
 

 

 

 

 

 

 

 

LINACS/Transport Lines Emittance Measurement  

 

 

 

 

 

 

 

 

 

 

by Kay Wittenburg



LINACS/Transport Lines Emittance Measurement 
   
In a transfer line (or Linac), the beam passes once and the shape of the emittance 
ellipse at the entry to the line determines its shape at the exit. Exactly the same 
transfer line injected first with one emittance ellipse and then different ellipses has to 
be accredited with different α and β, γ functions to describe the cases. Thus α and 
β, γ depend on the input beam and their propagation depends on the structure. Any 
change in the structure will only change the α and β, γ values downstream of that 
point. … The input ellipse must be chosen by the designer and should describe the 
configuration of all the particles in the beam. 
 
1) Explain ways of measuring the emittance of a charged particle beam in a 

Linear accelerator or a transport line without knowing the beam optic 
parameters α, β, γ. 

 
a) Exercise L1: Which one is the preferable method for a high energy proton 

transport line (p >5 GeV/c)? 
Solution: 3 (thin) screens/SEM grids or varying quadrupole which measure the 
different beam widths σ. For pepper pot or slits one needs a full absorbing aperture. 
 
b) Exercise L2: Assuming that the geometry between the measurement stations  and 

the transport matrices M of the transport line are well defined (including magnetic 
elements), describe a way to get the emittance using  3 screens and the σ-matrix. 
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 If β is known unambiguously as in a circular machine, then a single profile 
measurement determines ε by σy

2 = εβ. But it is not easy to be sure in a 
transfer line which β to use, or rather, whether the beam that has been measured is 
matched to the β-values used for the line. This problem can be resolved by using three 
monitors (see Fig. 1), i.e. the three width measurements determine the three unknowns 
α, β and ε of the incoming beam. 

 
 σ elements at first Screen or Quadrupole (Ref. 1). 
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Beam widthrms of measured profile = σ 
11 = ( ) εβ ⋅s ,  

 
L1, L2 = distances between screens or from Quadrupole to screen and Quadrupole 

field strength are given, therefore the transport matrix M is known. 



Employing transfer matrix gives: tMM ⋅⋅σ  
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σ11
measured = M11

2σ11 + 2M11 M12σ12 + M12
2 σ22     (σ12 = σ21)                  (1) 

Solving σ11 σ12 and σ22 while Matrix elements are known: Needs minimum of three 
different measurements, either three screens or three different Quadrupole settings 
with different field strength. 
 

2
122211det σσσσε −==rms  (from βγ − α2 = 1)     (2) 

 
c) Exercise L3: In a transport line for p = 7.5 GeV/c protons are two measurement 

stations. The first is located exactly in the waist of the beam and shows a beam 
width of σy = 3 mm, the second at a distance of s = 10 m shows a width of σy = 9 
mm. Assuming no optical elements in this part, calculate the emittance and the 
normalized emittance of the beam.  
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Waist => α = σ12 = σ21 = 0 => 2211σσε =rms      (4) 
 
Momentum p = 7.5 GeV/c => relativistic γβ ≈ 7.5 
 
Measured width at s = 0 =>  (3 mm)2 = σy

2 (s=0) = σ11        (5) 
 
Calculate σ22 with width measured at s = 10 m  and with (1, 4) => 
(9 mm)2 = σy

2 (s=10) = M11
2 ·σ11 +  M12

2 ·σ22 = σ11 + s2⋅ σ22      (σ11, σ22 at s=0) (6) 
 

with (5) => 2
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With (4) and (7) =>  
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        = 2.5 ⋅ 10-6 m rad 
 
 
 εnormalized = εrms γ β = 19 ⋅ 10-6 m rad = 19 mm mrad 



Additional exercise: Calculate β(s=0 and s=10m) 
 
Beam width σrms =  εβ ⋅)(s  
At s=10 m: σ2 = βε  => β = 32.4 m 
At s= 0 m : β = 3.6 m 

What is the influence on the emittance ε assuming at s = 10m this b, a dispersion of  
D = 1 m and a momentum spread of Δp/p = 10-3? 

 

 

 
or ≈1% which is less than the typical accuracy of a profile measurement 
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An other method: (P.J. Bryant, 5th CAS, Finnland) 
 
 

 
 
 
 




