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Azimuthal flow and shear viscosity 

2

• Momentum anisotropy means higher in-plane fluid velocities compared to out of plane  
✓ Shear viscosity is resistance to fluid elements moving at difference velocities. 

5

For smallK, vn(K) ≃ vihn (1−AnK): the parameterAn

measures the magnitude of the viscous correction. Our fit
gives A2 = 1.4±0.1 [11], A3 = 4.2±0.3, A4 = 11.0±0.9.
The error bar on A5 is too large to extract a meaningful
value. For n = 2, 3, 4, we observeAn ∝ nα with α = 2.8±
0.2, closer to n3 than to the expected n2. The fact that
viscous corrections are larger for larger n also implies that
the range of validity of viscous hydrodynamics is smaller
for vn with n ≥ 3 than for v2. Even after rescaling K
by n2, corrections are linear in K only for very small K,
which is why higher-order Padé approximants are needed.
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FIG. 6: (Color online) vn/εn versus η/s in hydrodynamics.
The initial and freeze-out temperature are Ti = 340 MeV and
Tf = 140 MeV, respectively.

The magnitude of viscous effects can be seen more di-
rectly by varying the shear viscosity η in viscous hydro-
dynamics [48]. For each value of n, we have performed
three calculations with η ≃ 0 (ideal hydrodynamics),
η/s = 0.08 ≃ 1/4π [49], and η/s = 0.16, where s is
the entropy density. The result is presented in Fig. 6.
The variation of vn with η is found to be linear for all n
for this range of viscosities, which is a hint that viscous
hydrodynamics (which addresses first-order deviations to
local equilibrium) is a reasonable description. Interest-
ingly, the lines are almost parallel, which means that the
absolute viscous correction to vn/εn depends little on n.
However, since vn/εn is smaller for larger n, the rela-
tive viscous correction is larger for larger n. From the
transport calculation, we expect that the relative viscous
correction is 3 times larger for v3 than for v2, and 8 times
larger for v4 than for v2. The increase in Fig 6 is more
modest. Note that we keep the freeze-out temperature
constant for all values of η/s. Strictly speaking, this is
inconsistent. Freeze-out is defined as the point where
viscous corrections become so large that hydrodynam-
ics breaks down: when the viscosity goes to zero, so does
the freeze-out temperature [12]. By varying only η/s and
keeping Tf constant, we only capture part of the viscous

correction 2. Since triangular flow, like elliptic flow, de-
velops at early times, v3 is sensitive to the value of η/s
at the high-density phase of the collision.

IV. PREDICTIONS FOR v3 AT RHIC AND LHC

A. Triangularity fluctuations

We now give realistic predictions for v3 at RHIC and
LHC. The transport calculations in Ref. [9] show that
even with lumpy initial conditions, v3 in a given event
scales like the triangularity ε3. We define εn as in [9]:

εne
inψn ≡ −

!

ϵ(x, y)r2einφdxdy
!

ϵ(x, y)r2dxdy
, (7)

where ϵ(x, y) is the initial energy density and (r,φ) are
the usual polar coordinates, x = r cosφ, y = r sinφ.
Following the discussion in Sec. II, experiments mea-

sure the average value of (vn)2, so that

vexpn =
"

⟨(vn)2⟩. (8)

Assuming vn = κεn in each event, the measured vn scales
like the root mean square εn defined by

εrms
n ≡

"

⟨(εn)2⟩ (9)

We compute εrms
n using two different models. The first

model is the PHOBOS Monte-Carlo Glauber model [50],
where it is assumed that the initial energy is distributed
in the transverse plane in the same way as nucleons
within colliding nuclei. We modify the initial model
slightly [33] by giving each nucleon a weight w = 1 −
x+ xNcoll, where Ncoll is the number of binary collisions
of the nucleon. We take x = 0.145 at RHIC and x = 0.18
at LHC [51]. The second model is the Monte-Carlo KLN
model of Drescher and Nara [52], which is the only model
incorporating both saturation physics and fluctuations.
Both of these models yield event-by-event eccentricity
fluctuations, which are consistent with measured elliptic
flow fluctuations [34]. We loosely refer to the two models
as Glauber and Color Glass Condensate (CGC).
Fig. 7 displays εrms

n as a function of the number of
participants. εrms

2 is larger than εrms
3,4,5 for non-central

collisions, which is due to the almond shape of the over-
lap area. The eccentricity is somewhat larger with CGC
than Glauber [54]. εrms

3 is very close to εrms
5 . Both vary

with NPart essentially like (NPart)−1/2, as generally ex-
pected for statistical fluctuations [55]. Unlike εrms

2 , they
are slightly smaller for CGC than for Glauber. Since
the only source of fluctuations that is considered in both

2 We have checked that v3/ε3 is larger with a lower freeze-out tem-
perature Tf = 100 MeV. In particular, we find v3/ε3 > v2/ε2,
in agreement with the transport calculation.
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Medium response and initial state

3

• Hydrodynamic calculations show simple factorization for lower orders 
✓ Not the case for n ≥ 4 e.g. v4 has contribution from v2 

vn = n"n|n=2,3

Medium response e.g. 
system lifetime, η/s 

Initial conditions

23

FIG. 17. (Color online) Left panels: Probability distributions of the charged hadron �v2, and of the initial state �"2 and �"12,
in the 5 � 10 % (top), 35 � 40 % (middle), and 55 � 60 % (bottom) centrality classes in

p
sNN = 2.76 TeV Pb+Pb collisions

at the LHC, computed with the pQCD + saturation initial states. The experimental data is from ATLAS [28]. Middle panels:
The correlation between v2 and "2 as a two-dimensional histogram. Right panels: The correlation between v2 and "12. The
white lines in the middle and right panels are cubic polynomial fits, to guide the eye. The statistics for these figures was 15k
events for each centrality class

behavior.

D. Event-plane correlations

Because fluid dynamics is a non-linear theory, there is
no reason to expect that the linear relation e.g. between
the eccentricities and flow coefficients, vn / "n, holds in
general or even that vn is created by a non-linear response
to the "n alone. In reality, the different vn’s or  n’s do
not evolve independently, but are correlated with each
other, e.g. a large v2 can create a large v4 even if the
initial "4 is zero. The evidence for this can be clearly
seen in the measured event-plane correlations [132, 148],
which show a strong correlation between various event-
plane angles  n.

Even though the correlation between the initial eccen-
tricities creates correlations between vn’s through a lin-
ear relation vn / "n, even the signs of the measured
correlations cannot be reproduced by this assumption.

A generic behavior of the correlations can be explained
by a linear response between the eccentricities defined
through cumulants [149] and vn’s, but quantitatively the
magnitude of the correlations indicates that a non-linear
fluid dynamical evolution is essential to reproduce the
measurements, see Ref. [150]. Furthermore, and most
importantly for the present study, the event-plane corre-
lations give independent constraints to the initial state
and transport coefficients, even if the viscosity is tuned
to reproduce the v2 data [151].

In Fig. 19 we show various event-plane correlations in-
volving two different event-plane angles  n, defined by
Eq. (53), in Pb+Pb collisions at the LHC, compared to
the ATLAS measurements [132]. As can be seen from
the figure, the different ⌘/s parametrizations that give
an equivalent agreement with the vn data at the LHC,
can be clearly distinguished by the correlations. Only
two cases, ⌘/s = 0.20 and ⌘/s = param1, give a good
agreement with the ATLAS data. Only in the peripheral
collisions (40�50 % centrality class and more peripheral)
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 Temperature dependence of η/s

4

• Many fluids show temperature dependence of η/s with minimum around TC 
✓ Minimum in QGP expected to correspond to ads/CFT conjecture of 1/4π 

FIG. 4: The ratio η/s for the low temperature hadronic phase and for the high temperature quark-

gluon phase. Neither calculation is very reliable in the vicinity of the critical or rapid crossover

temperature.

12

FIG. 1: The ratio η/s as a function of T for helium with s normalized such that s(T = 0) = 0. The

curves correspond to fixed pressures, one of them being the critical pressure, and the others being

greater (1 MPa) and the other smaller (0.1 MPa). Below the critical pressure there is a jump in

the ratio, and above the critical pressure there is only a broad minimum. They were constructed

using data from NIST and CODATA.
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Initial applications to hydrodynamics 

5

• Fixing value of η/s at 1/4π leads to underestimation of v2 
✓ Data compatible with minimum of 1/4π only if η/s(T) allowed to vary 
✓ Little sensitivity to QGP η/s(T) 

3
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FIG. 2. (Color online) Transverse momentum spectra of positive pions in the 0–5% most central collisions and elliptic flow
coefficients in the 20–30% centrality class at RHIC and LHC. Different curves correspond to the different parametrizations of
the temperature dependence of η/s. Data in panel (a) are from Ref. [15] and in panels (d) and (e) from Refs. [27, 28].

η/s in the hadron gas. We have confirmed the insensitiv-
ity to the values of η/s in the high-temperature QGP
phase by decoupling the system at Tdec = 170 MeV.
In that case, v2(pT ) is largely independent of the η/s
parametrization. The separation of curves occurs in the
subsequent evolution in the hadronic phase. This shows
that, within this model and at RHIC, viscous effects from
the hadron gas dominate over viscous effects from the
QGP, see also Refs. [9, 10]. Due to the strong longitudinal
expansion, the initial shear stress enhances the transverse
pressure and thus the buildup of the flow anisotropy,
but this is counteracted by the viscous suppression of
anisotropies. Our simulations suggest that at RHIC these
two effects cancel each other in the QGP phase.
The main reason for the hadronic suppression of v2(pT )

are the viscous corrections δf to the particle distribu-
tion function. Thus, the values of πµν on the decou-
pling boundary are significantly larger in the case with
large hadronic η/s. On the other hand, the azimuthal
anisotropies of the hydrodynamic flow field are quite sim-
ilar in all cases. This is demonstrated in Fig. 3, where we
plot v2(pT ) of pions at RHIC without δf . All curves are
much closer to each other, indicating that the space-time
evolution in the hadron gas is similar in all four cases.
We have tested that these conclusions are unchanged

if we use different τ0 = 0.2–1.0 fm, different EoSs, e.g.
with or without chemical freeze-out, use non-equilibrium

initial conditions (the same non-zero initial πµν for all
four cases), or shift the η/s parametrizations up by a
constant value, such that η/s at T = 180 MeV is five
times the AdS/CFT lower bound. Although v2(pT ) and
the slopes of the pT -spectra change when we change the
setup, the observed sensitivity of v2(pT ) on the viscosity
around T ∼ 180 MeV and below, rather than on the high-
temperature QGP viscosity is quite generic at RHIC. If
we increase η/s above T = 200 MeV by a factor of ten
in parametrization (HH-LQ), the elliptic flow is practi-
cally the same as shown in Fig. 2d. This confirms that
the value of η/s in the high-temperature QGP phase has
no effect on the final observable v2(pT ) at RHIC, even
though during the evolution the system spends approx-
imately equal times above T ∼ 200 MeV and between
T ∼ 170 and 200 MeV.
Interestingly, the sensitivity of v2(pT ) to the QGP vis-

cosity increases with increasing collision energy, while
the sensitivity to the hadronic viscosity decreases. This
can be seen in Figs. 2e and 2f, which show v2(pT ) for√
sNN = 2.76 TeV and

√
sNN = 5.5 TeV Pb+Pb colli-

sions, respectively.

At the highest LHC energy, the behavior of v2(pT ) is
completely opposite to that at RHIC. It is almost inde-
pendent of the hadronic viscosity, but sensitive to the
QGP viscosity. In contrast to the RHIC case, at LHC
the differences in v2(pT ) are mostly due to the difference

2

√

sNN [GeV] τ0 [fm] ε0 [GeV/fm3] Tmax [MeV]
200 1.0 24.0 335
2760 0.6 187.0 506
5500 0.6 240.0 594

TABLE I. Initialization parameters for different collisions.

discretizing spatial gradients using centered second-order
finite differences. We found that, in contrast to SHASTA,
this method produces numerically stable solutions also
for low-density matter at the edges of the system.
With longitudinal boost invariance, we need to specify

the values of the energy-momentum tensor in the trans-
verse plane at some initial time τ0. We assume that the
initial energy density profile is proportional to the density
of binary nucleon-nucleon collisions as calculated from
the optical Glauber model (model eBC in Ref. [14]). The
initial transverse velocity and πµν are set to zero. The
maximum energy densities ε0 in central collisions (impact
parameter b = 0) are chosen to reproduce the observed
multiplicity in the 0–5% most central

√
sNN = 200 GeV

Au+Au collisions at RHIC [15] and
√
sNN = 2.76 TeV

Pb+Pb collisions at LHC [16]. For the
√
sNN = 5.5

TeV Pb+Pb collisions at LHC we use the multiplicity
predicted by the minijet + saturation model [17]. The
initialization parameters are collected in Table I.
Our equation of state (EoS) is a recent parametrization

of lattice-QCD data and a hadron resonance gas [s95p-
PCE of Ref. [18]], with chemical freeze-out at a temper-
ature Tchem = 150 MeV implemented as in Ref. [19].
Hadron spectra are calculated by using the Cooper-

Frye freeze-out description [20] with constant decoupling
temperature Tdec = 100 MeV, which will be shown below
to give reasonable agreement with both the pT -spectrum
and the elliptic flow coefficient for pions at RHIC. For
the sake of simplicity, we include viscous corrections to
the equilibrium distribution function f0 as for Boltzmann
particles, even though f0 obeys the appropriate quantum
statistics [21]:

f(x, p) = f0 + δf = f0

!

1 +
pµpνπµν

2T 2(ε+ p)

"

, (1)

where p is pressure and pµ is the hadron four-momentum.
Two- and three-body decays of unstable hadrons are in-
cluded as described in Ref. [22]. We include resonances
up to mass 1.7 GeV.
The shear viscosity to entropy density ratio is

parametrized as follows. For the hadronic phase, it re-
produces the results of Ref. [23]. In the QGP phase, η/s
follows the lattice QCD results of Ref. [24]. Then, η/s
has to assume a minimum value at a certain tempera-
ture; in our case we take η/s = 0.08 at T = 180 MeV.
This is the same parametrization as used in Ref. [25]. In
total we have four cases, see Fig. 1: (LH-LQ) η/s = 0.08
for all temperatures, (LH-HQ) η/s = 0.08 in the hadron
gas, and above T = 180 MeV η/s increases according to
lattice QCD data, (HH-LQ) below T = 180 MeV, η/s
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FIG. 1. (Color online) Different parametrizations of η/s as a
function of temperature. The (LH-LQ) line is shifted down-
wards and the (HH-HQ) line upwards for better visibility.

is that of a hadron gas, and above we set η/s = 0.08,
(HH-HQ) we use a realistic parametrization for both the
hadron gas and the QGP. For the relaxation time we use
a result motivated by kinetic theory τπ = 5η/(ε+p) [26].

Figure 2a shows the pT -spectrum of positive pions
in the 0–5 % most central

√
sNN = 200 GeV Au+Au

collisions at RHIC. Our calculations are compared to
PHENIX data [15]. All the different parametrizations
of η/s give similar agreement with the low-pT pion spec-
tra. For pT ! 1.0 GeV, the parametrizations (LH-HQ)
and (HH-HQ) start to give slightly flatter spectra. While
the effect of the QGP viscosity on the pT -slopes is small
for our comparatively long initialization time τ0 = 1.0
fm, it becomes more pronounced for smaller values of τ0.
On the other hand, the slopes of the spectra are almost
independent of the hadronic viscosity and this conclusion
remains true at least for τ0 = 0.2–1.0 fm.

Figures 2b and 2c show the spectra for
√
sNN = 2.76

TeV and 5.5 TeV Pb+Pb collisions, respectively. Here we
observe a much stronger dependence of the pT -spectra on
the high-temperature values of η/s, but the main reason
for this is the earlier initialization time τ0 = 0.6 fm. On
the other hand, the pT -spectra are independent of the
hadronic viscosity also at LHC.

In Figs. 2d, 2e, and 2f we show the elliptic flow co-
efficients for charged hadrons in the 20–30% central-
ity class for

√
sNN = 200 GeV Au+Au collisions and√

sNN = 2.76 TeV and
√
sNN = 5.5 TeV Pb+Pb colli-

sions, respectively. In Fig. 2d the results from the hydro-
dynamic simulations are compared to STAR 4-particle
cumulant data [27] and in Fig. 2e to recent data from
the ALICE Collaboration [28].

We immediately see that, for RHIC, the four
parametrizations for η/s produce values for the elliptic
flow that fall into two classes. The curves are largely
insensitive to the values of η/s in the QGP phase and
follow the value of the viscosity in the hadron gas: the
parametrizations (LH-LQ) and (LH-HQ) with constant
η/s in the hadron gas result in larger v2(pT ) than the
parametrizations (HH-LQ) and (HH-HQ) with realistic

PRL 106 (2011) 212302 



Beam energy scan at the LHC?
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• Experimental observation: <pT> and pbar/p decreases with increasing |η| 
✓ Average temperature decreases with increasing |η| 
✓ Extra handle on η/s(T)…

8
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FIG. 8. (Color online) Charged hadron v4(pT ) at RHIC. Ex-
perimental data are from the STAR Collaboration [68].

0.00

0.01

v 4
(η

ch
)

10-20 %
(a)

ideal
LH-LQ
LH-HQ
HH-LQ
HH-HQ

15-25 %
(b)

STAR v4{EP2}

0.00

0.01

0 1 2 3 4 5

v 4
(η

ch
)

ηch

30-40 %

h±  Tdec=100 MeV

(c)

0 1 2 3 4 5
ηch

40-50 %

RHIC 200 AGeV

(d)

FIG. 9. (Color online) Charged hadron v4(ηch) at RHIC.
Experimental data are from the STAR Collaboration [68].

Similarly the v4(pT ) and v4(ηch) of charged hadrons
in different centrality classes are compared to the experi-
mental data from the STAR Collaboration [68] in Figs. 8
and 9. The v4 coefficient, both as a function of transverse
momentum and as a function of pseudorapidity, complies
with the previously made observations about the elliptic
flow coefficient. As we have reported earlier [12, 13], v4
is sensitive to viscosity at even later stages of the evolu-
tion than v2, and a large hadronic viscosity is sufficient
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FIG. 10. (Color online) The charged particle pseudorapidity
distribution dNch/dηch at the LHC. Experimental data are
from the ALICE Collaboration [72].

to turn v4(pT ) negative at quite low pT . The comparison
of Figs. 7 and 9 also shows the well-known fact that the
larger the value of n, the stronger the viscous suppres-
sion of vn [70, 71]. Viscosity has only a weak effect on the
shapes of v2(ηch) and v4(ηch), but quite interestingly the
effect on the shapes is different for different coefficients:
Increasing viscosity makes the (approximate) plateau in
v2(ηch) narrower but in v4(ηch) wider.
From Fig. 8 it is apparent that the v4(pT ) data favor

the parametrizations with low hadronic viscosity unlike
v2(pT ). However, we have to remember that the exper-
imental data were obtained using different methods for
v2 and v4, i.e., four-particle cumulant and mixed har-
monic event-plane methods, whereas we use the event-
plane method to evaluate all the harmonics. Another
uncertainty is that event-by-event fluctuations cause a
sizable fraction of v4, but they are not included in our
study. Thus we advise against drawing any conclusions
about the favored (ηs/s)(T ) from this particular result.

B. Pb+Pb at
√

sNN = 2760 GeV at the LHC

As at RHIC, we use the pseudorapidity distribution of
charged particles to fix the initialization, and the pT dis-
tributions of identified particles to fix the kinetic freeze-
out temperature.
In Fig. 10 the charged particle pseudorapidity distri-

bution dNch/dηch for different centrality bins are com-
pared to the experimental data from the ALICE Collab-
oration [72]. The pseudorapidity distribution of charged
particles reasonably matches the data for all centrality

QCD phase diagram 

6 
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Moving forward to constrain the shear 
viscosity of QCD matter

7

• Data favor strong hadronic η/s, mild 
QGP η/s  
✓ Initial conditions also appear to 

be modeled well.

3

that the inclusion of bulk viscosity has been shown to be
necessary to describe the mean transverse momentum of
hadrons observed at the LHC for IP-Glasma initial con-
ditions [11]. We remark that the same conclusion holds
for the initial state used in this letter.

Rapidity spectra We present as a baseline the re-
sults for the pseudo-rapidity dependent particle spectra
in comparison to PHOBOS data [41] in Fig. 2. The nor-
malization of the initial entropy density was adjusted
in each scenario to fit the most central (0-3% central)
events. A large viscosity at higher temperatures inhibits
the longitudinal expansion most and leads to the best de-
scription of the spectra with the used initial state model.
At ⌘p = 4, dN/d⌘p is over-estimated by approximatelty
15% in the two scenarios with the smallest QGP viscosity.
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FIG. 2: (Color online) dN/d⌘p of charged hadrons in two
di↵erent centrality classes for the four scenarios compared to
experimental data from the PHOBOS collaboration [41].

Rapidity dependent anisotropic flow The flow
harmonics vn as functions of pseudo-rapidity are calcu-
lated using the event average

vn{2}(⌘p) =
hvnvn(⌘p) cos[n( n �  n(⌘p))]ip

hv2ni
. (3)

 n(⌘p) is the event plane at pseudo-rapidity ⌘p, and vn

and  n are the average values over the pseudo-rapidity
range |⌘p| < 6. We have verified that in the simulation
the resulting vn{2}(⌘p) are very close to the root mean
square values

p
hv2n(⌘p)i. For clarity of notation in the

following we will refer to vn{2}(⌘p) from (3) as vn(⌘p).
We show results for the charged hadron v2(⌘p) for

0-40% (top) and 3-15% and 15-25% (bottom) centralp
s = 200GeV collisions and pT > 0.15GeV in Fig. 3

for the four di↵erent scenarios discussed above.3 One can

3 All results for vn(⌘p) were symmetrized around ⌘p = 0 to in-
crease the statistics.
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FIG. 3: (Color online) v2 of charged hadrons as a function of
pseudo-rapidity for the four di↵erent shear viscosity scenarios
compared to experimental data from the PHOBOS collabo-
ration [43, 44]. Top: 0-40% centrality. Bottom 3-15% and
15-25% centralities.

see that di↵erent temperature dependencies lead to varia-
tions in the ⌘p dependence. Because the average temper-
ature decreases with increasing rapidity, a large hadronic
shear viscosity causes v2(⌘p) to drop more quickly with
|⌘p|, while a large QGP viscosity makes the distribution
flatter in ⌘p. The constant ⌘T/("+ P ) case lies between
the two cases. Previous calculations using UrQMD in
the low temperature regime, which can be compared to
the case of large hadronic viscosity, show a similar trend
[24, 42] even though with a smaller e↵ect.
The v2 of charged hadrons as a function of pseudo-

rapidity at RHIC has been measured by the PHOBOS
[43, 44] and STAR [45] collaborations. As shown in Fig. 3,
the existing data can already constrain the temperature
dependence of ⌘T/("+ P ). Clearly a large hadronic vis-
cosity is favored by the PHOBOS data, while a constant
value is hard to reconcile with the experimentally ob-
served decrease of v2 with pseudo-rapidity. Assuming
that the initial state is not dramatically di↵erent from
our model description, a QGP shear viscosity as large as

2

Their initial rapidities are then given by yq = ±ybeam ⌥
ln(1/x), where ybeam is the beam rapidity and the sign
depends on whether the nucleus is right or left moving.
According to a sampled impact parameter, two nuclei
are then overlayed and wounded quarks determined us-
ing the quark-quark cross section �qq. We use Gaussian
wounding [29, 30] and �qq = 9mb for

p
s = 200GeV colli-

sions, which reproduces the nucleon-nucleon cross section
of 42mb.

The distribution of quarks in rapidity after the collision
is determined using a Monte Carlo implementation of the
Lexus model [31, 32], where the probability for a quark
with rapidity yP to obtain rapidity y after collision with
a quark of rapidity yT (from the other nucleus) is

Q(y � yT ,yP � yT , y � yP ) =

�

cosh(y � yT )

sinh(yP � yT )
+ (1� �)�(y � yP ) . (1)

The parameter � controls the degree of baryon stopping.
In this work we use � = 0.22, which reproduces the exper-
imental net-baryon distribution in Au+Au collisions atp
s = 200GeV. While each quark-quark collision changes

both quarks’ rapidity according to (1), an entropy den-
sity is deposited between the two quarks only for the
last1 quark-quark collision. This method leads to num-
ber of quark participant scaling of the multiplicity. En-
tropy density is deposited in “tubes” around the center
of mass of the two colliding quarks and assumed to be
constant in rapidity for each tube. The normalization of
the entropy density for each tube is varied using nega-
tive binomial fluctuations with the parameters adjusted
to reproduce the measured multiplicity distribution.2 In
the transverse plane we smear the entropy density around
the center of mass position of each pair by a Gaussian of
width �T = 0.2 fm.

This model provides fluctuating entropy and baryon
density profiles that are used as initial conditions for the
hydrodynamic simulation Music [17, 19, 33, 34]. We use
exactly the same setup as described in [32], except that
we employ the relaxation time approximation to compute
both bulk and shear non-equilibrium corrections to the
particle distribution functions.

The equation of state at finite baryon chemical po-
tential is constructed by interpolating the pressures of
hadronic resonance gas and lattice QCD [35, 36] at
the connecting temperature Tc(µB) = 0.166GeV �
0.4(0.139GeV�1

µ

2
B + 0.053GeV�3

µ

4
B) . This ansatz is

motivated by the chemical freeze-out curve determined

1 Ordering of collisions is done using the quarks’ positions in the
direction parallel to the beam line

2 This method is only approximate because the experimental mul-
tiplicity distribution is uncorrected.

in [40]. The temperature region below Tc can be inter-
preted as the hadronic phase and the region above it as
the QGP phase.
The initial time for the hydrodynamic evolution is

⌧0 = 0.38 fm/c and kinetic freeze-out occurs at an en-
ergy density of 0.1GeV/fm3.
Temperature dependent transport parameters

Similar to the investigations in [37, 38] and [9], we em-
ploy a simple parametrization of the temperature depen-
dent shear viscosity to entropy density ratio (⌘/s)(T ).
Because we allow for finite baryon chemical potential µB

the more natural quantity to specify is (⌘T/("+ P ))(T )
[39]. At µB = 0 this equals (⌘/s)(T ). For most rapidities
in

p
s = 200GeV collisions µB is negligible and we will

use ⌘T/("+ P ) and ⌘/s interchangeably in this work.
We assume a minimum at Tc(µB) and linear tempera-

ture dependencies above and below that minimum

(⌘T/("+ P ))(T ) = (⌘T/("+ P ))min

+ a⇥ (Tc � T )✓(Tc � T )

+ b⇥ (T � Tc)✓(T � Tc) , (2)

where a and b are the slope parameters to be varied in
the presented analysis.
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FIG. 1: (Color online) The four scenarios of temperature de-
pendent ⌘T/("+ P ) at µB = 0.

We will study four scenarios. A constant transport
parameter ⌘T/(" + P ) = 0.12, a large shear viscosity in
the hadronic phase with (⌘T/("+ P ))min = 0.04, a = 10
and b = 0, a large viscosity in the QGP phase using
(⌘T/(" + P ))min = 0.04, a = 0 and b = 10, and a large
hadronic and moderate QGP viscosity using (⌘T/(" +
P ))min = 0.04, a = 10 and b = 2. Figure 1 shows a
comparison of (⌘T/("+ P ))(T ) in these four scenarios.
In all scenarios the shape of the bulk viscosity’s tem-

perature dependence is the same as employed in [11],
where it is assumed to peak in the transition region. In
this work the peak position is chosen to be at Tc(µB)
and we replace the entropy density s by (" + P )/T to
account for the finite baryon chemical potential. Note
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FIG. 4: (Color online) Prediction for v3 of charged hadrons
as a function of pseudo-rapidity for the four scenarios.

the largest one used in this calculation can be excluded.
We note that this scenario predicts a wrong centrality de-
pendence of v2 even at mid-rapidity. The scenario with
large hadronic and moderate QGP shear viscosity is still
compatible with most of the data, although slightly be-
low around mid-rapidity in the 15-25% central case.

In Fig. 4 we show the prediction for the pseudo-rapidity
di↵erential triangular flow coe�cient v3. We see a faster
drop than for v2 with increasing |⌘p|. The measurement
of this quantity can serve as a consistency check for the
temperature dependence of ⌘/s and allow to further con-
strain the three dimensional fluctuating initial state.

As stated above, the experimentally observed shape of
v2(⌘p) demands a significant increase of ⌘T/("+P ) with
dropping temperature in the hadronic phase and, at the
same time, only a mild or no increase with increasing
temperature in the QGP phase. Note that increasing the
hadronic viscosity will decrease the magnitude of the el-
liptic flow coe�cient v2 also at ⌘p = 0, a quantity that
is already well described by theory. To compensate this
e↵ect the minimum value of ⌘/s had to be reduced by
a factor 3, when compared to the case where an e↵ec-
tive viscosity is used, i.e., ⌘/s = 0.12. Hence, the true
minimum of the QCD shear viscosity can be significantly
smaller than what is predicted when extracting an e↵ec-
tive temperature independent ⌘/s. In our calculations,
we find (⌘/s)min ⇡ 0.04 at zero baryon chemical poten-
tial, i.e., almost one half of the lower bound conjectured
using the AdS/CFT duality [46, 47].

Rapidity dependent vn distributions At mid-
rapidity it was found that the vn event-by-event distri-
butions [48] are insensitive to the transport parameters
of the medium (when scaled by the mean value) [49]. If
this is true also at forward rapidities, the distributions
could directly be used to constrain the initial state and
its fluctuations in three dimensions. In Fig. 5 we show
the (scaled) standard deviation of the v2 distributions vs.
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FIG. 5: (Color online) Variance of the v2 event-by-event dis-
tribution for di↵erent temperature dependent ⌘T/(" + P ).
Dash-dotted lines are the scaled variances of the eccentric-
ity distributions in the initial state. The data points are
PHOBOS data [50] for Npart = 214 (⇡ 20 � 25%) and 296
(⇡ 0� 5%).

pseudo-rapidity (�v2/v2)(⌘p) in the first three scenarios
for the shear viscosity temperature dependence. We also
compare to the scaled variances of the eccentricity distri-
butions in the initial state. At RHIC this quantity has
been measured at mid-rapidity by both PHOBOS [50]
and STAR [51].

One can see that 1) at mid-rapidity the scaled vari-
ances are compatible with experimental data from PHO-
BOS [50], 2) there is almost no dependence on the
pseudo-rapidity in all three cases, 3) final results are
close to the initial state results over a wide range in
rapidity, and 4) results are only weakly dependent on
⌘T/("+P ). Thus, the measurement of cumulants of the
vn distributions (or the full distributions) as functions
of rapidity will give important information about the 3D
initial state and its fluctuations, largely independent of
the transport parameters of the medium. In particu-
lar it will be interesting to compare predictions for such
distributions from more sophisticated initial state mod-
els, such as the color glass condensate based IP-Glasma
model [19, 52, 53] extended to three dimensions using
JIMWLK evolution [54–58], because it predicts fluctua-
tion scales that depend on rapidity [59, 60].

Conclusions and Outlook We have presented re-
sults from fully 3+1 dimensional viscous relativistic hy-
drodynamic simulations including temperature depen-
dent shear and bulk viscosities and using an initial
state model that provides three dimensional fluctuat-
ing baryon- and entropy densities. We have shown
that di↵erent scenarios for the temperature dependent
⌘T/(" + P ) can lead to significantly di↵erent results for
the rapidity dependence of elliptic and triangular flow.
Comparison with RHIC data provides strong evidence
that ⌘T/("+P ) cannot be constant but must grow with
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✓ Reduce hadronic η/s, increase QGP η/s? LHC data key constraint.
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Their initial rapidities are then given by yq = ±ybeam ⌥
ln(1/x), where ybeam is the beam rapidity and the sign
depends on whether the nucleus is right or left moving.
According to a sampled impact parameter, two nuclei
are then overlayed and wounded quarks determined us-
ing the quark-quark cross section �qq. We use Gaussian
wounding [29, 30] and �qq = 9mb for

p
s = 200GeV colli-

sions, which reproduces the nucleon-nucleon cross section
of 42mb.

The distribution of quarks in rapidity after the collision
is determined using a Monte Carlo implementation of the
Lexus model [31, 32], where the probability for a quark
with rapidity yP to obtain rapidity y after collision with
a quark of rapidity yT (from the other nucleus) is

Q(y � yT ,yP � yT , y � yP ) =

�

cosh(y � yT )

sinh(yP � yT )
+ (1� �)�(y � yP ) . (1)

The parameter � controls the degree of baryon stopping.
In this work we use � = 0.22, which reproduces the exper-
imental net-baryon distribution in Au+Au collisions atp
s = 200GeV. While each quark-quark collision changes

both quarks’ rapidity according to (1), an entropy den-
sity is deposited between the two quarks only for the
last1 quark-quark collision. This method leads to num-
ber of quark participant scaling of the multiplicity. En-
tropy density is deposited in “tubes” around the center
of mass of the two colliding quarks and assumed to be
constant in rapidity for each tube. The normalization of
the entropy density for each tube is varied using nega-
tive binomial fluctuations with the parameters adjusted
to reproduce the measured multiplicity distribution.2 In
the transverse plane we smear the entropy density around
the center of mass position of each pair by a Gaussian of
width �T = 0.2 fm.

This model provides fluctuating entropy and baryon
density profiles that are used as initial conditions for the
hydrodynamic simulation Music [17, 19, 33, 34]. We use
exactly the same setup as described in [32], except that
we employ the relaxation time approximation to compute
both bulk and shear non-equilibrium corrections to the
particle distribution functions.

The equation of state at finite baryon chemical po-
tential is constructed by interpolating the pressures of
hadronic resonance gas and lattice QCD [35, 36] at
the connecting temperature Tc(µB) = 0.166GeV �
0.4(0.139GeV�1

µ

2
B + 0.053GeV�3

µ

4
B) . This ansatz is

motivated by the chemical freeze-out curve determined

1 Ordering of collisions is done using the quarks’ positions in the
direction parallel to the beam line

2 This method is only approximate because the experimental mul-
tiplicity distribution is uncorrected.

in [40]. The temperature region below Tc can be inter-
preted as the hadronic phase and the region above it as
the QGP phase.
The initial time for the hydrodynamic evolution is

⌧0 = 0.38 fm/c and kinetic freeze-out occurs at an en-
ergy density of 0.1GeV/fm3.
Temperature dependent transport parameters

Similar to the investigations in [37, 38] and [9], we em-
ploy a simple parametrization of the temperature depen-
dent shear viscosity to entropy density ratio (⌘/s)(T ).
Because we allow for finite baryon chemical potential µB

the more natural quantity to specify is (⌘T/("+ P ))(T )
[39]. At µB = 0 this equals (⌘/s)(T ). For most rapidities
in

p
s = 200GeV collisions µB is negligible and we will

use ⌘T/("+ P ) and ⌘/s interchangeably in this work.
We assume a minimum at Tc(µB) and linear tempera-

ture dependencies above and below that minimum

(⌘T/("+ P ))(T ) = (⌘T/("+ P ))min

+ a⇥ (Tc � T )✓(Tc � T )

+ b⇥ (T � Tc)✓(T � Tc) , (2)

where a and b are the slope parameters to be varied in
the presented analysis.
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FIG. 1: (Color online) The four scenarios of temperature de-
pendent ⌘T/("+ P ) at µB = 0.

We will study four scenarios. A constant transport
parameter ⌘T/(" + P ) = 0.12, a large shear viscosity in
the hadronic phase with (⌘T/("+ P ))min = 0.04, a = 10
and b = 0, a large viscosity in the QGP phase using
(⌘T/(" + P ))min = 0.04, a = 0 and b = 10, and a large
hadronic and moderate QGP viscosity using (⌘T/(" +
P ))min = 0.04, a = 10 and b = 2. Figure 1 shows a
comparison of (⌘T/("+ P ))(T ) in these four scenarios.
In all scenarios the shape of the bulk viscosity’s tem-

perature dependence is the same as employed in [11],
where it is assumed to peak in the transition region. In
this work the peak position is chosen to be at Tc(µB)
and we replace the entropy density s by (" + P )/T to
account for the finite baryon chemical potential. Note

Phys. Lett. B 762 (2016) 376-388
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• SC(m,n) measures event by event covariance between vm2 and vn2 
✓ Non-flow highly suppressed. 
✓ Sensitivity to η/s(T)?
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• SC(m,n) appears very promising 
in constraining η/s(T) 

• Scaled SC(3,2) x2 bigger in 
data than initial conditions for 
0-40%
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fully described by fluid dynamics. Therefore, even if the
fluid dynamical models have been very successful in de-
scribing the low-pT hadron spectra measured at RHIC
and LHC energies, it is still not clear in how detail one
should trust the fluid dynamical description, and what
are its limitations.

It is then clear that reaching the final goal of deter-
mining the transport properties of the matter from the
experimental data requires that also the uncertainties re-
lated to the fluid dynamical evolution are systematically
charted. There are currently a few ways of extending the
applicability of fluid dynamics. For example, the moment
expansion of the Boltzmann equation provides a way to
include in principle arbitrary orders of the gradients into
the description, and it has been shown that including all
the second order terms consistently into the description
is essential in describing the detailed structure of shock
waves [93]. One of the characteristics of heavy-ion col-
lisions is that the early expansion is highly asymmetric,
i.e. the system starts with a fast longitudinal expansion,
and transverse expansion develops only later. This kind
of anisotropic expansion results in also highly anisotropic
local momentum distributions, which can lead to a break-
ing of the usual fluid dynamical description. This is
the motivation for the so-called anisotropic hydrodynam-
ics [94–96], where the functional form of the expansion
around the equilibrium state is designed to allow large de-
viations from an isotropic momentum distributions. Nei-
ther of these methods are, however, applied to a full de-
scription of heavy-ion collisions, yet.

One of the important conditions for the applicability
of fluid dynamics is that different systems should be de-
scribed by the same transport coefficients that can de-
pend on temperature and chemical potentials, but not
e.g. on the collision energy or the nuclear mass number.

C. Our fluid dynamical setup

In this work we employ the setup previously used
in Refs. [13, 14, 24, 55], where the longitudinal ex-
pansion is approximated by a scaling flow consistent
with longitudinal boost-invariance. In this approxima-
tion the longitudinal flow velocity is given by vz = z/t,
and the components of the energy-momentum tensor,
Eq. (1), become independent of the spacetime rapidity
⌘s = (1/2) ln [(t+ z)/(t� z)], i.e., they depend on the
transverse coordinates, r = (x, y), and the longitudinal
proper time, ⌧ =

p
t

2 � z

2, only. From a numerical point
of view, this reduces the (3+1)–dimensional problem to
a (2+1)–dimensional one.

The coefficients of the non-linear terms in the equa-
tions of motion for the shear-stress tensor, Eq. (4), are
taken from the 14-moment approximation to the ultra-
relativistic gas [68, 69, 71], i.e., c1 = �(4/3)⌧⇡, c2 =

�(10/7)⌧⇡, c3 = 2⌧⇡, and c4 = 9/(70P0), and the relation

FIG. 1. (Color online) Parametrizations of the temperature
dependence of the shear-viscosity to entropy ratio, labelled
here in the order of increasing ⌘/s at T = 100 MeV. For more
details, see the text and Table I.

between the relaxation time ⌧⇡ and the shear viscosity is

⌧⇡ =

5⌘

e+ P0
. (7)

In thermodynamical equilibrium, the properties of the
matter are essentially given by the EoS that gives pres-
sure as a function of temperature. Here we use the
s95p-PCE-v1 parametrization of lattice QCD results at
zero net-baryon density [97]. The high-temperature part
of this EoS is from the hotQCD collaboration [98, 99]
and it is smoothly connected to a hadron resonance gas,
where resonances up to mass of 2 GeV are included. The
hadronic part of the EoS includes a chemical freeze-out
at Tchem = 175 MeV, where all stable hadron ratios are
fixed [100–102]. A hadron is considered stable, if its life-
time is more than 10 fm. In the perfect fluid limit the
construction of the chemical freeze-out also conserves the
number of stable particles. However, in the viscous fluid
there is still small (approximately 1%) entropy produc-
tion below Tchem = 175 MeV, and this leads to a small
increase in the number of particles during the evolution
of chemically frozen hadronic matter.

Once the transport coefficients and EoS above are
given, the only degrees of freedom left are the shear vis-
cosity to entropy density ratio ⌘/s(T ) and the initial com-
ponents Tµ⌫

(⌧0, r). In the boost-invariant approximation
it is enough to specify T

µ⌫
(⌧0, r) in the transverse plane

at some initial proper time ⌧0. The initial conditions
calculated from the EbyE EKRT setup are discussed in
detail in the next section.

As shown in Fig. 1, we parametrize the temperature
dependence of the ⌘/s ratio in a similar manner as we did
in [55], by assuming a minimum of ⌘/s at T = Tmin to
be somewhere in the cross-over temperature-region and a
linearly rising (decreasing) behavior in the QGP (HRG)

PRC 93 (2016) 024907
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• Works well for single harmonics  
✓ Failure of modeling of initial conditions leads to difficulties using SC(m,n) for 

constraining η/s(T)?

n=2

n=3

n=4

21

FIG. 14. (Color online) Centrality dependence of the flow coefficients vn{2} from the charged hadron 2-particle cumulants inp
sNN = 2.76 TeV Pb+Pb collisions at the LHC (panel (a)), and the coefficients v2{2}, v3{2}, and v4{3} from the charged hadron

2- and 3-particle cumulants in 200 GeV Au+Au collisions at RHIC (panel (b)), computed for the five ⌘/s(T ) parametrizations
shown in Fig. 1. Experimental data are from ALICE [140] and STAR [130, 141, 142].

FIG. 15. (Color online) Panel (a): Fluctuation spectra of the final-state v2 of charged hadrons (solid curves) and of the initial
state "2 (dashed) in the 5�10 % centrality class in

p
sNN = 2.76 TeV Pb+Pb collisions at the LHC, computed with the pQCD

+ saturation initial states and ⌘/s = 0.20, and with the Glauber-model initial states using ⌘/s = 0.10. The experimental data
are from ATLAS [28]. Panel (b): The same but for the 35-40% centrality class.

demonstrating the necessity of fluid dynamics in describ-
ing the detailed response to the initial eccentricities, see
also Ref. [145]. The fluctuation spectra of the higher
harmonics v3 and v4 are also well reproduced with the
pQCD+saturation initial conditions, but they do not
show similar sensitivity to the initial conditions as the
v2 fluctuations.

Figure 16 shows the P (�v2) distribution of charged
hadrons in the same 35�40 % centrality class with pQCD
+ saturation initial conditions as panel (b) of Fig. 15, but
with three different ⌘/s(T ) parametrizations: ⌘/s = 0.20,
⌘/s = param4, and ⌘/s = 0. As can be seen from the fig-
ure, the final �v2 distribution is the same with all three
⌘/s parametrizations. This is true even in the perfect
fluid limit ⌘/s = 0. This shows that even if the fluid

dynamical evolution plays a crucial role in getting the
final v2 distributions correctly reproduced in the periph-
eral collisions, they are still a good probe of the initial
conditions, because they do not depend on the details of
the fluid dynamical evolution.

Then, a very interesting question is how directly the
final-state v2 distribution can reflect the initial state "2

distribution (and vice versa). If v2 and "2 are, to a suf-
ficient approximation, linearly correlated, v2 / "2, then
the scaled distributions P (�v2) and P (�"2) are naturally
identical. As seen from the panel (a) of Fig. 15, this is
the case in central collisions. However, as noticed from
the panel (b), the distributions are not anymore the same
in peripheral collisions, indicating that there must be de-
viations from the linear relation. What complicates the
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• Improvements can be made using 
different weights for eccentricity 
sources
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• Predicted increase in LHC run 2 also depends on η/s(T) 
✓ Higher harmonics have better sensitivity… 

6

FIG. 5. (Color online) Centrality dependence of the flow coe�cients vn{2} from the charged hadron 2-particle cumulants inp
sNN = 5.023 TeV Pb+Pb collisions at the LHC, computed for (a) all five ⌘/s(T ) parametrizations of Fig. 2 [3], and (b)

focusing on the two best fitting ⌘/s(T ) scenarios. ALICE data [55] at 2.76 TeV are shown for comparison.

FIG. 6. (Color online) Ratio of the flow coe�cients vn{2} at 5.023 TeV and 2.76 TeV Pb+Pb collisions at the LHC for the five
⌘/s(T ) parametrizations of Fig. 2.

IV. CONCLUSIONS

In this paper, keeping the setup fixed exactly as in
Ref. [3], we have presented the NLO EKRT EbyE model
predictions for charged hadron multiplicity and its cen-
trality dependence, for centrality dependence of the flow
coe�cients vn{2} and correlations of two event-plane an-
gles in the forthcoming

p
sNN = 5.023 TeV Pb+Pb col-

lisions at the LHC. For the 0-5% centrality class, we pre-
dict dNch/d⌘

��
|⌘|0.5

= 1876 . . . 2046 and a power-law be-

havior dNch/d⌘
��
|⌘|0.5

/ s0.164...0.174 from the 200 GeV

Au+Au collisions to the 2.76 and 5.023 TeV Pb+Pb col-
lisions. The centrality dependencies of the studied ob-
servables are predicted to be very similar to those at
2.76 TeV, and the vn{2} coe�cients and event-plane an-
gle correlations are predicted to be almost unchanged.
The 5.023 TeV vn{2} measurement may, however, o↵er
slightly more discriminating power on ⌘/s(T ) than the
2.76 TeV data alone. Especially, the 5.023 TeV LHC mul-
tiplicity measurement will be very interesting: already
the original EKRT model with ideal fluid dynamics pre-
dicted a power law behavior [25, 26] for the cms-energy
slope of multiplicity from RHIC to LHC energies but as

5

fully described by fluid dynamics. Therefore, even if the
fluid dynamical models have been very successful in de-
scribing the low-pT hadron spectra measured at RHIC
and LHC energies, it is still not clear in how detail one
should trust the fluid dynamical description, and what
are its limitations.

It is then clear that reaching the final goal of deter-
mining the transport properties of the matter from the
experimental data requires that also the uncertainties re-
lated to the fluid dynamical evolution are systematically
charted. There are currently a few ways of extending the
applicability of fluid dynamics. For example, the moment
expansion of the Boltzmann equation provides a way to
include in principle arbitrary orders of the gradients into
the description, and it has been shown that including all
the second order terms consistently into the description
is essential in describing the detailed structure of shock
waves [93]. One of the characteristics of heavy-ion col-
lisions is that the early expansion is highly asymmetric,
i.e. the system starts with a fast longitudinal expansion,
and transverse expansion develops only later. This kind
of anisotropic expansion results in also highly anisotropic
local momentum distributions, which can lead to a break-
ing of the usual fluid dynamical description. This is
the motivation for the so-called anisotropic hydrodynam-
ics [94–96], where the functional form of the expansion
around the equilibrium state is designed to allow large de-
viations from an isotropic momentum distributions. Nei-
ther of these methods are, however, applied to a full de-
scription of heavy-ion collisions, yet.

One of the important conditions for the applicability
of fluid dynamics is that different systems should be de-
scribed by the same transport coefficients that can de-
pend on temperature and chemical potentials, but not
e.g. on the collision energy or the nuclear mass number.

C. Our fluid dynamical setup

In this work we employ the setup previously used
in Refs. [13, 14, 24, 55], where the longitudinal ex-
pansion is approximated by a scaling flow consistent
with longitudinal boost-invariance. In this approxima-
tion the longitudinal flow velocity is given by vz = z/t,
and the components of the energy-momentum tensor,
Eq. (1), become independent of the spacetime rapidity
⌘s = (1/2) ln [(t+ z)/(t� z)], i.e., they depend on the
transverse coordinates, r = (x, y), and the longitudinal
proper time, ⌧ =

p
t

2 � z

2, only. From a numerical point
of view, this reduces the (3+1)–dimensional problem to
a (2+1)–dimensional one.

The coefficients of the non-linear terms in the equa-
tions of motion for the shear-stress tensor, Eq. (4), are
taken from the 14-moment approximation to the ultra-
relativistic gas [68, 69, 71], i.e., c1 = �(4/3)⌧⇡, c2 =

�(10/7)⌧⇡, c3 = 2⌧⇡, and c4 = 9/(70P0), and the relation

FIG. 1. (Color online) Parametrizations of the temperature
dependence of the shear-viscosity to entropy ratio, labelled
here in the order of increasing ⌘/s at T = 100 MeV. For more
details, see the text and Table I.

between the relaxation time ⌧⇡ and the shear viscosity is

⌧⇡ =

5⌘

e+ P0
. (7)

In thermodynamical equilibrium, the properties of the
matter are essentially given by the EoS that gives pres-
sure as a function of temperature. Here we use the
s95p-PCE-v1 parametrization of lattice QCD results at
zero net-baryon density [97]. The high-temperature part
of this EoS is from the hotQCD collaboration [98, 99]
and it is smoothly connected to a hadron resonance gas,
where resonances up to mass of 2 GeV are included. The
hadronic part of the EoS includes a chemical freeze-out
at Tchem = 175 MeV, where all stable hadron ratios are
fixed [100–102]. A hadron is considered stable, if its life-
time is more than 10 fm. In the perfect fluid limit the
construction of the chemical freeze-out also conserves the
number of stable particles. However, in the viscous fluid
there is still small (approximately 1%) entropy produc-
tion below Tchem = 175 MeV, and this leads to a small
increase in the number of particles during the evolution
of chemically frozen hadronic matter.

Once the transport coefficients and EoS above are
given, the only degrees of freedom left are the shear vis-
cosity to entropy density ratio ⌘/s(T ) and the initial com-
ponents Tµ⌫

(⌧0, r). In the boost-invariant approximation
it is enough to specify T

µ⌫
(⌧0, r) in the transverse plane

at some initial proper time ⌧0. The initial conditions
calculated from the EbyE EKRT setup are discussed in
detail in the next section.

As shown in Fig. 1, we parametrize the temperature
dependence of the ⌘/s ratio in a similar manner as we did
in [55], by assuming a minimum of ⌘/s at T = Tmin to
be somewhere in the cross-over temperature-region and a
linearly rising (decreasing) behavior in the QGP (HRG)

PRC 93 (2016) 014912 



Do the initial conditions cancel?

14• Not quite, changes on order of differing hydrodynamic responses

Energy dependence 
z J. Noronha-Hostler, M. Luzum, and J.-Y. Ollitrault, arXiv:1511.06289 

32 

z Initial state models: MC-
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section as input: 64 mb at 
Run 1 and 70 mb at Run 2 
(extrapolation) 
 

z Predict both increase and 
decrease of eccentricities 

PRC 93 (2016) 034912



Ratios of vn from different energies

15• Data follows predicted hydro increases. Need more stats to fully constrain η/s(T) 

Centrality percentile
0 10 20 30 40 50 60 70 80

  nv 

0.05

0.1

0.15 5.02 TeV
|>1}η∆{2, |2 v
|>1}η∆{2, |3 v
|>1}η∆{2, |4 v

{4}2 v
{6}2 v
{8}2 v

2.76 TeV
|>1}η∆{2, |2 v
|>1}η∆{2, |3 v
|>1}η∆{2, |4 v

5.02 TeV, Ref.[31]
|>1}η∆{2, |2 v
|>1}η∆{2, |3 v

ALICE Pb-Pb Hydrodynamics

(a)

Centrality percentile
0 10 20 30 40 50 60 70 80

ra
tio

  

1
1.1
1.2 Hydrodynamics, Ref.[29]

/s(T), param1η
/s = 0.20η

(b)

Centrality percentile
0 10 20 30 40 50 60 70 80

ra
tio

  

1
1.1
1.2

(c)

5

fully described by fluid dynamics. Therefore, even if the
fluid dynamical models have been very successful in de-
scribing the low-pT hadron spectra measured at RHIC
and LHC energies, it is still not clear in how detail one
should trust the fluid dynamical description, and what
are its limitations.

It is then clear that reaching the final goal of deter-
mining the transport properties of the matter from the
experimental data requires that also the uncertainties re-
lated to the fluid dynamical evolution are systematically
charted. There are currently a few ways of extending the
applicability of fluid dynamics. For example, the moment
expansion of the Boltzmann equation provides a way to
include in principle arbitrary orders of the gradients into
the description, and it has been shown that including all
the second order terms consistently into the description
is essential in describing the detailed structure of shock
waves [93]. One of the characteristics of heavy-ion col-
lisions is that the early expansion is highly asymmetric,
i.e. the system starts with a fast longitudinal expansion,
and transverse expansion develops only later. This kind
of anisotropic expansion results in also highly anisotropic
local momentum distributions, which can lead to a break-
ing of the usual fluid dynamical description. This is
the motivation for the so-called anisotropic hydrodynam-
ics [94–96], where the functional form of the expansion
around the equilibrium state is designed to allow large de-
viations from an isotropic momentum distributions. Nei-
ther of these methods are, however, applied to a full de-
scription of heavy-ion collisions, yet.

One of the important conditions for the applicability
of fluid dynamics is that different systems should be de-
scribed by the same transport coefficients that can de-
pend on temperature and chemical potentials, but not
e.g. on the collision energy or the nuclear mass number.

C. Our fluid dynamical setup

In this work we employ the setup previously used
in Refs. [13, 14, 24, 55], where the longitudinal ex-
pansion is approximated by a scaling flow consistent
with longitudinal boost-invariance. In this approxima-
tion the longitudinal flow velocity is given by vz = z/t,
and the components of the energy-momentum tensor,
Eq. (1), become independent of the spacetime rapidity
⌘s = (1/2) ln [(t+ z)/(t� z)], i.e., they depend on the
transverse coordinates, r = (x, y), and the longitudinal
proper time, ⌧ =

p
t

2 � z

2, only. From a numerical point
of view, this reduces the (3+1)–dimensional problem to
a (2+1)–dimensional one.

The coefficients of the non-linear terms in the equa-
tions of motion for the shear-stress tensor, Eq. (4), are
taken from the 14-moment approximation to the ultra-
relativistic gas [68, 69, 71], i.e., c1 = �(4/3)⌧⇡, c2 =

�(10/7)⌧⇡, c3 = 2⌧⇡, and c4 = 9/(70P0), and the relation

FIG. 1. (Color online) Parametrizations of the temperature
dependence of the shear-viscosity to entropy ratio, labelled
here in the order of increasing ⌘/s at T = 100 MeV. For more
details, see the text and Table I.

between the relaxation time ⌧⇡ and the shear viscosity is

⌧⇡ =

5⌘

e+ P0
. (7)

In thermodynamical equilibrium, the properties of the
matter are essentially given by the EoS that gives pres-
sure as a function of temperature. Here we use the
s95p-PCE-v1 parametrization of lattice QCD results at
zero net-baryon density [97]. The high-temperature part
of this EoS is from the hotQCD collaboration [98, 99]
and it is smoothly connected to a hadron resonance gas,
where resonances up to mass of 2 GeV are included. The
hadronic part of the EoS includes a chemical freeze-out
at Tchem = 175 MeV, where all stable hadron ratios are
fixed [100–102]. A hadron is considered stable, if its life-
time is more than 10 fm. In the perfect fluid limit the
construction of the chemical freeze-out also conserves the
number of stable particles. However, in the viscous fluid
there is still small (approximately 1%) entropy produc-
tion below Tchem = 175 MeV, and this leads to a small
increase in the number of particles during the evolution
of chemically frozen hadronic matter.

Once the transport coefficients and EoS above are
given, the only degrees of freedom left are the shear vis-
cosity to entropy density ratio ⌘/s(T ) and the initial com-
ponents Tµ⌫

(⌧0, r). In the boost-invariant approximation
it is enough to specify T

µ⌫
(⌧0, r) in the transverse plane

at some initial proper time ⌧0. The initial conditions
calculated from the EbyE EKRT setup are discussed in
detail in the next section.

As shown in Fig. 1, we parametrize the temperature
dependence of the ⌘/s ratio in a similar manner as we did
in [55], by assuming a minimum of ⌘/s at T = Tmin to
be somewhere in the cross-over temperature-region and a
linearly rising (decreasing) behavior in the QGP (HRG)
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We still do not know η/s(T) exactly for QGP matter!!


