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FIG. 1: [YS: update the plot - math the curves to the
table] Limits on yeyn vs. the NP mass, m�. Constraints from
existing IS data (solid lines, experimental resolution � [Hz]
specified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+,

Sr+, Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing
constraints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].

II. FACTORIZATION OF NUCLEAR AND
ATOMIC EFFECTS IN ISOTOPE SHIFTS

We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,

⌫AA0

i ⌘ ⌫A
i � ⌫A0

i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1

A � m�1

A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0

1

and ⌫AA0

2

. In terms of the modified IS1,
m⌫AA0

i ⌘ ⌫AA0

i /µAA0 . this relation is,

m⌫AA0

2

=K
21

+F
21

m⌫AA0

1

, (3)

with F
21

⌘ F
2

/F
1

, and K
21

⌘ K
2

� F
21

K
1

.
Equation (3) leads to a linear relation between m⌫

1

and m⌫
2

, giving rise to a straight line in the so-called
King plot of m⌫

2

vs m⌫
1

[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector

�!m⌫i ⌘
⇣
m⌫

AA0
1

i , m⌫
AA0

2
i , m⌫

AA0
3

i

⌘
. (4)

The nuclear parameters of field and mass shift, µAA0 and

�hr2iAA0 can also be written as vectors �!mµ and
����!
m�hr2i

in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes

�!m⌫i = Ki
�!mµ + Fi

����!
m�hr2i. (5)

1

Below we will adopt the notation of adding an m to “modi-

fied” (i.e. normalized by µAA0 ) quantities, such as m�hr2iAA0 ⌘
�hr2iAA0/µAA0 .

the same electronic transition, i, in two isotopes, A and A’

King 63 
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].
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30] (light blue) or yn from the SN 1987A [31] (light orange,
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arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
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contact interactions between electrons and nuclei in iso-
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e�cients of the MS and FS, and their precise values nec-
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order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0

1

and ⌫AA0

2

. In terms of the modified IS1,
m⌫AA0

i ⌘ ⌫AA0

i /µAA0 . this relation is,

m⌫AA0

2

=K
21

+F
21

m⌫AA0

1

, (3)

with F
21

⌘ F
2

/F
1

, and K
21

⌘ K
2

� F
21

K
1

.
Equation (3) leads to a linear relation between m⌫

1

and m⌫
2

, giving rise to a straight line in the so-called
King plot of m⌫

2

vs m⌫
1

[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector

�!m⌫i ⌘
⇣
m⌫

AA0
1

i , m⌫
AA0

2
i , m⌫

AA0
3

i

⌘
. (4)

The nuclear parameters of field and mass shift, µAA0 and

�hr2iAA0 can also be written as vectors �!mµ and
����!
m�hr2i

in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes

�!m⌫i = Ki
�!mµ + Fi

����!
m�hr2i. (5)

1

Below we will adopt the notation of adding an m to “modi-

fied” (i.e. normalized by µAA0 ) quantities, such as m�hr2iAA0 ⌘
�hr2iAA0/µAA0 .

2

FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].

II. FACTORIZATION OF NUCLEAR AND
ATOMIC EFFECTS IN ISOTOPE SHIFTS

We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,

⌫AA0

i ⌘ ⌫A
i � ⌫A0

i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
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dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
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derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector

�!m⌫i ⌘
⇣
m⌫

AA0
1

i , m⌫
AA0

2
i , m⌫

AA0
3

i

⌘
. (4)

The nuclear parameters of field and mass shift, µAA0 and

�hr2iAA0 can also be written as vectors �!mµ and
����!
m�hr2i

in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes

�!m⌫i = Ki
�!mµ + Fi

����!
m�hr2i. (5)

1

Below we will adopt the notation of adding an m to “modi-

fied” (i.e. normalized by µAA0 ) quantities, such as m�hr2iAA0 ⌘
�hr2iAA0/µAA0 .

King 63 

= KiµAA0 + Fi�hr2iAA0 + . . .

i=1,2



7

2
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ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
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5/2 vs S ! D
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Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].
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ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,
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i ⌘ ⌫A
i � ⌫A0

i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as
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i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1
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A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
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inate the uncertain �hr2iAA0 giving a relation between the
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
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Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,
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IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as
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where two terms represent MS and FS respectively [16,
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A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
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[16]. It is important to stress
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Testing linearity necessitates at least three independent
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derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector

�!m⌫i ⌘
⇣
m⌫

AA0
1

i , m⌫
AA0

2
i , m⌫

AA0
3

i

⌘
. (4)

The nuclear parameters of field and mass shift, µAA0 and

�hr2iAA0 can also be written as vectors �!mµ and
����!
m�hr2i

in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes

�!m⌫i = Ki
�!mµ + Fi

����!
m�hr2i. (5)

1

Below we will adopt the notation of adding an m to “modi-

fied” (i.e. normalized by µAA0 ) quantities, such as m�hr2iAA0 ⌘
�hr2iAA0/µAA0 .

2

FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
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arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,
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�hr2iAA0 are purely nuclear quantities that do not de-
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while µAA0 is known with high precision, while �hr2iAA0
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].
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We now discuss the scaling and factorization proper-
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Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,
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i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1

A � m�1

A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0
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. In terms of the modified IS1,
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, giving rise to a straight line in the so-called
King plot of m⌫
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector
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existing isotope shift measurement of Ca⁺

when comparing two different transitions and can be
eliminated in a King plot analysis [28,29] as shown in
Fig. 3 for the two transitions considered here. Each axis
shows the modified isotope shift mδνA;A

0 ¼ δνA;A
0
gA;A

0
,

where gA;A
0 ¼ ð1=mA − 1=mA0Þ−1, for one of the two

transitions. A straight line fit to the three data points
provides linear combinations of the field and mass shift
constants for the two transitions. An important result from
this fit is that there is no evidence for a deviation from a
straight line, confirming that (2) is a good parametrization
of the isotope shift even at the high experimental accuracy
of the measurements presented here.

A comparison of the high resolution results with pre-
vious experimental data based on collinear laser spectros-
copy [10,11] shows systematic deviations, which can be
used to calibrate experimental parameters of this technique.
Following Ref. [12] we performed a three-dimensional
King plot analysis to extract the fitting parameters kMS and
F for the two transitions. Two dimensions are those shown
in Fig. 3. In the third dimension we plot the modified
change in mean-square nuclear charge radius δhr2iA;A0

gA;A
0
,

using the previous values of δhr2i from [30], which are
based on muonic atom spectroscopy and electron scatter-
ing. The three-dimensional King plot constrains the mass
and field-shift constants, and under the assumption that (2)
is correct (i.e., the three data points are connected by a
straight line) can also be used to extract improved values of
δhr2i. To find the parameter estimates and their uncertain-
ties an acceptance-rejection Monte Carlo method was used
to generate samples consistent with the measured values
and associated uncertainties [31]. The measurement dis-
tributions were assumed to be independent uncorrelated
normals. The likelihoods of three randomly generated
points, constrained to be collinear, were used as the
acceptance criterion in the algorithm. The extracted param-
eters are shown in Table II.
The extracted field-shift and mass-shift constants pose a

strong challenge for many-body atomic theory (fourth
column of Table II), where the mass shift in particular
has proven very difficult to calculate even in the “easy” case
of single-valence-electron ions [32,33]. A comparison to
the experimental field and mass shift constants given in
[10,11] proves difficult since the derived uncertainties
depend strongly on the analysis technique and input
parameters for δhr2i. Evaluating the field and mass shift
constant from isotope shifts given in [10,11] using the
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FIG. 3 (color online). Two-dimensional King plot showing the
modified isotope shift of the 866 nm and 397 nm lines. Red
squares, previous experimental data from [10] and [11]; blue
circles, this Letter. The insets show the relevant ranges enlarged
by a factor of approximately 30 to illustrate the quality of the fit.

TABLE II. Parameters of three-dimensional King plot seeded with values of δhr2iA;40 taken from [30]. The units
for the field Fi and mass ki shift constants and the changes in mean square nuclear charge radii δhr2ij;40 are
MHz fm−2, GHz amu, and fm2, respectively. For comparison the second column for the previous data shows results
for the analysis using isotope shift data taken from [10] and [11] analyzed with the methods used in this Letter.

Parameter Previous This work Theory

F397 −283ð6Þa −281ð34Þ −281.8ð7.0Þ −285ð3Þa
−287b

k397 405.1(3.8)a 406.4(2.8) 408.73(40) 359b

427d

F866 79(4)c 80(13) 87.7(2.2) 88a

92b

k866 −1989.8ð4Þc −1990.9ð1.4Þ −1990.05ð13Þ −2207b
−2185d

δhr2i42;40 0.210(7) 0.210(7) 0.2160(49)
δhr2i44;40 0.290(9) 0.290(9) 0.2824(65)
δhr2i48;40 −0.005ð6Þ −0.005ð6Þ −0.0045ð60Þ
aMårtensson-Pendrill et al. [10].
bSafronova and Johnson [32].
cNörtershäuser et al. [11].
dThis work, based on the methods in [33].

PRL 115, 053003 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending
31 JULY 2015

053003-4

4S→4P₁/₂

4D
→

4P
₁/
₂ 

100kHz error

Gebert et al. 2015

Isotope shift - King plot



9

the

for new physics



Isotope shift and new physics

10

3

In this language leading order factorization implies the
following qualitative statement: any vector of reduced
isotope shifts, ~m⌫i must lie in the plane that is defined

by �!mµ and
����!
m�hr2i, as illustrated in the cartoon in the

left panel of Figure S1.

Note, that because the direction of
����!
m�hr2i in this space

is uncertain, theory does not tell us in which direction
this plane is oriented. However, by measuring two IS
vectors, �!m⌫

1

and �!m⌫
2

, we can test this statement by
asking whether the three vectors �!m⌫

1

, �!m⌫
2

, and �!mµ are
co-planar. The coplanarity of these vectors corresponds
to King linearity as we can see by rewriting Eq. (3) in
vectorial form �!m⌫

2

= K
21

�!mµ+F
21

�!m⌫
1

. Like King lin-
earity, coplanarity is a purely data driven test of LO fac-
torization since it is independent of theoretical input. A
change in Ki and Fi will merely change which direction
in the plane

�!m⌫
1

and �!m⌫
2

will point, but the qualitative
statement of coplanarity remains.

In this vector language we can provide a compact ex-
pression for a non-linearity measure

NL =
1

2
(�!m⌫

1

⇥ �!m⌫
2

) · �!mµ . (6)

In terms of the King plot, NL is the area of the triangle
spanned by the three points shown in Fig. S2. In our
geometrical picture it is the volume of the parallelepiped
defined by �!m⌫

1,2 and �!mµ. A given data set is considered
linear if NL is smaller than its first-order propagated er-
ror �

NL

=
p

⌃k(@NL/@Ok)2�2

k where the sum runs over
all measured observables Ok (modified frequency shifts
and isotope masses) with standard deviation �k. We note
that the above triple product is not only the area of the
non-linear triangle but also the volume of the correspond-
ing parallelepiped.

III. NEW PHYSICS AND VIOLATION OF
KING LINEARITY

We now add a new physics contribution by adding a
third term to Eq. (2)

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + ↵
NP

Xi �AA0 , (7)

where we have introduced the Xi and �AA0 to
parametrize the resulting isotope shift. These too are
factorized, namely Xi depends on the form of the new
potential and on the electronic transition, while �AA0 de-
pends only on the nuclear properties. The parameter
↵

NP

is the NP coupling constant which we would like to
probe.

Let us first mention two cases of NP which we do
not expect to be able to probe by testing King linear-
ity. For short ranged NP (shorter than the nuclear size),
the electronic parameters Xi will be similar to those of
FS, namely Xi / Fi. Also, if the new physics couples
to electrons and nuclei as their electric charge (the case

of dark-photon), the nuclear parameters will be propor-
tional to the mass shift �AA0 / µAA0 . In both of these
cases the new physics term can be absorbed, the former
by redefining �hr2iAA0 and the later by redefining Ki.
There will also be cases in which NP can accidentally be
absorbed by redefining Fi. However, a long-ranged force
with coupling not proportional to the electric charge (and
barring an accidental cancelation) can be severely con-
strained by tests of King linearity.

Equation (3) written in vectorial form becomes:

�!m⌫
2

=K
21

�!mµ+F
21

�!m⌫
1

+↵
NP

~h (X
2

�X
1

F
21

) , (8)

where ~h is the NP vector in reduced frequency units, that
is hAA0 ⌘ �AA0/µAA0 . One can see that when new physics
can lead to a deviation from coplanarity if and only if (i)

The new force is not short-range, X
2

6= X
1

F
21

; (ii) ~h is
not aligned with any linear combination of �!mµ, �!m⌫

1

or�!m⌫
2

.
By solving the set of equations (7) one finds an expres-

sion for ↵
NP

that is needed to yield a particular dataset
{�!m⌫

1

, �!m⌫
2

, �!mµ}

↵
NP

=
(�!m⌫

1

⇥ �!m⌫
2

) · �!mµ .

(�!mµ ⇥ ~h) · (X
1

�!m⌫
2

� X
2

�!m⌫
1

)
, (9)

assuming NP is the dominant contribution to non-
linearity. If linearity holds then ↵

NP

. �↵NP =p
⌃k(@↵

NP

/@Ok)2�2

k. Hence, the sensitivity to probe
↵

NP

is lost in the limit where the denominator in Eq. (10)
vanishes, because the new physics contribution to non-
linerity is

NL
NP

=
↵

NP

2
(�!mµ ⇥ ~h) · (X

1

�!m⌫
2

� X
2

�!m⌫
1

) . (10)

It is straightforward to check that this happens under the
conditions specified below Eq. (8).

The presented method of limiting ↵
NP

, Eq. (10), con-
tains theory input only in Xi and hAA0 which describe
how new physics a↵ects the IS. The standard model con-
tribution in the factorized limit is fully parametrized by
the observables ~⌫i and ~µ. The form of hAA0 depends on
the assumed couplings of new physics to nuclei. For ex-
ample, if the new interaction couples to quarks, then we
expect that hAA0 / AA0 [17, 38]. The atomic transi-
tion dependent factors X

1,2 can be reasonably estimated
by a many-body simulation (see the next section). This
strategy is analogous to a search for new physics, say, at
the LHC, where all SM backgrounds are estimated using
data driven methods and Monte Carlo simulation is used
only in estimating the signal cross section.

Thus far, most of experimental measurements of iso-
tope shifts (except the samarium case, see below) have
been consistent with leading-order factorization. How-
ever, nonlinearity is expected to arise, as we briefly re-
view in the following, also from the SM higher-order con-
tributions that involve nuclear physics. Since currently,
these SM nonlinearities are not understood in quantita-
tive details, if a deviation from King linearity is observed.

new physics
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i = Ki µAA0 + Fi �hr2iAA0 + ↵
NP

Xi �AA0 , (7)

where we have introduced the Xi and �AA0 to
parametrize the resulting isotope shift. These too are
factorized, namely Xi depends on the form of the new
potential and on the electronic transition, while �AA0 de-
pends only on the nuclear properties. The parameter
↵

NP

is the NP coupling constant which we would like to
probe.

Let us first mention two cases of NP which we do
not expect to be able to probe by testing King linear-
ity. For short ranged NP (shorter than the nuclear size),
the electronic parameters Xi will be similar to those of
FS, namely Xi / Fi. Also, if the new physics couples
to electrons and nuclei as their electric charge (the case

of dark-photon), the nuclear parameters will be propor-
tional to the mass shift �AA0 / µAA0 . In both of these
cases the new physics term can be absorbed, the former
by redefining �hr2iAA0 and the later by redefining Ki.
There will also be cases in which NP can accidentally be
absorbed by redefining Fi. However, a long-ranged force
with coupling not proportional to the electric charge (and
barring an accidental cancelation) can be severely con-
strained by tests of King linearity.

Equation (3) written in vectorial form becomes:
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where ~h is the NP vector in reduced frequency units, that
is hAA0 ⌘ �AA0/µAA0 . One can see that when new physics
can lead to a deviation from coplanarity if and only if (i)

The new force is not short-range, X
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; (ii) ~h is
not aligned with any linear combination of �!mµ, �!m⌫

1

or�!m⌫
2

.
By solving the set of equations (7) one finds an expres-

sion for ↵
NP

that is needed to yield a particular dataset
{�!m⌫

1

, �!m⌫
2

, �!mµ}

↵
NP

=
(�!m⌫

1

⇥ �!m⌫
2

) · �!mµ .

(�!mµ ⇥ ~h) · (X
1

�!m⌫
2

� X
2

�!m⌫
1

)
, (9)

assuming NP is the dominant contribution to non-
linearity. If linearity holds then ↵

NP

. �↵NP =p
⌃k(@↵
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k. Hence, the sensitivity to probe
↵

NP

is lost in the limit where the denominator in Eq. (10)
vanishes, because the new physics contribution to non-
linerity is
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It is straightforward to check that this happens under the
conditions specified below Eq. (8).

The presented method of limiting ↵
NP

, Eq. (10), con-
tains theory input only in Xi and hAA0 which describe
how new physics a↵ects the IS. The standard model con-
tribution in the factorized limit is fully parametrized by
the observables ~⌫i and ~µ. The form of hAA0 depends on
the assumed couplings of new physics to nuclei. For ex-
ample, if the new interaction couples to quarks, then we
expect that hAA0 / AA0 [17, 38]. The atomic transi-
tion dependent factors X

1,2 can be reasonably estimated
by a many-body simulation (see the next section). This
strategy is analogous to a search for new physics, say, at
the LHC, where all SM backgrounds are estimated using
data driven methods and Monte Carlo simulation is used
only in estimating the signal cross section.

Thus far, most of experimental measurements of iso-
tope shifts (except the samarium case, see below) have
been consistent with leading-order factorization. How-
ever, nonlinearity is expected to arise, as we briefly re-
view in the following, also from the SM higher-order con-
tributions that involve nuclear physics. Since currently,
these SM nonlinearities are not understood in quantita-
tive details, if a deviation from King linearity is observed.
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].

II. FACTORIZATION OF NUCLEAR AND
ATOMIC EFFECTS IN ISOTOPE SHIFTS

We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,

⌫AA0

i ⌘ ⌫A
i � ⌫A0

i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1

A � m�1

A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0

1

and ⌫AA0

2

. In terms of the modified IS1,
m⌫AA0
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i /µAA0 . this relation is,
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Equation (3) leads to a linear relation between m⌫

1

and m⌫
2

, giving rise to a straight line in the so-called
King plot of m⌫

2

vs m⌫
1

[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector
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3
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. (4)

The nuclear parameters of field and mass shift, µAA0 and

�hr2iAA0 can also be written as vectors �!mµ and
����!
m�hr2i

in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes

�!m⌫i = Ki
�!mµ + Fi

����!
m�hr2i. (5)

1

Below we will adopt the notation of adding an m to “modi-

fied” (i.e. normalized by µAA0 ) quantities, such as m�hr2iAA0 ⌘
�hr2iAA0/µAA0 .
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].
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We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,
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i ⌘ ⌫A
i � ⌫A0

i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1

A � m�1

A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0
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. In terms of the modified IS1,
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Equation (3) leads to a linear relation between m⌫

1

and m⌫
2

, giving rise to a straight line in the so-called
King plot of m⌫

2

vs m⌫
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector
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The nuclear parameters of field and mass shift, µAA0 and

�hr2iAA0 can also be written as vectors �!mµ and
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in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes
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Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
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with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].
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We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,

⌫AA0

i ⌘ ⌫A
i � ⌫A0

i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1

A � m�1

A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0

1
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. In terms of the modified IS1,
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Equation (3) leads to a linear relation between m⌫
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, giving rise to a straight line in the so-called
King plot of m⌫
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vs m⌫
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector
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The nuclear parameters of field and mass shift, µAA0 and

�hr2iAA0 can also be written as vectors �!mµ and
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m�hr2i

in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes
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In this language leading order factorization implies the
following qualitative statement: any vector of reduced
isotope shifts, ~m⌫i must lie in the plane that is defined

by �!mµ and
����!
m�hr2i, as illustrated in the cartoon in the

left panel of Figure S1.

Note, that because the direction of
����!
m�hr2i in this space

is uncertain, theory does not tell us in which direction
this plane is oriented. However, by measuring two IS
vectors, �!m⌫

1

and �!m⌫
2

, we can test this statement by
asking whether the three vectors �!m⌫

1

, �!m⌫
2

, and �!mµ are
co-planar. The coplanarity of these vectors corresponds
to King linearity as we can see by rewriting Eq. (3) in
vectorial form �!m⌫

2

= K
21

�!mµ+F
21

�!m⌫
1

. Like King lin-
earity, coplanarity is a purely data driven test of LO fac-
torization since it is independent of theoretical input. A
change in Ki and Fi will merely change which direction
in the plane

�!m⌫
1

and �!m⌫
2

will point, but the qualitative
statement of coplanarity remains.

In this vector language we can provide a compact ex-
pression for a non-linearity measure
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2
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2

) · �!mµ . (6)

In terms of the King plot, NL is the area of the triangle
spanned by the three points shown in Fig. S2. In our
geometrical picture it is the volume of the parallelepiped
defined by �!m⌫

1,2 and �!mµ. A given data set is considered
linear if NL is smaller than its first-order propagated er-
ror �

NL

=
p
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k where the sum runs over
all measured observables Ok (modified frequency shifts
and isotope masses) with standard deviation �k. We note
that the above triple product is not only the area of the
non-linear triangle but also the volume of the correspond-
ing parallelepiped.

III. NEW PHYSICS AND VIOLATION OF
KING LINEARITY

We now add a new physics contribution by adding a
third term to Eq. (2)

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + ↵
NP

Xi �AA0 , (7)

where we have introduced the Xi and �AA0 to
parametrize the resulting isotope shift. These too are
factorized, namely Xi depends on the form of the new
potential and on the electronic transition, while �AA0 de-
pends only on the nuclear properties. The parameter
↵

NP

is the NP coupling constant which we would like to
probe.

Let us first mention two cases of NP which we do
not expect to be able to probe by testing King linear-
ity. For short ranged NP (shorter than the nuclear size),
the electronic parameters Xi will be similar to those of
FS, namely Xi / Fi. Also, if the new physics couples
to electrons and nuclei as their electric charge (the case

of dark-photon), the nuclear parameters will be propor-
tional to the mass shift �AA0 / µAA0 . In both of these
cases the new physics term can be absorbed, the former
by redefining �hr2iAA0 and the later by redefining Ki.
There will also be cases in which NP can accidentally be
absorbed by redefining Fi. However, a long-ranged force
with coupling not proportional to the electric charge (and
barring an accidental cancelation) can be severely con-
strained by tests of King linearity.
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where ~h is the NP vector in reduced frequency units, that
is hAA0 ⌘ �AA0/µAA0 . One can see that when new physics
can lead to a deviation from coplanarity if and only if (i)
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assuming NP is the dominant contribution to non-
linearity. If linearity holds then ↵

NP

. �↵NP =p
⌃k(@↵

NP

/@Ok)2�2

k. Hence, the sensitivity to probe
↵

NP

is lost in the limit where the denominator in Eq. (10)
vanishes, because the new physics contribution to non-
linerity is

NL
NP

=
↵

NP

2
(�!mµ ⇥ ~h) · (X

1

�!m⌫
2

� X
2

�!m⌫
1

) . (10)

It is straightforward to check that this happens under the
conditions specified below Eq. (8).

The presented method of limiting ↵
NP

, Eq. (10), con-
tains theory input only in Xi and hAA0 which describe
how new physics a↵ects the IS. The standard model con-
tribution in the factorized limit is fully parametrized by
the observables ~⌫i and ~µ. The form of hAA0 depends on
the assumed couplings of new physics to nuclei. For ex-
ample, if the new interaction couples to quarks, then we
expect that hAA0 / AA0 [17, 38]. The atomic transi-
tion dependent factors X

1,2 can be reasonably estimated
by a many-body simulation (see the next section). This
strategy is analogous to a search for new physics, say, at
the LHC, where all SM backgrounds are estimated using
data driven methods and Monte Carlo simulation is used
only in estimating the signal cross section.

Thus far, most of experimental measurements of iso-
tope shifts (except the samarium case, see below) have
been consistent with leading-order factorization. How-
ever, nonlinearity is expected to arise, as we briefly re-
view in the following, also from the SM higher-order con-
tributions that involve nuclear physics. Since currently,
these SM nonlinearities are not understood in quantita-
tive details, if a deviation from King linearity is observed.
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
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times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
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II. FACTORIZATION OF NUCLEAR AND
ATOMIC EFFECTS IN ISOTOPE SHIFTS

We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,
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IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1

A � m�1

A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0
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Equation (3) leads to a linear relation between m⌫
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, giving rise to a straight line in the so-called
King plot of m⌫
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vs m⌫
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector
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The nuclear parameters of field and mass shift, µAA0 and
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in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].
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We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
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row atomic states and A and the A0. The di↵erence in
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IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,
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where two terms represent MS and FS respectively [16,
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A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
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, giving rise to a straight line in the so-called
King plot of m⌫
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector
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row atomic states and A and the A0. The di↵erence in
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sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as
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where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1
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A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0
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, giving rise to a straight line in the so-called
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector
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�hr2iAA0 can also be written as vectors �!mµ and
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in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes
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In this language leading order factorization implies the
following qualitative statement: any vector of reduced
isotope shifts, ~m⌫i must lie in the plane that is defined

by �!mµ and
����!
m�hr2i, as illustrated in the cartoon in the

left panel of Figure S1.

Note, that because the direction of
����!
m�hr2i in this space

is uncertain, theory does not tell us in which direction
this plane is oriented. However, by measuring two IS
vectors, �!m⌫

1

and �!m⌫
2

, we can test this statement by
asking whether the three vectors �!m⌫

1

, �!m⌫
2

, and �!mµ are
co-planar. The coplanarity of these vectors corresponds
to King linearity as we can see by rewriting Eq. (3) in
vectorial form �!m⌫

2

= K
21

�!mµ+F
21

�!m⌫
1

. Like King lin-
earity, coplanarity is a purely data driven test of LO fac-
torization since it is independent of theoretical input. A
change in Ki and Fi will merely change which direction
in the plane

�!m⌫
1

and �!m⌫
2

will point, but the qualitative
statement of coplanarity remains.

In this vector language we can provide a compact ex-
pression for a non-linearity measure

NL =
1

2
(�!m⌫

1

⇥ �!m⌫
2

) · �!mµ . (6)

In terms of the King plot, NL is the area of the triangle
spanned by the three points shown in Fig. S2. In our
geometrical picture it is the volume of the parallelepiped
defined by �!m⌫

1,2 and �!mµ. A given data set is considered
linear if NL is smaller than its first-order propagated er-
ror �

NL

=
p

⌃k(@NL/@Ok)2�2

k where the sum runs over
all measured observables Ok (modified frequency shifts
and isotope masses) with standard deviation �k. We note
that the above triple product is not only the area of the
non-linear triangle but also the volume of the correspond-
ing parallelepiped.

III. NEW PHYSICS AND VIOLATION OF
KING LINEARITY

We now add a new physics contribution by adding a
third term to Eq. (2)

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + ↵
NP

Xi �AA0 , (7)

where we have introduced the Xi and �AA0 to
parametrize the resulting isotope shift. These too are
factorized, namely Xi depends on the form of the new
potential and on the electronic transition, while �AA0 de-
pends only on the nuclear properties. The parameter
↵

NP

is the NP coupling constant which we would like to
probe.

Let us first mention two cases of NP which we do
not expect to be able to probe by testing King linear-
ity. For short ranged NP (shorter than the nuclear size),
the electronic parameters Xi will be similar to those of
FS, namely Xi / Fi. Also, if the new physics couples
to electrons and nuclei as their electric charge (the case

of dark-photon), the nuclear parameters will be propor-
tional to the mass shift �AA0 / µAA0 . In both of these
cases the new physics term can be absorbed, the former
by redefining �hr2iAA0 and the later by redefining Ki.
There will also be cases in which NP can accidentally be
absorbed by redefining Fi. However, a long-ranged force
with coupling not proportional to the electric charge (and
barring an accidental cancelation) can be severely con-
strained by tests of King linearity.

Equation (3) written in vectorial form becomes:
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where ~h is the NP vector in reduced frequency units, that
is hAA0 ⌘ �AA0/µAA0 . One can see that when new physics
can lead to a deviation from coplanarity if and only if (i)

The new force is not short-range, X
2

6= X
1

F
21

; (ii) ~h is
not aligned with any linear combination of �!mµ, �!m⌫

1

or�!m⌫
2

.
By solving the set of equations (7) one finds an expres-

sion for ↵
NP

that is needed to yield a particular dataset
{�!m⌫
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, �!mµ}

↵
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=
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assuming NP is the dominant contribution to non-
linearity. If linearity holds then ↵

NP

. �↵NP =p
⌃k(@↵

NP

/@Ok)2�2

k. Hence, the sensitivity to probe
↵

NP

is lost in the limit where the denominator in Eq. (10)
vanishes, because the new physics contribution to non-
linerity is

NL
NP

=
↵

NP

2
(�!mµ ⇥ ~h) · (X

1

�!m⌫
2

� X
2

�!m⌫
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) . (10)

It is straightforward to check that this happens under the
conditions specified below Eq. (8).

The presented method of limiting ↵
NP

, Eq. (10), con-
tains theory input only in Xi and hAA0 which describe
how new physics a↵ects the IS. The standard model con-
tribution in the factorized limit is fully parametrized by
the observables ~⌫i and ~µ. The form of hAA0 depends on
the assumed couplings of new physics to nuclei. For ex-
ample, if the new interaction couples to quarks, then we
expect that hAA0 / AA0 [17, 38]. The atomic transi-
tion dependent factors X

1,2 can be reasonably estimated
by a many-body simulation (see the next section). This
strategy is analogous to a search for new physics, say, at
the LHC, where all SM backgrounds are estimated using
data driven methods and Monte Carlo simulation is used
only in estimating the signal cross section.

Thus far, most of experimental measurements of iso-
tope shifts (except the samarium case, see below) have
been consistent with leading-order factorization. How-
ever, nonlinearity is expected to arise, as we briefly re-
view in the following, also from the SM higher-order con-
tributions that involve nuclear physics. Since currently,
these SM nonlinearities are not understood in quantita-
tive details, if a deviation from King linearity is observed.
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].

II. FACTORIZATION OF NUCLEAR AND
ATOMIC EFFECTS IN ISOTOPE SHIFTS

We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,

⌫AA0
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i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as
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i = Ki µAA0 + Fi �hr2iAA0 + . . . , (2)

where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1
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A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0
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[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
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We now discuss the scaling and factorization proper-
ties of IS which we use to probe new physics in this work.
Consider an atomic transition, denoted by i, between nar-
row atomic states and A and the A0. The di↵erence in
transition frequency between the isotope A and A0 is IS,
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i ⌘ ⌫A
i � ⌫A0

i . (1)

IS at leading order receives contributions from two
sources, mass shift (MS) and field shift (FS). Mass shift
arises due to a correction to the kinetic energy of atomic
electrons due to the motion of the nucleus. For indepen-
dent electrons, this is just replacing me by the reduced
mass but if electrons are correlated, this could be orders
of magnitude larger. Field shift originates from di↵erent
contact interactions between electrons and nuclei in iso-
topes. Putting these two leading contributions together,

IS can be phenomenologically written as
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where two terms represent MS and FS respectively [16,
37]. We define µAA0 ⌘ m�1
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A0 where mA and mA0

the masses of isotopes A and A0.
The quantity �hr2iAA0 is dominated by the di↵erence

in the mean squared charge radii of the two nuclei but
can include other contact interactions. Both µAA0 and
�hr2iAA0 are purely nuclear quantities that do not de-
pend on the electronic transition i. Note, however, that
while µAA0 is known with high precision, while �hr2iAA0

is known only to a limited accuracy. The parameters Ki,
and Fi are isotope-independent, transition-dependent co-
e�cients of the MS and FS, and their precise values nec-
essary in the observable we construct. Each term of Eq.
(2) is a product of a purely nuclear quantity and a purely
electronic quantity, resulting in the factorization of nu-
clear and electronic dependence. This is known as leading
order (LO) factorization.

Given two electronic transitions, i = 1, 2, one can elim-
inate the uncertain �hr2iAA0 giving a relation between the
isotope shift ⌫AA0
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Equation (3) leads to a linear relation between m⌫

1

and m⌫
2

, giving rise to a straight line in the so-called
King plot of m⌫

2

vs m⌫
1

[16]. It is important to stress
that the linearity of this equation holds regardless of the
precise values of of the K and F electronic parameters.
Testing linearity necessitates at least three independent
isotope pairs in two transition, which constitutes a purely
data driven test of LO factorization.

The formulae in our treatment of new physics will be
simplified greatly by introducing a geometrical descrip-
tion of LO factorization. It is thus worthwhile to un-
derstand King linearity in this language. As we will now
explain, King linearity is equivalent to coplanarity of vec-
tors. For each transition i, we can form a vector

�!m⌫i ⌘
⇣
m⌫

AA0
1

i , m⌫
AA0

2
i , m⌫

AA0
3

i

⌘
. (4)
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�hr2iAA0 can also be written as vectors �!mµ and
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m�hr2i

in the same space (notice that �!mµ ⌘ (1, 1, 1)) and hence
Eq. (2) becomes

�!m⌫i = Ki
�!mµ + Fi
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m�hr2i. (5)
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Below we will adopt the notation of adding an m to “modi-

fied” (i.e. normalized by µAA0 ) quantities, such as m�hr2iAA0 ⌘
�hr2iAA0/µAA0 .
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FIG. 1: Yb0 and Sr, Sr/Sr+ will be updated. Lim-
its on yeyn vs. the NP mass, m�. Constraints from exist-
ing IS data (solid lines, experimental resolution � [Hz] spec-
ified in the labels) for Ca+ (397 nm vs. 866 nm [20]) and
Yb0 (555.65 nm [21] vs. 399 nm [22]). IS projections (dashed
lines) for Ca+ [S ! D

5/2 vs S ! D
3/2 (D states)], Ba+, Sr+,

Sr/Sr+, Yb/Yb+ and Yb+. For comparison, existing con-
straints from other experiments (shaded areas): yeyn from
fifth force [23, 24] (dark orange), ye from the (g� 2)e [25, 26]
times the best bound on yn from neutron scattering (n) [27–
30] (light blue) or yn from the SN 1987A [31] (light orange,
with O(1) uncertainties). ye, yn both from star cooling in
globular clusters [32–34] (orange). The gray line at 17MeV
indicates yeyn needed for the Be anomaly [35, 36].
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In this language leading order factorization implies the
following qualitative statement: any vector of reduced
isotope shifts, ~m⌫i must lie in the plane that is defined

by �!mµ and
����!
m�hr2i, as illustrated in the cartoon in the

left panel of Figure S1.

Note, that because the direction of
����!
m�hr2i in this space

is uncertain, theory does not tell us in which direction
this plane is oriented. However, by measuring two IS
vectors, �!m⌫

1

and �!m⌫
2

, we can test this statement by
asking whether the three vectors �!m⌫

1

, �!m⌫
2

, and �!mµ are
co-planar. The coplanarity of these vectors corresponds
to King linearity as we can see by rewriting Eq. (3) in
vectorial form �!m⌫

2

= K
21

�!mµ+F
21

�!m⌫
1

. Like King lin-
earity, coplanarity is a purely data driven test of LO fac-
torization since it is independent of theoretical input. A
change in Ki and Fi will merely change which direction
in the plane

�!m⌫
1

and �!m⌫
2

will point, but the qualitative
statement of coplanarity remains.

In this vector language we can provide a compact ex-
pression for a non-linearity measure

NL =
1

2
(�!m⌫

1

⇥ �!m⌫
2

) · �!mµ . (6)

In terms of the King plot, NL is the area of the triangle
spanned by the three points shown in Fig. S2. In our
geometrical picture it is the volume of the parallelepiped
defined by �!m⌫

1,2 and �!mµ. A given data set is considered
linear if NL is smaller than its first-order propagated er-
ror �

NL

=
p

⌃k(@NL/@Ok)2�2

k where the sum runs over
all measured observables Ok (modified frequency shifts
and isotope masses) with standard deviation �k. We note
that the above triple product is not only the area of the
non-linear triangle but also the volume of the correspond-
ing parallelepiped.

III. NEW PHYSICS AND VIOLATION OF
KING LINEARITY

We now add a new physics contribution by adding a
third term to Eq. (2)

⌫AA0

i = Ki µAA0 + Fi �hr2iAA0 + ↵
NP

Xi �AA0 , (7)

where we have introduced the Xi and �AA0 to
parametrize the resulting isotope shift. These too are
factorized, namely Xi depends on the form of the new
potential and on the electronic transition, while �AA0 de-
pends only on the nuclear properties. The parameter
↵

NP

is the NP coupling constant which we would like to
probe.

Let us first mention two cases of NP which we do
not expect to be able to probe by testing King linear-
ity. For short ranged NP (shorter than the nuclear size),
the electronic parameters Xi will be similar to those of
FS, namely Xi / Fi. Also, if the new physics couples
to electrons and nuclei as their electric charge (the case

of dark-photon), the nuclear parameters will be propor-
tional to the mass shift �AA0 / µAA0 . In both of these
cases the new physics term can be absorbed, the former
by redefining �hr2iAA0 and the later by redefining Ki.
There will also be cases in which NP can accidentally be
absorbed by redefining Fi. However, a long-ranged force
with coupling not proportional to the electric charge (and
barring an accidental cancelation) can be severely con-
strained by tests of King linearity.

Equation (3) written in vectorial form becomes:

�!m⌫
2

=K
21

�!mµ+F
21

�!m⌫
1

+↵
NP

~h (X
2

�X
1

F
21

) , (8)

where ~h is the NP vector in reduced frequency units, that
is hAA0 ⌘ �AA0/µAA0 . One can see that when new physics
can lead to a deviation from coplanarity if and only if (i)

The new force is not short-range, X
2

6= X
1

F
21

; (ii) ~h is
not aligned with any linear combination of �!mµ, �!m⌫

1

or�!m⌫
2

.
By solving the set of equations (7) one finds an expres-

sion for ↵
NP

that is needed to yield a particular dataset
{�!m⌫

1

, �!m⌫
2

, �!mµ}

↵
NP

=
(�!m⌫

1

⇥ �!m⌫
2

) · �!mµ

(�!mµ ⇥ ~h) · (X
1
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2

� X
2

�!m⌫
1

)
, (9)

assuming NP is the dominant contribution to non-
linearity. If linearity holds then ↵

NP

. �↵NP =p
⌃k(@↵

NP

/@Ok)2�2

k. Hence, the sensitivity to probe
↵

NP

is lost in the limit where the denominator in Eq. (10)
vanishes, because the new physics contribution to non-
linerity is

NL
NP

=
↵

NP

2
(�!mµ ⇥ ~h) · (X

1

�!m⌫
2

� X
2

�!m⌫
1

) . (10)

It is straightforward to check that this happens under the
conditions specified below Eq. (8).

The presented method of limiting ↵
NP

, Eq. (10), con-
tains theory input only in Xi and hAA0 which describe
how new physics a↵ects the IS. The standard model con-
tribution in the factorized limit is fully parametrized by
the observables ~⌫i and ~µ. The form of hAA0 depends on
the assumed couplings of new physics to nuclei. For ex-
ample, if the new interaction couples to quarks, then we
expect that hAA0 / AA0 [17, 38]. The atomic transi-
tion dependent factors X

1,2 can be reasonably estimated
by a many-body simulation (see the next section). This
strategy is analogous to a search for new physics, say, at
the LHC, where all SM backgrounds are estimated using
data driven methods and Monte Carlo simulation is used
only in estimating the signal cross section.

Thus far, most of experimental measurements of iso-
tope shifts (except the samarium case, see below) have
been consistent with leading-order factorization. How-
ever, nonlinearity is expected to arise, as we briefly re-
view in the following, also from the SM higher-order con-
tributions that involve nuclear physics. Since currently,
these SM nonlinearities are not understood in quantita-
tive details, if a deviation from King linearity is observed.

the only theory inputs  
similar to data driven background estimation at the LHC

nonlinear King 
plot from NP

•X2≠ X1 F21 - long distance NP
•h - is not aligned with mν₁, mν₂, m%
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ample, if the new interaction couples to quarks, then we
expect that hAA0 / AA0 [17, 38]. The atomic transi-
tion dependent factors X

1,2 can be reasonably estimated
by a many-body simulation (see the next section). This
strategy is analogous to a search for new physics, say, at
the LHC, where all SM backgrounds are estimated using
data driven methods and Monte Carlo simulation is used
only in estimating the signal cross section.

Thus far, most of experimental measurements of iso-
tope shifts (except the samarium case, see below) have
been consistent with leading-order factorization. How-
ever, nonlinearity is expected to arise, as we briefly re-
view in the following, also from the SM higher-order con-
tributions that involve nuclear physics. Since currently,
these SM nonlinearities are not understood in quantita-
tive details, if a deviation from King linearity is observed.
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Then it is presently di�cult to distinguish the NP and
SM contributions to the nonlinearity. In this case there
are two options in which further insight on NP can be
obtained. The first requires that the theory of King non-
linearity would advance and enable us to subtract the
SM contributions, and in the process possibly gain new
insight on the nature of nuclear e↵ects in IS. Moreover,
since nonlinearity in the case of NP is universal and in
the case of SM specific to particular atomic species, a
comparison between measurements in di↵erent systems
will be beneficial. The second, relies on the fact that NP
forces are longer range than nuclear e↵ects which require
overlap of the electronic wavefunction with the nucleus.
Hence it might be possible to identify an observable that
is less a↵ected by the nucleus, but is still sensitive to the
presence of long-range new physics interactions. In this
regard, IS measurements involving Rydberg states might
provide a smoking gun for the above types of NP.

For the proposed method to be e↵ective, the element
and the specific transitions should be chosen carefully.
First, to make a significant progress as compared with
current precision, we consider narrow optical clock tran-
sitions. The most accurate frequency measurements to
date, with a relative error of 10�18 corresponding to sub-
Hz accuracy, have been performed on narrow optical-
clock transitions in laser-cooled atoms or ions [39–43].
Second, since the hyperfine interaction of electrons with
the nucleus is a source for King nonlinearity [44], we con-
sider only even isotopes without nuclear spin.

Apart from NP, also SM higher-order corrections are
expected to lead to non-linearities. We cannot make pre-
cise quantitative estimates of these higher-order e↵ects,
however, we find that the dominant e↵ect is due to correc-
tions to the FS operator (see [44–48] for relevant discus-
sions). Nonlinearity may arise from second-order e↵ects
mediated by the nucleus that would predominantly mix
states that have similar energy [44]. The second-order
contribution is given by m⌫II

i =
P

k |hk|Ô
FS

|ii|2/�Ek ,

where Ô
FS

is the FS operator, �Ek ⌘ Ei � Ek is the
energy di↵erence to the state k. Assuming that diago-
nal and o↵-diagonal elements of Ô

FS

are comparable in
size, as observed e.g. in samarium [44, 46], we can es-
timate these corrections as m⌫II

i ⇠ (m⌫I

i )
2/�E , where

m⌫I

i is the leading-order FS contribution to the transition
i and �E = mink[�Ek]. The transitions we propose in
the following involve states that are separated from other
levels by large energy gaps, leading to small higher-order
e↵ects. See [18] for a more detailed estimation of the
higher-order e↵ects, including MS contributions, for the
transitions considered below.

IV. CONTRIBUTION OF NEW BOSONS TO
ISOTOPE SHIFTS

In this section we discuss how theoretical IS predic-
tions are modified in the presence of hypothetical new
force carriers of spin s = 0, 1 or 2 and mass m� which

couple to electrons and neutrons with strength ye and
yn, respectively. The e↵ective spin-independent poten-
tial mediated by such bosons between the nucleus and its
bound electrons is V�(r) = ↵

NP

(A � Z)e�m�r/r, where
↵

NP

= (�1)syeyn/4⇡. Note that NP could also couple
to protons, though without a↵ecting the linearity of the
King plot, hence we neglect such coupling here.

To calculate the e↵ect of this NP potential on atomic
energies we use the “finite field” method where the po-
tential is added directly to the Dirac equation in our
many-body computations. The atomic structure cal-
culations are variants of the combination of configu-
ration interaction and many-body perturbation theory
(CI+MBPT) [49]. For the single-valence electron ions
Ca+ and Sr+, we create an operator ⌃̂ representing
core-valence correlations to second order in the residual
Coulomb interaction (seefor example [50]). This opera-
tor is added to the Dirac-Fock operator, along with the
NP potential, to generate self-consistent solutions. In
this approach, the sensitivity of a transition i between
electronic states a and b (i = a ! b) can be expressed

Xi =
1

A � Z

d!ab

d↵
NP

����
↵NP=0

, (11)

where !ab is the transition frequency evaluated as a func-
tion of ↵

NP

and the derivative is taken numerically at
↵

NP

= 0
For neutral Sr, Ca, and Yb, which have two valence

electrons above closed shells, we use the CI+MBPT
method as described in [51]. Briefly, we find the self-
consistent solution of the Dirac-Fock equations, includ-
ing the NP potential, for the closed-shell core (i.e. the
V N�2 potential). In this potential we generate a set
of B splines [52, 53] which form a complete basis set.
Valence-valence correlations are included to all orders us-
ing CI, while the core-valence correlations are included
using second-order MBPT to modify the radial integrals.
The Yb+ case is more complicated because of the hole
transition, 4f14 6s ! 4f13 6s2. For this ion we use the
particle-hole CI+MBPT method [54] which has previ-
ously been used for Hg+.

The many-body calculations can be cross-checked by
perturbation theory, which yields

Xi =

Z
d3r

e�m�r

r

⇥| b(r)|2 � | a(r)|2⇤ , (12)

where | (r)|2 is the electron-density evaluated in the ab-
sence of NP, and hAA0 = AA0 amu for the NP contri-
bution in Eq. (7). As an additional cross-check of our
many-body calculation, we used GRASP2K [55] to evalu-
ate | (r)|2 and compute Xi using Eq. (12) for several
Ca+ transitions. We found good agreement between the
two methods.

We identify three regions of NP interaction range, sep-
arated by the electron wavefunction size, a

0

/(1+ne), and
the nuclear charge radius, rN ⇠ A1/3 ⇥ (200 MeV)�1.
Here a

0

⇡ (4 keV)�1 is the Bohr radius and ne is the

↵NP =
yeyn
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1st order perturbation theory and 
multi-body perturbation theory
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Then it is presently di�cult to distinguish the NP and
SM contributions to the nonlinearity. In this case there
are two options in which further insight on NP can be
obtained. The first requires that the theory of King non-
linearity would advance and enable us to subtract the
SM contributions, and in the process possibly gain new
insight on the nature of nuclear e↵ects in IS. Moreover,
since nonlinearity in the case of NP is universal and in
the case of SM specific to particular atomic species, a
comparison between measurements in di↵erent systems
will be beneficial. The second, relies on the fact that NP
forces are longer range than nuclear e↵ects which require
overlap of the electronic wavefunction with the nucleus.
Hence it might be possible to identify an observable that
is less a↵ected by the nucleus, but is still sensitive to the
presence of long-range new physics interactions. In this
regard, IS measurements involving Rydberg states might
provide a smoking gun for the above types of NP.

For the proposed method to be e↵ective, the element
and the specific transitions should be chosen carefully.
First, to make a significant progress as compared with
current precision, we consider narrow optical clock tran-
sitions. The most accurate frequency measurements to
date, with a relative error of 10�18 corresponding to sub-
Hz accuracy, have been performed on narrow optical-
clock transitions in laser-cooled atoms or ions [39–43].
Second, since the hyperfine interaction of electrons with
the nucleus is a source for King nonlinearity [44], we con-
sider only even isotopes without nuclear spin.

Apart from NP, also SM higher-order corrections are
expected to lead to non-linearities. We cannot make pre-
cise quantitative estimates of these higher-order e↵ects,
however, we find that the dominant e↵ect is due to correc-
tions to the FS operator (see [44–48] for relevant discus-
sions). Nonlinearity may arise from second-order e↵ects
mediated by the nucleus that would predominantly mix
states that have similar energy [44]. The second-order
contribution is given by m⌫II

i =
P

k |hk|Ô
FS

|ii|2/�Ek ,

where Ô
FS

is the FS operator, �Ek ⌘ Ei � Ek is the
energy di↵erence to the state k. Assuming that diago-
nal and o↵-diagonal elements of Ô

FS

are comparable in
size, as observed e.g. in samarium [44, 46], we can es-
timate these corrections as m⌫II

i ⇠ (m⌫I

i )
2/�E , where

m⌫I

i is the leading-order FS contribution to the transition
i and �E = mink[�Ek]. The transitions we propose in
the following involve states that are separated from other
levels by large energy gaps, leading to small higher-order
e↵ects. See [18] for a more detailed estimation of the
higher-order e↵ects, including MS contributions, for the
transitions considered below.

IV. CONTRIBUTION OF NEW BOSONS TO
ISOTOPE SHIFTS

In this section we discuss how theoretical IS predic-
tions are modified in the presence of hypothetical new
force carriers of spin s = 0, 1 or 2 and mass m� which

couple to electrons and neutrons with strength ye and
yn, respectively. The e↵ective spin-independent poten-
tial mediated by such bosons between the nucleus and its
bound electrons is V�(r) = ↵

NP

(A � Z)e�m�r/r, where
↵

NP

= (�1)syeyn/4⇡. Note that NP could also couple
to protons, though without a↵ecting the linearity of the
King plot, hence we neglect such coupling here.

To calculate the e↵ect of this NP potential on atomic
energies we use the “finite field” method where the po-
tential is added directly to the Dirac equation in our
many-body computations. The atomic structure cal-
culations are variants of the combination of configu-
ration interaction and many-body perturbation theory
(CI+MBPT) [49]. For the single-valence electron ions
Ca+ and Sr+, we create an operator ⌃̂ representing
core-valence correlations to second order in the residual
Coulomb interaction (seefor example [50]). This opera-
tor is added to the Dirac-Fock operator, along with the
NP potential, to generate self-consistent solutions. In
this approach, the sensitivity of a transition i between
electronic states a and b (i = a ! b) can be expressed

Xi =
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d!ab

d↵
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����
↵NP=0

, (11)

where !ab is the transition frequency evaluated as a func-
tion of ↵
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and the derivative is taken numerically at
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= 0
For neutral Sr, Ca, and Yb, which have two valence

electrons above closed shells, we use the CI+MBPT
method as described in [51]. Briefly, we find the self-
consistent solution of the Dirac-Fock equations, includ-
ing the NP potential, for the closed-shell core (i.e. the
V N�2 potential). In this potential we generate a set
of B splines [52, 53] which form a complete basis set.
Valence-valence correlations are included to all orders us-
ing CI, while the core-valence correlations are included
using second-order MBPT to modify the radial integrals.
The Yb+ case is more complicated because of the hole
transition, 4f14 6s ! 4f13 6s2. For this ion we use the
particle-hole CI+MBPT method [54] which has previ-
ously been used for Hg+.

The many-body calculations can be cross-checked by
perturbation theory, which yields
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where | (r)|2 is the electron-density evaluated in the ab-
sence of NP, and hAA0 = AA0 amu for the NP contri-
bution in Eq. (7). As an additional cross-check of our
many-body calculation, we used GRASP2K [55] to evalu-
ate | (r)|2 and compute Xi using Eq. (12) for several
Ca+ transitions. We found good agreement between the
two methods.

We identify three regions of NP interaction range, sep-
arated by the electron wavefunction size, a
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/(1+ne), and
the nuclear charge radius, rN ⇠ A1/3 ⇥ (200 MeV)�1.
Here a
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narrow optical clock transitions
only even isotopes - at least 4

current data:
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summary

precision isotope spectroscopy can probe new light 
force-carriers with spin independent couplings to the 
electron and neutron

the bounds has minimal theory inputs - only the new 
physics has to be derived from theory (“data-driven 
background”)

current constraints are weak - but future measurements 
may improve the state-of-the-art bounds 
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SM nonlinearities 

in principle - if nonlinearities are measured - 
correlation between different systems may help to 
distinguish between SM or NP

from higher-order SM effects

dominant effect from corrections to field shift (2nd 
order perturbation theory)
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Then it is presently di�cult to distinguish the NP and
SM contributions to the nonlinearity. In this case there
are two options in which further insight on NP can be
obtained. The first requires that the theory of King non-
linearity would advance and enable us to subtract the
SM contributions, and in the process possibly gain new
insight on the nature of nuclear e↵ects in IS. Moreover,
since nonlinearity in the case of NP is universal and in
the case of SM specific to particular atomic species, a
comparison between measurements in di↵erent systems
will be beneficial. The second, relies on the fact that NP
forces are longer range than nuclear e↵ects which require
overlap of the electronic wavefunction with the nucleus.
Hence it might be possible to identify an observable that
is less a↵ected by the nucleus, but is still sensitive to the
presence of long-range new physics interactions. In this
regard, IS measurements involving Rydberg states might
provide a smoking gun for the above types of NP.

For the proposed method to be e↵ective, the element
and the specific transitions should be chosen carefully.
First, to make a significant progress as compared with
current precision, we consider narrow optical clock tran-
sitions. The most accurate frequency measurements to
date, with a relative error of 10�18 corresponding to sub-
Hz accuracy, have been performed on narrow optical-
clock transitions in laser-cooled atoms or ions [39–43].
Second, since the hyperfine interaction of electrons with
the nucleus is a source for King nonlinearity [44], we con-
sider only even isotopes without nuclear spin.

Apart from NP, also SM higher-order corrections are
expected to lead to non-linearities. We cannot make pre-
cise quantitative estimates of these higher-order e↵ects,
however, we find that the dominant e↵ect is due to correc-
tions to the FS operator (see [44–48] for relevant discus-
sions). Nonlinearity may arise from second-order e↵ects
mediated by the nucleus that would predominantly mix
states that have similar energy [44]. The second-order
contribution is given by m⌫II

i =
P

k |hk|Ô
FS

|ii|2/�Ek ,

where Ô
FS

is the FS operator, �Ek ⌘ Ei � Ek is the
energy di↵erence to the state k. Assuming that diago-
nal and o↵-diagonal elements of Ô

FS

are comparable in
size, as observed e.g. in samarium [44, 46], we can es-
timate these corrections as m⌫II

i ⇠ (m⌫I

i )
2/�E , where

m⌫I

i is the leading-order FS contribution to the transition
i and �E = mink[�Ek]. The transitions we propose in
the following involve states that are separated from other
levels by large energy gaps, leading to small higher-order
e↵ects. See [18] for a more detailed estimation of the
higher-order e↵ects, including MS contributions, for the
transitions considered below.

IV. CONTRIBUTION OF NEW BOSONS TO
ISOTOPE SHIFTS

In this section we discuss how theoretical IS predic-
tions are modified in the presence of hypothetical new
force carriers of spin s = 0, 1 or 2 and mass m� which

couple to electrons and neutrons with strength ye and
yn, respectively. The e↵ective spin-independent poten-
tial mediated by such bosons between the nucleus and its
bound electrons is V�(r) = ↵

NP

(A � Z)e�m�r/r, where
↵

NP

= (�1)syeyn/4⇡. Note that NP could also couple
to protons, though without a↵ecting the linearity of the
King plot, hence we neglect such coupling here.

To calculate the e↵ect of this NP potential on atomic
energies we use the “finite field” method where the po-
tential is added directly to the Dirac equation in our
many-body computations. The atomic structure cal-
culations are variants of the combination of configu-
ration interaction and many-body perturbation theory
(CI+MBPT) [49]. For the single-valence electron ions
Ca+ and Sr+, we create an operator ⌃̂ representing
core-valence correlations to second order in the residual
Coulomb interaction (seefor example [50]). This opera-
tor is added to the Dirac-Fock operator, along with the
NP potential, to generate self-consistent solutions. In
this approach, the sensitivity of a transition i between
electronic states a and b (i = a ! b) can be expressed

Xi =
1

A � Z

d!ab

d↵
NP

����
↵NP=0

, (11)

where !ab is the transition frequency evaluated as a func-
tion of ↵

NP

and the derivative is taken numerically at
↵

NP

= 0
For neutral Sr, Ca, and Yb, which have two valence

electrons above closed shells, we use the CI+MBPT
method as described in [51]. Briefly, we find the self-
consistent solution of the Dirac-Fock equations, includ-
ing the NP potential, for the closed-shell core (i.e. the
V N�2 potential). In this potential we generate a set
of B splines [52, 53] which form a complete basis set.
Valence-valence correlations are included to all orders us-
ing CI, while the core-valence correlations are included
using second-order MBPT to modify the radial integrals.
The Yb+ case is more complicated because of the hole
transition, 4f14 6s ! 4f13 6s2. For this ion we use the
particle-hole CI+MBPT method [54] which has previ-
ously been used for Hg+.

The many-body calculations can be cross-checked by
perturbation theory, which yields

Xi =

Z
d3r

e�m�r

r

⇥| b(r)|2 � | a(r)|2⇤ , (12)

where | (r)|2 is the electron-density evaluated in the ab-
sence of NP, and hAA0 = AA0 amu for the NP contri-
bution in Eq. (7). As an additional cross-check of our
many-body calculation, we used GRASP2K [55] to evalu-
ate | (r)|2 and compute Xi using Eq. (12) for several
Ca+ transitions. We found good agreement between the
two methods.

We identify three regions of NP interaction range, sep-
arated by the electron wavefunction size, a

0

/(1+ne), and
the nuclear charge radius, rN ⇠ A1/3 ⇥ (200 MeV)�1.
Here a

0

⇡ (4 keV)�1 is the Bohr radius and ne is the
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obtained. The first requires that the theory of King non-
linearity would advance and enable us to subtract the
SM contributions, and in the process possibly gain new
insight on the nature of nuclear e↵ects in IS. Moreover,
since nonlinearity in the case of NP is universal and in
the case of SM specific to particular atomic species, a
comparison between measurements in di↵erent systems
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regard, IS measurements involving Rydberg states might
provide a smoking gun for the above types of NP.
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sitions. The most accurate frequency measurements to
date, with a relative error of 10�18 corresponding to sub-
Hz accuracy, have been performed on narrow optical-
clock transitions in laser-cooled atoms or ions [39–43].
Second, since the hyperfine interaction of electrons with
the nucleus is a source for King nonlinearity [44], we con-
sider only even isotopes without nuclear spin.

Apart from NP, also SM higher-order corrections are
expected to lead to non-linearities. We cannot make pre-
cise quantitative estimates of these higher-order e↵ects,
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tions to the FS operator (see [44–48] for relevant discus-
sions). Nonlinearity may arise from second-order e↵ects
mediated by the nucleus that would predominantly mix
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FS

|ii|2/�Ek ,

where Ô
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e↵ects. See [18] for a more detailed estimation of the
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= (�1)syeyn/4⇡. Note that NP could also couple
to protons, though without a↵ecting the linearity of the
King plot, hence we neglect such coupling here.

To calculate the e↵ect of this NP potential on atomic
energies we use the “finite field” method where the po-
tential is added directly to the Dirac equation in our
many-body computations. The atomic structure cal-
culations are variants of the combination of configu-
ration interaction and many-body perturbation theory
(CI+MBPT) [49]. For the single-valence electron ions
Ca+ and Sr+, we create an operator ⌃̂ representing
core-valence correlations to second order in the residual
Coulomb interaction (seefor example [50]). This opera-
tor is added to the Dirac-Fock operator, along with the
NP potential, to generate self-consistent solutions. In
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For neutral Sr, Ca, and Yb, which have two valence

electrons above closed shells, we use the CI+MBPT
method as described in [51]. Briefly, we find the self-
consistent solution of the Dirac-Fock equations, includ-
ing the NP potential, for the closed-shell core (i.e. the
V N�2 potential). In this potential we generate a set
of B splines [52, 53] which form a complete basis set.
Valence-valence correlations are included to all orders us-
ing CI, while the core-valence correlations are included
using second-order MBPT to modify the radial integrals.
The Yb+ case is more complicated because of the hole
transition, 4f14 6s ! 4f13 6s2. For this ion we use the
particle-hole CI+MBPT method [54] which has previ-
ously been used for Hg+.

The many-body calculations can be cross-checked by
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where | (r)|2 is the electron-density evaluated in the ab-
sence of NP, and hAA0 = AA0 amu for the NP contri-
bution in Eq. (7). As an additional cross-check of our
many-body calculation, we used GRASP2K [55] to evalu-
ate | (r)|2 and compute Xi using Eq. (12) for several
Ca+ transitions. We found good agreement between the
two methods.
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