not significantly affected whether O4q is used in addition
or not.
We determine the DD̄∗ scattering phase shift from lev-

els n = 2, 6 via Lüscher’s relation [31] assuming elastic
scattering. The phase shift is interpolated near threshold
using the effective-range approximation. The eigenstate
n=6 (blue circle) is interpreted as the D(0)D̄∗(0) scat-
tering state, which is significantly shifted up due to a
large negative scattering length [48]. The resulting scat-
tering matrix T ∝ 1/(cot δ(p) − i) has a pole just below

X(3872) mX −ms.a. mX −mD0
−mD∗

0

Lat. 816(15) -8(15)

Lat. - O4q 815(8) -9(8)

LQCD [17] 815(7) -11(7)

LQCD [18] - -13(6)

Exp. 803(1) -0.11(21)

TABLE III. Mass of X(3872) with respect to ms.a. and the
D0D̄∗

0 threshold. Our estimates are from the correlated fits
to the corresponding eigenvalues using single exponential fit
form with and without diquark-antidiquark operators. Re-
sults from previous lattice QCD simulations [17, 18] and ex-
periment are also presented.

the threshold where cot δ(pB) = i is satisfied. We neglect
possible effects of the left-hand cut in the partial wave
amplitude. The results confirm a shallow bound state
just below the DD̄∗ threshold and the binding momen-
tum pB renders the mass of the bound state, interpreted
as experimentally observed X(3872). The resulting mass
of X(3872) and its binding energy are provided in Table
III and in Figure 7, which indicate that it is insensitive
to inclusion of diquark-antidiquark interpolators within
errors. The mass of X(3872) was extracted along these
lines for the first time in Ref. [17], where this channel
was studied in a smaller energy range on the same en-
semble without diquark-antidiquark interpolators. The
error on the binding energy in the present paper is larger
due to the larger interpolator basis. These results are
in agreement with a possible interpretation of X(3872),
where its properties are due to the accidental alignment
of a c̄c state with the D0D̄∗0 threshold [49, 50], but we
cannot rule out other options.

-30

-20

-10

 0

 10

Exp. Lat. Lat.-O4q [17] [18]

mX(3872)−mD−m-D*

 770

 790

 810

 830

 850
mX(3872)−ms.a.

FIG. 7. Mass of X(3872) with respect to ms.a. from the
present simulation, previous lattice studies [17, 18] and ex-
periment [6].

With regard to the other experimentally observed
charmonia-like states [e.g. X(3940)], which could appear
in this channel, we do not find any candidate in addition
to the expected two-meson scattering levels. We also do
not find candidates for other c̄c states with JPC = 1++

Expect no analog of the X(3872) 
 in the bottomonium system
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Figure 3: Fitted values of the Z�
1

amplitude in six m2

 

0
⇡

� bins, shown in an Argand diagram

(connected points with the error bars, m2

 

0
⇡

� increases counterclockwise). The red curve is the

prediction from the Breit-Wigner formula with a resonance mass (width) of 4475 (172) MeV and
magnitude scaled to intersect the bin with the largest magnitude centered at (4477 MeV)2. Units
are arbitrary. The phase convention assumes the helicity-zero K⇤(892) amplitude to be real.

component only. The model-independent analysis has a large statistical uncertainty in
the Z�

0

region and shows no deviations of the data from the reflections of the K⇤ degrees
of freedom (Fig. 1). Argand diagram studies for the Z�

0

are inconclusive. Therefore,
its characterization as a resonance will need confirmation when larger samples become
available.

In summary, an amplitude fit to a large sample of B0 !  0K+⇡� decays provides the
first independent confirmation of the existence of the Z(4430)� resonance and establishes
its spin-parity to be 1+, both with very high significance. The measured mass, 4475 ±
7 +15

�25

MeV, width, 172±13 +37

�34

MeV, and amplitude fraction, (5.9±0.9 +1.5

�3.3

)%, are consistent
with, but more precise than, the Belle results [27]. An analysis of the data using the
model-independent approach developed by the BaBar collaboration [24] confirms the
inconsistencies in the Z(4430)� region between the data and K+⇡� states with J  2.
The D-wave contribution is found to be insignificant in Z(4430)� decays, as expected for
a true state at such mass. The Argand diagram obtained for the Z(4430)� amplitude
is consistent with the resonant behavior. For the first time the resonant character is
demonstrated in this way among all known candidates for charged four-quark states.

6

Systematics: Other States
• Z-(4430) : seen in B0 -> K+ π- ψ’ 

– JP = 1+;  M = (4,475±7±[15/25]) MeV; Γ = (172±13 ±[37/34]) MeV 

– Resonance behavior observed.  

– Same mechanism in B-decays with  Ds(2S) states? 

• Ds*(2S)  M = 2,709 ± 4 MeV   Γ = 117 ± 13 MeV 

• B -> Ds (23S1) D*, Ds (21S0) D*, or Ds (23S1) D then  

• Ds (23S1) -> K+ D*- or K+ D-; Ds (21S0) -> K+ D*- 

– Possible rescattering explanation 

• X(5568): decaying into Bs π+ 

–  by observed by Dzero but not confirmed by LHCb

Estia Eichten                                                                                                                                                              Fermilab                     
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Figure 2: Distributions of the fit variables (black data points) together with the projections of
the 4D fit. The red solid (brown dashed) histogram represents the total amplitude with (without)
the Z�

1

. The other points illustrate various subcomponents of the fit that includes the Z�
1

: the
upper (lower) blue points represent the Z�

1

component removed (taken alone). The orange,
magenta, cyan, yellow, green, and red points represent the K⇤(892), total S-wave, K⇤(1410),
K⇤(1680), K⇤

2

(1430) and background terms, respectively.

The sum of all amplitude fractions is not 100% because of interference e↵ects. To assign
systematic errors, we: vary the K⇤ models by removing the K⇤(1680) or adding the
K⇤

3

(1780) in the amplitude (f
K

⇤
3 (1780)

= (0.5 ± 0.2)%); use the LASS function as an
alternative K⇤ S-wave representation; float all K⇤ masses and widths while constraining
them to the known values [37]; allow a second Z� component; increase the orbital angular
momentum assumed in the B0 decay; allow a D-wave component in the Z�

1

decay;
change the e↵ective hadron size in the Blatt-Weisskopf form factors from the default
1.6 GeV�1 [27] to 3.0 GeV�1; let the background fraction float in the fit or neglect the
background altogether; tighten the selection criteria probing the e�ciency simulation; and
use alternative e�ciency and background implementations in the fit. We also evaluate
the systematic uncertainty from the formulation of the resonant amplitude. In the default
fit, we follow the approach of Eq. (2) in Ref. [27] that uses a running mass M

R

in the
(p

R

/M
R

)LR term, where M
R

is the invariant mass of two daughters of the R resonance; p
R

is
the daughter’s momentum in the rest frame of R and L

R

is the orbital angular momentum
of the decay. The more conventional formulation [37,42] is to use pLR

R

(equivalent to a fixed

4
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• Pentaquarks:  [Λb -> p J/ψ K  weak decay] 

–  Pc(4450) - JP = 5/2+; M=(4,449.8±1.7±2.5) MeV; Γ= (39±5±19) MeV 

–  Pc(4380) - JP = 3/2-; M=(4,380±8±29) MeV; Γ= (205±18±86) MeV 

– complicated analysis required. 

– possible J/ψ K state investigated also 

– Note  nearby thresholds 

• 𝟀c1 p threshold 4,448 MeV 

• Maybe a cusp effect?  
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Figure 4: E�ciency-corrected and background-subtracted mJ/ p distribution of the data (black
points with error bars), with F(mJ/ p|H0

) (solid blue line) and F(mJ/ p|H1

) (dashed black line)
superimposed.

Beyond that the power of the test deteriorates. The limit l
large

! 1 would result in a
perfect description of the data, but a weak test since then the test statistic would pick
up the fluctuations in the data. For the same reason it is also important to choose l

large

independently of the actual data. Here l
large

= 31 is taken, one unit larger than the
value used in the model-independent analysis of B0 !  (2S)⇡+K� [13], as baryons have
half-integer spins. The result for F(mJ/ p|H1

) is shown in Fig. 4, where it is seen that
l
large

= 31 is su�cient. To make F(mJ/ p|H0,1) continuous, quadratic splines are used to
interpolate between nearby mJ/ p bins.

The numerical representations of H
0

and of H
1

contain a large number of parameters,
requiring extensive statistical simulations to determine the distribution of the test variable
for the H

0

hypothesis: Ft(�(�2 lnL)|H
0

). A large number of pseudoexperiments are
generated with nsig

cand

and nside

cand

equal to those obtained in the data. The signal events,
contributing a fraction (1 � �) to the signal region sample, are generated according to
the F(mKp, cos ✓⇤⇤ |H

0

) function with parameters determined from the data. They are
then shaped according to the ✏(mKp, cos ✓⇤⇤ ,⌦a) function, with the ⌦a angles generated
uniformly in phase space. The latter is an approximation, whose possible impact is
discussed later. Background events in sideband and signal regions are generated according
to the 6D background parameterization previously developed in the amplitude analysis
of the same data (Ref. [3] supplement). The pseudoexperiments are subject to the same
analysis procedure as the data. The distribution of values of �(�2 lnL) over more than
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Figure 6: E�ciency-corrected and background-subtracted mJ/ K distribution of the data (black
points with error bars), with F(mJ/ K |H

0

) (solid blue line) and F(mJ/ K |H
1

) (dashed black
line) superimposed.

K�p contributions; no assumptions on their number, their resonant or nonresonant nature,
or their lineshapes have been made. Non-K�p contributions, which must be present in
the data, can be either of the exotic hadron type, or due to rescattering e↵ects among
ordinary hadrons. This result supports the amplitude model-dependent observation of the
J/ p resonances presented previously [3].
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The upper bound can also be written as m2

2

+ m2

3

+ 2m
2

m
3

y
13

by using that y
12

= �1 and
y
23

+ y
13

= 0, which are valid only for m
1

= m
1,high. One notices that if the resonance m

1

takes a
mass ofm

1,low, the amplitude will be singular at p2
23

= (m
2

+m
3

)2. Of course, a physical amplitude
never diverges in the physical region. In this case, the fact that all the intermediate particles can
go on shell means that the particle m

1

can decay into particles m
3

and p
13

, and thus it must be
an unstable resonance. As a consequence, the triangle singularity cannot reside on the real p2

23

axis, but in the complex plane so that the relevant amplitude in the physical region still takes a
finite value. Nevertheless, if the singularity is not located deep in the complex plane, it will then
introduce a visible peak around the real part of the singularity location in the p2

23

distribution.
In addition, for a value of m

1

slightly beyond the range given in Eq. (3), the singularity is not far
from the physical boundary and could still cause a visible e↵ect.

Since the peak position of the Pc(4450) coincides with the �c1p threshold, we consider the
case with m

2

and m
3

being the �c1 and proton, respectively. The triangle diagram suggested in
Ref. [38] for the process ⇤0

b ! K�J/ p is shown in Fig. 2 (a), with the mass of the ⇤⇤(1890)
exactly at the lower edge of the range [1.89, 2.11] GeV given by Eq. (3). Replacing the ⇤⇤ by an

⇤

0

b p
p

�c1 J/ 

⇡�

N
⇤
(

1

9

0

0

)

(b)

⇤

0

b p
p

�c1 J/ 

K�

⇤

⇤
(

1

8

9

0

)

(a)

Figure 2: Triangle diagrams which can produce a peak around 4.45 GeV in the J/ p invariant
mass distribution for the processes (a) ⇤0

b ! K�J/ p and (b) ⇤0

b ! ⇡�J/ p.

N⇤ resonance, we get the analogue for the process ⇤0

b ! ⇡�J/ p. The relevant mass range of
the N⇤ is [1.84, 2.11] GeV. Within this range, there are two three-star nucleon resonances: the

N⇤(1875) with JP = 3

2

�
and the N⇤(1900) with JP = 3

2

+

. Substituting (1.875 � i 0.125) GeV
and (1.9� i 0.1) GeV as their masses 2 in Eq. (2), we find triangle singularities at

(4429� i 10) MeV and (4439� i 16) MeV , (5)

respectively. Because the singularity is in the second Riemann sheet of the complex mJ/ p plane,
the absolute value of amplitude with the singularities as given in Eq. (5), as well as that for
the ⇤0

b ! K�J/ p, is maximized at the �c1p threshold. This is because the real parts of the
singularity positions are smaller than the branch point, the �c1p threshold. It is thus similar to
the case that an amplitude that possesses a virtual state pole has a sharp cusp at the relevant
threshold. However, since the imaginary parts of the values given above is larger than that for the
one induced by the ⇤⇤(1890) for the process ⇤0

b ! K�J/ p, (4447.8 � i 0.3) MeV, the peak due
to the triangle singularities through the exchange of the N⇤ as shown in Fig. 2 (b) should have a
larger width than that for Fig. 2 (a).

Here, we do not intend to construct a full model for the three-body decay ⇤0

b ! ⇡�J/ p, which
is a formidable task if all the final state interactions including the exchange of N⇤ resonances, and
even the exotic Zc(3900), and kinematical singularities are taken into account. Instead, we only
want to illustrate that the bump around 4.45 GeV in its J/ p invariant mass distribution observed
by the LHCb collaboration may be due to the triangle singularities discussed above. Since we do
not know the relative strength for the decays ⇤b ! N⇤(1875)�c1 and ⇤b ! N⇤(1900)�c1, we
choose to include only the N⇤(1900) which has the same spin and parity as the ⇤⇤(1890). We also
include as an additional contribution the tree-level exchanges of the N⇤(1440), the N⇤(1520) and
the N⇤(1650) with the masses and widths taken from Ref. [54]. The N⇤ exchanges can describe

2Here, the values refer to M � i�/2, and we use the central values of the masses and widths as given by the
PDG [54].
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